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PREFACE 


To the Teacher, 

Analytic Analysis of Lines and Circles is designed to provide students with the 
analytic geometry background needed for further college-level geometry 
courses. Analytic geometry can be defined as algebraic analysis applied to 
geometrical concepts and figures, or the use of geometrical 
concepts and figures to illustrate algebraic forms. 

Analytic geometry has many applications in different 
branches of science and makes it easier to solve a wide 
variety of problems. The goal of this text is to help students 
develop the skills necessary for solving analytic geometry 
problems, and then help students apply these skills. By the 
end of the book, students will have a good understanding 
of the analytic approach to solving problems. In addition, 
we have provided many systematic explanations throughout 
the text that will help instructors to reach the goals that 
they have set for their students. As always, we have taken 
particular care to create a book that students can read, 
understand, and enjoy, and that will help students gain 
confidence in their ability to use analytic geometry. 

To the Student, 

This book consists of two chapters, which cover analytical analysis of lines and 
circles respectively. Each chapter begins with basic definitions, theorems, and 
explanations which are necessary for understanding the subsequent chapter 
material. In addition, each chapter is divided into subsections so that students 
can follow the material easily. 

Every subsection includes self-test Check Yourself problem sections followed by basic 
examples illustrating the relevant definition, theorem, rule, or property. Teachers 
should encourage their students to solve Check Yourself problems themselves 
because these problems are fundemental to understanding and learning the related 
subjects or sections. The answers to most Check Yourself problems are given directly 
after the problems, so that students have immediate feedback on their progress. 
Answers to some Check Yourself problems are not included in the answer key, as they 
are basic problems which are covered in detail in the preceding text or examples. 








Giving answers to such problems would effectively make the problems redundant, 
so we have chosen to omit them, and leave students to find the basic answers 
themselves. 


At the end of every section there are exercises categorized according to the 
structure and subject matter of the section. Exercises are graded in order, 
from easy (at the beginning) to difficult (at the end). 
Exercises which involve more ability and effort are 
denoted by one or two stars. In addition, exercises which 
deal with more than one subject are included in a 
separate bank of mixed problems at the end of the 
section. This organization allows the instructor to deal 
with only part of a section if necessary and to easily determine which exercises 
are appropriate to assign. 

Every chapter ends with three important sections. 


EXERCISES 1.1 


A. Analytic Analysis of Points 

1. Plot the following points in the coordinate pi 
a. A(2, 3) b. B(-3, 1) c. C(-3, 2) 

d. D(5, -3) e. E(0, -4) f. F(-3, 0) 


1. 

2 . 

3. 


The Chapter Summary is a list of important concepts and 
formulas covered in the chapter that students can use 
easily to get direct information whenever needed. 

A Concept Check section contains questions about the 


CHAPTER SUMMARY = 


• There is a one-to-one correspondence between tl 
in a plane and the Cartesian coordinates. The pc 
be represented by two components, the abscissa 
ordinate, A(x, y). 


Concept Check 


What is tiie coordinate plane? 

How can a point be represented in the coordinati 
Deline the concept of line. Find examples from 


main concepts of the subjects 

covered, especially about the definitions, theorems or 
derived formulas. 


Finally, a Chapter Review Test section consists of three tests, each with sixteen 


carefully-selected problems. The first test covers 
primitive and basic problems. The second and third tests 
include more complex problems. These tests help 
students assess their ability in understanding the 



1. What is the length of the median passing throu; 
the vertex A of a triangle ABC with vertices A(4,1 
B(-l, 2), and C(3, 4)? 


coverage of the chapter. 


A) 5 B) 6 C) 7 D) 8 F.) 


The answers to the exercises and the tests are given at the end of the book so 
that students can compare their solution with the correct answer. 


Each chapter also includes some subjects which are denoted as optional. These 
subjects complement the topic and give some additional 
information. However, completion of optional sections is 
left to the discretion of the teacher, who can take into 
account regional curriculum requirements. 


G. BUNCH 

» OF LINES (OPTIONAL) 

bunch of tines 


In ihe coordinate plane, a set of the lines pa; 
called a bunch of lines. 
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Objectives 


After studying this section you will be able to: 

1. Translate a phrase into an algebraic expression. 

2. Describe the concepts of open sentence and equation. 

3. Solve linear equations in one variable by using the properties of equality. 

4. Solve general linear equations. 

5. Understand how to apply the strategies of solving equations to problems. 


A. ALGEBRAIC EXPRESSIONS 

1. Translating Phrases into Algebraic Expressions 

Algebra is a useful tool for solving some practical everyday problems. In order to use algebra, 
we need to know how to translate a problem into algebraic notation. Let us look at an example. 
Suppose you are fifteen years old now. 

In one year’s time you will be (15 + 1) years old. 

In two years’ time you will be (15 + 2) years old. 

In three years’ time you will be (15 + 3) years old. 

We can see that there is a pattern. We can write a more general expression: 

In x years’ time you will be (15 + x) years old. 

Here, x represents one or more numbers, x is called a variable. 


Definition 


A variable is a letter that is used to represent a numerical quantity. We often use a lower-case 
letter such as a, b, c, etc. for a variable. 


In the example above, x represents a number of years, x is a variable, and 15 + x is called an 

algebraic expression. 


Definition 


An algebraic expression is a combination of numbers, variables, operations and grouping 
signs. 





















c c c c c 

AL-KHWARIZMI 

(780-850) 

One of the first books 
about algebra was writ¬ 
ten in Arabic by a nine¬ 
teenth-century scientist 
called Muhammed ibn 
Musa Al-Khwarizmi. The 
title of the book was 
shortened to al-jabr, now 
spelled ‘algebra’. The full 
title meant that equals 
can be added to both 
sides of an equation. 
Al-Khwarizmi used his 
al-jabr to help him in his 
scientific work in geography 
and astronomy. 


Look at some examples of algebraic expressions: 
x + 5 
3 y 

2x + 5 y 

- 31 2 

5 (n - 2) 

3 ab(n - m). 

We can use the table on the next page to help translate verbal 
expressions. We use these key words and phrases to represent the 
subtraction, multiplication, and division. 

Note 

Be careful when translating phrases with the word less. 

‘5 less than x’ means x - 5, not 5 - x. 


phrases into algebraic 
operations of addition, 


c c c c c 

Algebraic expressions 
can contain more than 
one variable. 


c c c c c 

3 x y, 3 x y and 3 y all 
represent the same 
quantity. In this book, we 
use the third notation: 
3 y, 4x, 5ab, etc. 


Operation 


Verbal phrase 


Algebraic translation 


AD DITION [ 


a number plus 4 
the sum of y and 7 
a number added to 6 
3 more than a number 
a number 5 greater than n 
k increased by 12 


x + 4 

y + 7 

z + 6 
t + 3 
72 + 5 
k + 12 


SUBTRACTION 


9 minus a number 

9 - a 

the difference of x and y 

x-y 

5 less than a number 

b - 5 

4 subtracted from t 

t - 4 

a number decreased by 8 

c - 8 



6 times a number 
the product of m and n 
11 multiplied by a number 
twice k 
half of l 


6 a 
mn 

1 lx 

2k 




DIVISION 




10 divided by a number 
the quotient of a and b 
the ratio of s to t 


10 

x 

a 

b 

s 

t 


> 


Equations , Inequalities and Systems 


QEH 

































EXAMPLE 


Translate each phrase into an algebraic expression. 

a. 13 more than a number 

b. 5 less than three times a number 

c. the square of a number decreased by 7 


Solution a. 13 + x 

b. 3y - 5 

c. z 2 - 7 


Remember that we can use any letter as a variable, so we could also write 13 + a, 13 + b, 
13 + c etc. or 3 p - 5, 3 1 - 5, 3 m - 5 as answers in this example. 


EXAMPLE 


2 Translate each phrase into an algebraic expression. 

a. 6 more than the square of a number 

b. the quotient of a number squared and 8 

c. the product of a number squared and 4 


Solution 


a. x~ + 6 

c. 4 y 2 


EXAMPLE 


3 


A restaurant charges 50 cents for one lahmacun 
and 30 cents for one glass of ayran. Write an 
algebraic expression for the cost C of a lahmacun 
and ayran meal. 



Solution 


TOTAL 

COST 

C 


price per 


number of 

+ 

price per glass 


number of 

lahmacun 


lahmacun 

of ayran 


glasses of ayran 
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■ 12 } 


Let x be the number of lahmacun and y be the number of glasses of ayran. 
Then the algebraic expression is: C = 50x + 30 y cents. 
























Solution The perimeter of a figure is the sum of the lengths of its sides. 

a. perimeter = a + a+ a + a = 4a 

b. perimeter = x + y + x + y = 2 ■ (x+y) 

c. perimeter = a + b + c 

d. perimeter =x+x+2+5+x+l+x-l+x 

= 5x + 7 

e. perimeter = 2-[x + 3 + 2 + x + l+ 2 + x + 3] 

= 2 • [3x + 11] = 6x + 22 


EXAMPLE 


5 


Write an expression for the area of each figure. 


a 

b. 

y 

e. / 

•j ^ 


g - e 



X 






/ r? 

3_E 


3_E 

m 


Solution a. area = a ■ a = a 2 
b. area — x • y 


c. 


area 


m ■ n 


Equations , Inequalities and Systems 


2 


03 

























Check Yourself 3 


1. Translate each phrase into an algebraic expression. 

a. 13 less than a number 

b. the product of -3 and a number 

c. 15 divided by a number 

d. a number multipbed by 6 

e. the quotient of the square of a number and another number 

f. 5 more than a number, multipbed by 3 

g. 7 times a number, less than 15 


2. Match the phrases and the expressions. 

a. the quotient of a number squared and 5 more than another number 

b. the product of 3 less than a number and 12 

c. five times the sum of 4 and a number 

d. the quotient of a number and the product of 9 and another number 

e. the sum of a number and the quotient of 5 and another number 

f. twice the difference of a number and 3 

3. Write an algebraic expression for the perimeter of each geometric figure. 


1. 5 • (x + 4) 
2 ■ (x - 3) 


5 + y 
5 

ci + — 
b 

5, (x - 3) ■ 12 

6 . ™ 

9 n 



4. Ahmet is x years old. Write an algebraic expression to answer each question. 

a. What was Ahmet’s age five years ago? 

b. Betul is three years older than Ahmet. How old is Betul? 

c. How old was Betul seven years ago? 

Answers 


I O T 

1. a. x - 13 b. -3 ■ x c. — d. 6x e. -— f. (x + 5) ■ 3 g, 15 - 7x 2. a. 3 b. 5 c 1 d. 6 

X y 

e. 4 £ 2 3. a. 3a b. x + y + z c. 5b d. 4m + 6 4. a. x-5 b. x + 3 c. x-4 
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B. OPEN SENTENCES AND EQUATIONS 


Definition 


An expression is called a statement (or proposition) if it contains an assertion which can be 
assigned as true or false meaningfully. 

For example, the following expressions are statements: 

3 + 5 = 8 (a true statement) 

A week contains 8 days, (a false statement) 

7 > 9 (false). 

The following expressions are not statements: 

Is this a pen? (there is no assertion, so this is not a statement) 

The volume of a cube is negative, (not meaningful, so not a statement). 


Definition 


An equation is a statement which contains an equality (=) symbol between two expressions. 

For example, 2x + 7 = 11 is an equation. The expression 2x + 7 is on th left-hand side of 
the equation and 11 is on the right-hand side of the equation. The letter x is the variable (or 
unknown). 


|-► variable (or unknown) 

coefficient — © x + 7 = 11 



5 + 2 = 7, 9-3 = 6, 2x + 3 = 9, 4 - a = 9 and x 2 + 2x = 3 are all examples of 
equations. 5 + 1 < 7 and 6x + 5 > 20 are not equations, because they do not contain an 
equality symbol. 

As we can see, an equation does not need to contain a variable. If an equation contains a vari¬ 
able, it is called an open sentence. 


Definition 


An equation containing one or more variables is called an open sentence. 

For example, the equation 5x - 4 = 11 is an open sentence. It might be true or false, depending 
on the value of x. 

If x = 3, the equation is true, because when we substitute 3 for x, we get 11: 

5 -(3)- 4= 15-4 = 11. But the equation is false for any other value of x. 


Equations, Inequalities and Systems 


{ 15 H 















Definition 


A number is called a solution of an equation if it makes the statement true. 

For example, is 3 a solution of 3x - 12 = -3? Let us substitute 3 for x: 

3 • (3) - 12 = -3 

9- 12 =-3 

? 

-3 = -3. Since -3 = -3 is true, 3 is a solution. 

Similarly, x = 6 and x = -1 are not solutions of the equation. 


EXAMPLE 


6 


Is 2 a solution of 2x + 7 = 12? 


Solution We substitute 2 for x: 

2x + 7 = 12 
2 • (2) + 7 = 12 
4 + 7 = 12. 

Since 4 + 7 = 12 is false, 2 is not a solution. 


In our examples, we have found only one solution for each equation. Sometimes an equation 
can have more than one solution. Sometimes we also need to specify the set of numbers that 
we can substitute for a variable. 

For example, imagine a bus has fifty seats and x passengers. The equation y = 50 - x tells us 
the number of empty seats (y) on the bus. Can x be 40? 

Can x be 20— ? Can x be n? Can x be 100? Clearly only some of these numbers are possible 
for x: we cannot have half a passenger, or Jt passengers. 


Definition 


The set of numbers that may be substituted for the variable in an equation is called the 
replacement set of the equation. 

For example, the replacement set for the bus passenger equation above is (x | x G W, 0 < x < 50}. 
The set of all numbers from the replacement set which make an equation true is called the 
solution set of the equation. 


16 } 
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EXAMPLE 


Find the solution set of 
3 + 2a = 7 for the replacement set {1, 2, 3}. 


Solution We need to try all the numbers in the replacement set: 


If a = 1 then 
3 + 2a = 7 
3 + 2 • (1) = 7 
3 + 2 = 7 

5 = 7 FALSE. 


If a = 2 then 
3 + 2a = 7 
3 + 2 • (2) = 7 
3 + 4 = 7 

7 = 7 TRUE. 


If a = 3 then 
3 + 2a = 7 
3 + 2 • (3) = 7 
3 + 6 = 7 

9 = 7 /HZ.SE 


Therefore the solution set is {2}. 


If two equations have the same solution set S over the same replacement set then they are 
called equivalent equations. 

For example, 

2x + 7 = 11 (S = {2}) and 
x _ 2 = 0 (S = {2}) 
are equivalent equations. 


EXAMPLE 


8 


Find the solution set of 

3x + 8 = 12 for the replacement set {-1, 2, 3). 


Solution If x = -1 then 

3 • (_i) + 8 = 12 

-3 + 8 = 12 

5=12 FALSE. 


If x = 2 then 
3 • (2) + 8 = 12 
6 + 8 = 12 

14 = 12 FALSE. 


If x = 3 then 
3 • (3) + 8 = 12 
9 + 8 = 12 
17 = 12 FALSE. 


In this example, the given replacement set does not contain a solution of this equation. So the 
solution set is S = 0, the empty set. 


Definition 


The solution set of an equation is called the empty set when none of the numbers from the 
replacement set satisfy the equation. We write { } or 0 to mean the empty set. 


Equations , Inequalities and Systems 
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Check Yourself 3 


1. Which of the following expressions are statements? If the expression is a statement, deter¬ 
mine whether it is true or false. 

a. 4 is an even number. 

b. -In any right triangle, the sum of the squares of legs is equal to the square of the 
hypotenuse. 

c. 3 2 - 2 2 = 5 

d. 3 + 5 = 9 

e. 5x - 7 

f. x > 5 

g. 11 < 10 

2. Determine whether each statement is an equation or not. 

a. 5x = 15 b. 3x - 7 c. 4x + y = 9x + 2 

d. 3x - 5y = 4 e. -3a + 1 = 3a + 1 

3. a. Write the left-hand side of the equation 

3x + 5 = 8. 

b. Write the left - hand side of the equation 
5x - 2 = 3x + 4. 

c. Write the right - hand side of the equation 
3 = 7x - 1. 

d. Write the right - hand side of the equation 
5 - 3x = 3x - 5. 

4. Determine whether the number in parentheses is a solution of the equation or not. 

a. x + 3 = 5 (2) b. x - 3 = 7 (4) c. x + 7 = 7 (0) 

d. y - 5 = 0 (-5) e. 3z - (1 - z) = 11 (3) f. -3x + 1 = -8 (3) 

g. -3 • (3 - 2x) + 7 = 16 (2) h. 5 • (1 - 2x) + 5x + 1 = 1 (-1) 

Answers 

1. a. a true statement b. A true statement c. a true statement d. a false statement e. not 
a statement f. not a statement g. a false statement 

2. a. an equation b. not an equation c. an equation d. an equation e. an equation 

3. a. 3x + 5 b. 5x - 2 c. 7x - 1 d. 3x - 5 

4. a. yes b. no c. yes d. no e. yes f. yes g. no h. no 
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C. LINEAR EQUATIONS IN ONE VARIABLE 

In the previous section we learned that an equation is a statement of the equality of two 
expressions. We also learned how to check whether a number is a solution of an equation. In 
this section we will learn methods for finding solutions to equations. 

The easiest equations to solve are linear equations, also known as first degree equations. 


Note 

In the rest of this book, if there is no replacement set specified for a problem, the replacement 
set is R. 


Definition 


linear equation 

A linear equation (or first degree equation) in one unknown is an equation that can be written 



The expression ‘first 
degree’ means that the 
power of the variable x is 
one. 


in the form ax + b = 0 where a and b are real numbers, a ^ 0 and x is a variable. 

For example, the equation 3x + 2 = 0 is a linear equation. 

3x + 5 = 17, 5a - 3 = 12, 7t = 14, 3x + 5 = 7x - 11 and 3(y + 2) = 14 - y are also 
linear equations because they can be written in the form ax + b = 0. 

1. Equality and its Properties 


Let us solve the equation x - 3 = 4. 



Think of an equation as 
a set of scales. To keep 
the scales balanced, you 
must add or take away 
the same amount on 
each side. 


Our goal is to isolate the variable on one side of the equation: we need to get rid of the 3 in 
x - 3. 

We can do this by adding 3 to both sides: 

x-3 + 3 = 4 + 3 (add 3 to both sides) 
x + 0 = 7 (simplify each side) 
x = 7. 



This is the solution. We can also think of an equation as a set 
of scales. 

Imagine that the scales shown on the right represent the 
equation x - 3 = 4. The scales are balanced. To keep the 
scales balanced, add 3 to both sides. 

Adding three grams to both sides will give the result: x = 7. 



x - 


3 grams 


grams | 

4 grams 
/ 


grams 


x grams 7 grams 
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More generally, adding the same quantity to both sides of an equation does not change the 
equality. We can write this property algebraically as the addition property of equality. 


Property 


addition property of equality 
If a = b then a + c = b + c. 


EXAMPLE 


9 


Solve x - 4 = 9 over Z. 


Solution x - 4 = 9 

x-4 + 4 = 9 + 4 (add 4 to both sides) 
x = 13 

Let us check the solution: 
x - 4 = 9 

(13) - 4 = 9 (substitute 13 for x) 

9 = 9. 

Since 9 = 9, 13 is the solution of the equation. 


EXAMPLE 


10 


There are a + 5 grams on the left side and 8 grams on the right side of a balanced set of 
scales. Find a. 


Solution Let us remove five grams from both sides: 
a + 5 = 8 
a + 5 - 5 = 8 5 
a = 3. 

More generally, subtracting the same quantity from both sides 
of an equation does not change the equality. This gives us a 
second property of equality: 



Property 


subtraction property of equality 

If a = b then a - c = b - c 
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EXAMPLE 


11 Solve x + 7 = 11 over Z. 


Solution x + 7 = 11 


£ + 7- 7=11-7 (subtract 7 from both sides) 
x = 4 


Check: 

x + 7 = 11 (original equation) 

(4) + 7 = 11 (substitute 4 for x) 

11 = 11. This is true, so 4 is the solution. 

Now consider the scales on the right. The scales are balanced. 
Dividing the quantities into two equal parts and removing one half 
from both sides will give us 
2x = 8 

2x = 2 • 4 (factorize 8 as 2 • 4) 

2x 2-4 

— =- (divide both sides by 2) 

2 2 

1 • x = 1 • 4 ( — = 1) 

v 2 ' 

x = 4. 


2x grams 8 grams 



x arams d amms 



More generally, dividing both sides of an equation by the same non-zero number does not 
change the equality. 


Property 


division property of equality 


If a = b then — = — 
c c 


where c + 0. 


EXAMPLE 


12 Solve 4x 


10 over Z. 


Solution 


4x = 20 
4x 4-5 
T “ ~4~ 

1 • x = 1 • 5 

x = 5 


(divide both sides by 4) 
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Check: 


\x = 20 (original equation) 

4 • (5) = 20 (substitute 5 for x) 

20 = 20. This is true, so 5 is the solution. 

Finally, consider the scales on the right. They are balanced. 

Since the weights on both sides are equal, we can double the 
weight on both sides: 

X 

— = 3 (original equation) 

2 

x 

2 • — = 3 • 2 (multiply both sides by 2) 

2 

2 

x = 6 (simplify both sides, — =1). 



£ grams 

3 grams 


x grams 6 grams 



More generally, multiplying both sides of an equation by the same number does not change 
the equality. 


Property 


multiplication property of equality 


If a = b then a ■ c = b ■ c. 


EXAMPLE 


1 3 Solve — = 4 over Z. 


Solution — = 4 

6 

X 

6 ■ — = 4 • 6 (multiply both sides by 6) 

6 

6 

x = 24 (simplify both sides, — =1) 

6 


Check: 


— = 4 (original expression) 
6 


(24) 


: 4 (replace 24 for x) 


4 = 4. This is true, so x = 24 is the solution. 


~ i 22 V 
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2. Solving Linear Equations 


All the equations that we solved in the previous the section required only a single application 
of a property of equality In this section we will look at equations that require more than one 
application of the properties of equality Let us begin by listing some general strategies for 
solving such equations. 

1. Use the distributive property to remove any parentheses in the equation. 

2. Simplify each side of the equation. 

3. Apply the addition or subtraction properties of equality to get the variables on one side of 
the equal sign and the constants on the other. 

4. Simplify again if it is necessary. 

5. Apply the multiplication or division properties of equality to isolate the variable. 

6. Check the result (substitute the number for the variable in the original equation). 

We can use this procedure to solve the standard linear equation of the form 
ax + b = 0: 

ax + b -b = 0 -b (subtract b from both sides) 



—b 

x = —. (simplify) 
a 



10 


Solve 2x - 5 = 0. 


Solution There is no replacement set specified, so we 


Check: 


will solve over R. 

We need to isolate the variable x on one side 
of the equation. 


2x - 5 = 0 (original equation) 

5 5 

2 ■ (—) -5=0 (substitute - for x) 
2 2 


2x - 5 = 0 (original equation) 
2x-5 + 5 = 0 + 5 (add 5 to both sides) 


5_5 = 0 (- = 1) 
v 2 J 


2x = 5 (simplify both sides) 


2 2 
5 

x — — (simplify) 
2 


(divide both sides by 2) 


0 = 0 
5 

So x = — is the solution. 
2 
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EXAMPLE 


15 Solve 2x + 3 = 7 over Z. 


Solution 2x + 3- 3 = 7- 3 (subtract 3 from both sides) 
2x = 4 


2x 4 

T - 2 

x = 2 


(divide both sides by 2) 
(simplify) 


Check: 

2x + 3 = 7 
2(2) + 3 = 7 
4 + 3 = 7 
7 = 7 

So x = 2 is the solution. 


EXAMPLE 


D ^ Solve —x + 5 = 2 over Z. 


Solution —— x + 5-5 = 2-5 (subtract 5 from both sides) 

3 Q 

—x = -3 

4 

_3 

4 • (—x) = -3 • 4 (multiply both sides by 4) 
-3x = -12 

= —— (divide both sides by - 3) 

—+( 3 

x = 4 


Check: 


—x + 5 = 2 
4 


-T-- \ + 5=2 

X 

-3 + 5 = 2 
2 = 2 

So x = 4 is the solution. 


EXAMPLE 


] ^ Solve 


3x-4 


= 4 over Z 


Solution 


5 ■ 


3x-4 

5 

3x-4 


= 4 


= 4-5 (multiply both sides by 5) 


3x - 4 = 20 (simplify) 

3x- 4+ 4= 20+ 4 (add 4 to both sides) 

3x = 24 (simplify) 

= — (divide both sides by 3) 

X 3 


x = 8 


(simplify) 


Check: 

3x-4 


= 4 (original equation) 

= 4 

= 4 
5 

4 = 4 

So x = 8 is the solution. 


5 

3 • (8)-4 
5 

24-4 
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3. Solution Strategies: Combining Like Terms 


Definition 


Terms of an expression which have the same variables and the same exponents are called like 
terms. 

For example, 5x and 3x are like terms. 6a * 1 2 3 4 and 2 a 2 are also like terms. 

3x and 7 y are not like terms. 


To combine like terms, we add or subtract their numerical coefficients and keep the same 
variables with the same exponents. 

For example, let us solve the equation 3x + 4x + 7x = 42 by combining the like terms: 

Ta y 4-2 

(3 + 4 + 7)x = 42, 14x = 42, —— = — = 3. So x =3 is the solution. 

H 14 


EXAMPLE 


18 Solve 4x + 12 + x = 27. 


Solution 


4x + 12 + x = 27 
4x + x + 12 = 27 
(4 + 1) -x + 12 = 27 
5x + 12 = 27 
5x + 12 - 12 = 27 - 12 
5x = 15 
\x 15 

x = 3 


(combine like terms) 
(simplify) 

(subtract 12 from both sides) 
(simplify) 

(divide both sides by 5) 
(simplify) 


Check: 

4x + 12 + x = 27 
4 • (3) + 12 + (3) = 27 
12 + 12 + 3 = 27 
27 = 27 


Property 


distributive properties of multiplication- 

For any real numbers a, b, and c: 

1. a-(b + c)=a-b+a-c 

2. ( b+c)-a = b- a+ c- a 

3. a ■ (b-c) = a- b~a-c 

4. (b - c) ■ a = b ■ a - c ■ a. 

These statements show the distributive property of multiplication over addition and 
subtraction. 
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For example, 


x + 2 


A"X 

3 • (x + 2) = 3 • x + 3 • 2 is an example of the distributive 
property of multiplication over addition. 

We can understand the distributive property of multiplication 
over addition by considering the area A of a rectangle such as 
the rectangle opposite. 

1. As the area of a single rectangle, 

A = 3 • (x + 2). 

2. As the sum of the areas of two rectangles, 

A = 3 • x + 3 • 2. 

So 3(x + 2) = 3x + 3 • 2. 




EXAMPLE 


19 Solve -2x + 3 • (2x - 4) = 8. 


Solution -2x + 3 • (2x - 4) = 8 (distributive property) 
-2x + 3-2x- 3- 4 = 8 
-2x + 6x - 12 = 8 

(-2 + 6)x - 12 = 8 (combine like terms) 

4x - 12 = 8 
4x - 12 + 12 = 8 + 12 
4x = 20 
\x 20 
X _ 4 
x = 5 

Check: 

(-2 • 5) + 3 • ((2 • 5) - 4) = -10 + 3 • (10 - 4) 
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= -10 + (3 • 6) 
= -10 + 18 = 8 























4. Solution Strategies: Collecting Variables on the Same 
Side of an Equation 

When we collect the variables on the same side of an equation, it is best to choose the side 
which has the greatest coefficient of the variable. 


EXAMPLE 


20 


Solve 5x - 13 = -x + 5. 


Solution The left-hand side has the largest coefficient of x (5x), so we collect the variables on this side 
of the equation: 

5x + x - 13 = -x + x + 5 (to eliminate the -x from the right side, we can add 

+x to both sides) 


6x - 13 = 5 


6x - 13 + 13 = 5 + 13 
6x = 18 

V _ 18 

X 6 

x = 3. 

Check: 


(add 13 to both sides) 


(divide both sides by 6) 
(simplify) 


5x - 13 = -x + 5 
5 • 3 - 13 = -3 + 5 
15 - 13 = -3 + 5 


2 = 2. So x = 3 is the solution. 


A quicker way to add or subtract a quantity in an equation involves moving the quantity to 
the other side of the equation. However, when we move a quantity to the opposite side, the 
sign changes. For example: 
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EXAMPLE 


21 Solve 2x + 5 • (6 - 3x) = 7 - 4x. 

2x + 5 • (6 - 3x) = 7 - 4x 
2x + 5 • 6 - 5 • 3x = 7 - 4x 
2x + 30 - 15x = 7 - 4x 
30 - 13x = 7 - 4x 


30 - 13x = 7 - 4x 



2 ■ — + 5 ■ (6 - 3 ■ —) = 7 - 4 ■— 
9 9 9 


46 _75 
"9 9" 


29 

9 


29 29 23 . . 

-=-, so x = — is the solution. 

9 9 9 


EXAMPLE 


22 


Solve 3x - 5 = 13. 


Solution 


Check: 


3x - 



(move -5 to the right-hand side as +5) 


3x = 13 + 5 


3x = 18 
\x _ 18 

x = 6 


3x - 5 = 13 
3 -6-5 = 13 
18-5 = 13 


13 = 13, so x = 6 is the solution. 










EXAMPLE 


23 Solve 2 • (5 - 4x) + 3x = 7x - 14. 


Solution 


2 • (5 - 4x) + 3x = 7x - 14 
2 • 5 - 2 • 4x + 3x = 7x - 14 
10 - 8x + 3x = 7x - 14 


+ 14 10-5x=7x-14 +5x 


14 + 10 = 7x + 5x 
24 = 12x 
24 l^x 
12 - 

2 = x 


Check: 

2 • (5 - 4x) + 3x = 7x - 14 
2 -(5- 4-2)+ 3- 2 = 7- 2-14 
2 • (-3) + 6 = 14 - 14 
-6 + 6 = 0 


0 = 0, so x = 2 is the solution. 


Definition 


An equation which is true for all possible values of the variable(s) in the equation is called an 

identity. 


For example, consider the equation 2x + 6 = 2 • (x + 3). We can rewrite it as 

2x + 6 = 2- x + 2- 3 
2x + 6 = 2x + 6. 

We can see that 2x + 6 = 2(x + 3) is true for any value of x, because the two sides are 
identical. So the solution set is the set of all real numbers, and the equation is an identity. 


EXAMPLE 


24 


Solution 


Solve 

5 - 3 • (x - 6) + 3 = 3 - 2 • (x + 4) - (x - 30) + 1. 

5 - 3 • (x - 6) + 3 = 3 - 2 • (x + 4) - (x - 30) + 1 
5-3x + 18 + 3 = 3-2x-8-x +30+ 1 
-3x + 26 = -3x + 26 


-3x = -3x + 26-26 


-3x = -3x 


So the solution set is the set of all real numbers. 
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Note 

An impossible equation has no solution. The solution set is the empty set, 0. 


Definition 


An equation which is not true for any possible value of the variable (s) it contains is called a 

contradiction (or impossible equation). 


For example, consider the equation x + 1 = x + 5. 

If we subtract x from both sides we get 
x-x+l=x-x+5 

1=5 which is false. 

So this equation is an impossible equation and the solution set S is empty: S = 0. 


EXAMPLE 


25 


Solve 


5 • (x - 3) + 2 = 2- (x+4) + 3x. 


5 • (x - 3) + 2 = 2 • (x + 4) + 3x 
5x-15 + 2 = 2x + 8 + 3x 
5x - 13 = 5x + 8 
5x - 5x - 13 = 5x - 5x + 8 
-13 = 8 

This is a contradiction, so S = 0. 


EXAMPLE 


26 


Solve 


2x 

x-2 


+ 3 = 


4 

x-2 


Solution 


2 V + 3 .. 4 


x-2 


(x-2)- ( 


2x 


x-2 


+ 3) = 


x-2 

4 

xh^ 


(x^Z) 


2x 




+ 3 • (x-2) = 4 


(multiply both sides by x-2) 


(distributive property) 



2x + 3x - 6 


5x - 6 = 4 +6 

5x = 4 + 6 


5x = 10 

X* _ 10 

x = 2 


(simplify) 

(move -6 to the other side as +6) 
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(divide both sides by 5) 



















Check: 


2X +3= 4 

(original equation) 

x-2 x-2 


2 - 2 + 3 = 4 

(substitute 2 for x) 

2-2 2-2 

— + 3 = — 



This equation is meaningless, because any number divided by zero is undefined. So S = 
the equation has no solution. 


Check Yourself 4 

1. Find x in each equation. Show your working and check your answer. 


a. x + 5 = 0 

2 5 
e. — z = — 

3 6 


b. x - 4 = 0 

, 3 2 

- m = — 

5 5 


i. 2 - x = -7 

x 

2. Find x in each equation. 

a. 6x - 14 = 4 

, 3x + 7 _ 

d. —-— = 5 


3 + x 


1 

2 


c. x + 3 = 7 

5 11 

g. n + — = — 
s 6 6 


. x 7 
k. — = — 
3 12 


b. 5 -4x = 13 
8-5x 


e. 


= 7 


g. 2 ■ (3 + x) = 6 
j. 3x + 2 • (1 + 3x) = 17 

m. 6 • (2 + 4x) + 5 • (4 - 3x) = 7x - 19 

n. 7 ■ (2x + 1) + 12 = 5 • (2x - 2) 


h. -3 • (2 - x) = 9 
k. -7x - 2 • (5 - 3x) = 10 


d. y - 4 = -2 
h. x - 4 = -8 


3x _ 9 

~ 2 ~ 2 


c. 6 + 2x = 28 
13 + 6x 2 


i. 6 • (5x - 3) = 15 
1. 8x - (3x - 5) = 15 


GI 
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3. Find x in each equation. 
x +1 x + 3 


a. 


- + - 


= 2 


3 6 

x-2 x + 3 7 

12 


- + - 


e. 


g- 


3 4 

5x-3 3x + 5_2(x+l) 
~4 3 7 

3x - 2 4x + 7 1 - 3x 


- + - 


12 


= 1 


b. 

d. 

f. 

h. 


3x +1 


+ 15 = 3x 


x + 2 2x -1 1 

-= x + — 

2 5 10 

4x-l l-3x 5x-2 


1 - 


1 + 


1 

2 


l. 


1 


= 2 


1- 


3x +1 

Answers 

1. a. -5 b. 4 c. 4 d. 2 e. f. -- 1 h. -4 i. 9 - — k — 1. 3 m. -14 

6 5 2 4 

o QUO HUT 13 7 _ . 11 . 5 , „ 51 29 

2. a. 3 b. -2 c. 11 1 e.-— g. 0 h. 5 l, — l. — -20 1. 2 m-n.- 

5 2 6 10 3 2 4 

„ 7 , 23 6 ,11 227 , . 7 , _ . . 

3. a. - — c. — d — e- 1 — h. 3 t. -1 

3 3 7 9 3 23 
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EXERCISES 1.1 


1. Translate each verbal phrase into an algebraic 
expression. 

a. seven times the difference of twice a number 
and 3 

b. the difference of a number and the quotient of 
four times another number and five 

c. eight more than the product of a number 
squared and three 

2. In a first-division football league, each team wins 
three points for every victory and one point for 
every draw. Write an expression showing the total 
number of points a team wins in a season. 

3. Determine whether the number in parentheses is 
a solution of the equation or not. 

a. x - 2 = 9 (11) b. a + 3 = 8 (4) 

c. 4(x + 2) = 8 (0) d. -3(2* - 4) = 15 (4) 

e. 5(3x - 7) + 6 = 16 (3) 

f. -6(4 - 2*) - 7x + 5 = -5 (-1) 

4. Find the solution set of each equation over the 
given replacement set. 


7. Solve each equation. 

a. -8x + 5 = -19 b. 3(4 - 2x) + 2 = 17 


c. ^ = -12 


, 7-13x 
d. —: = 5 


2 3 

e. 4(2x + 5) - 3(4 - 2x) = 24 

f. 2x - 3(6 + x) + 9(x - 1) = 2(3 - x) + 1 

g. 5[4x - (x + 8)] = 6(2x - 1) 

h. -2[9 - x + 3(x - 1)] = 3(2x - 4) - 6 


8. Solve each equation. 
x-2 x +1 


a. 


c. 


- + - 


4 2 

3x +1 x + 4 


= 3 


= 1 + 


, 4x - 3 „ 4 - x 

b. - + 2 = - 


2x - 7 


, 5x +1 6 + x 

d. : + —:— = 3x - 


2 - 


9 3 

4 


15 

4 - x 
9 


e. 


2 + 


3x _ 2 
±_ 5 

3x 


a. 5x + 2 = 17, {1, 2, 3, 4} 

b. -2x + 9 = 11, {-2, -1, 0, 1} 

c. -(x - 7) + 4 = x + 1, {-2, -1, 0, 1} 

d. 4(2x - 3) - 3x = 2, {2, 3, 4, 5} 

5. Solve each equation for x over Z. 

a. x - 5 = 3 b. 4x + 2 = -6 

c. -8(3 - 2x) + 12 - 7x = 15 

d. 3(4x - 1) + 16 = x - 3 

6. Solve each equation for x over N. 

a. 4x - 3 = 13 b. 5(x - 3) - 9 = 11 

c. -2(4 + x) + 7 = 8 + x 

d. 3x + 5 - 2(6 - 3x) = 19 


9. Solve each equation. 


4 5 . 3x-5 , 

a. - + - = 6 +-— b. 


12 


x - 3 x 


R 3 4 

c. 6 - — = 


x - 3 


= 3 


4x 1 + 2 
x 3 


6 - 


1 + 


5 + 


x +1 


10. Solve each equation. 


a. 


7 + 2x 3x-12 


7-2x 4x-16 


x + - 


b. 


2x + 5 


2 - 


f~33 
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INEQUALITIES 



Objectives 


After studying this section you will be able to: 

1. Solve inequalities in one variable. 

2. Graph inequalities in one variable. 

3. Understand the properties of inequality. 

4. Understand and solve compound inequalities. 


A. SOLVING INEQUALITIES IN ONE VARIABLE 

1. Inequalities in One Variable 

We have seen that an equation which contains one or more variables is called an open sen¬ 
tence. However, an equation is only one type of open sentence. In this section, we will look 
at another type of open sentence. 


Definition 


A statement which contains an inequality symbol between two algebraic expressions is called 

an inequality. 

There are five types of inequality. We use a different inequaltiy symbol for each type. 



An inequality states that 
two expressions are not 
equal. 


> means ‘is greater than’ 

> means ‘is greater than or equal to’ 

< means ‘is less than’ 

< means ‘is less than or equal to’ 

^ means ‘is not equal to’ 


For example, 

5 > 3 means ‘5 is greater than 3’ 

2 < 9 means ‘2 is less than 9’ 

4 > 3 means ‘4 is greater than or equal to 3’ 
-3 < 1 means ‘-3 is less than or equal to 1’ 
5^-5 means ‘5 is not equal to -5’. 




















Inequalities can also contain variables: x < 4 is an inequality in the variable x. 

3 is a solution of this inequality because 3 < 4. 

Notice that x < 4 also has other solutions, because any real number less than or equal to 4 
will satisfy the inequality. 


EXAMPLE 


27 


Determine whether each number in the replacement set {1, 4, 5} is a solution of the inequality 
2x - 1 > 3 or not. 


Solution If x = 1 then 2 ■ 1 - 1 > 3 

2- 1 > 3 

1 > 3. FALSE 

If x = 4 then 2 • (4) - 1 >3 
8- 1 > 3 

7 > 3. TRUE 

If x = 5 then 2 • (5) - 1 >3 
10 - 1 > 3 

9 > 3. TRUE 

So 4 and 5 are solutions of the inequality 2x - I >3. 


Note 

1. An open circle on a number line graph shows that the point is 
not a solution: 

We use an open circle to show < or >. 


<-- -> 

3 

x * 3 (3 is not a solution) 

< -o -► 

-1 

x < -1 (-1 is not a solution). 


2. A closed circle shows that the point is a solution: 
We use a closed circle to show < or >. 


s—I-1-1- •— I - 1 -(—► 

-1 0 1 2 3 4 5 

x > 2 (2 is a solution) 

— i — i — i —i—« —t——► 

0 1 2 3 4 5 6 7 

x < 5 (5 is a solution). 


2. Graphing Inequalities on a Number Line 

The solution of a linear equation is only one number. The graph of this number is a point on a 
number line. For example, the solution set of x = 2 is {2}, and the graph of x = 2 is a point on 
the number line: 

■<-1-:-1-t-i-1-► 

-2-101234 
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However, the solution set of an inequality in one variable usually contains an infinite number 
of values. To show this infinite number of solutions, we can use a number line graph. The 
table below shows an example of each type of linear inequality on a real number line graph. 



Inequality 

Verbal phrase 

Graph 

1 

x > 3 

all numbers greater 
than 3 

■* - t -1-1-1-1-1->2-1-1--► 

-3 -2 -1 0 1 2 3 4 5 

2 

x > 2 

all numbers greater 
than or equal to 2 

■* -t-1-t-1- •- 1 - 1 - 1 - 1 -► 

-2-1 0 1 2 3 4 5 6 

3 

x < -1 

all numbers less than 
-1 

-<- t - 1 - 1 -o - 1 - 1 - 1 - 1 - *■ 

-4 -3 -2 -1 0 1 2 3 

4 

x < 5 

all numbers less than 
or equal to 5 


-1 012345678 

5 

x * 3 

all numbers except 3 

-«*- 1 -t- 1 -t- 1 -t-O- 1 - 1 - ► 

-3 -2 -1 0 1 2 3 4 5 


EXAMPLE 


28 


Solution 


EXAMPLE 


29 


Solution 


EXAMPLE 


30 


Solution 


Draw the graph of x > -3 on a number line. 

■* -t-t-!-t- » | - 1 - 1 - 1 -► 


-7 -6 -5 -4 -3 

Draw the graph of 

1 

"2 

-<—i- 1 -1—• —i-h 


- 2-101 

x < -on a number line. 

2 

—i—i—► 


-2-101234 
Draw the graph of x > 0 on a number line. 

< 1-1-1—o 1 1- 1 -t- 1 —► 


-3 -2 -1 0 1 2 3 4 5 


Check Yourself 5 

1. Graph each inequality on a number line. 


x < 3 

b. 

x > 1 

c. 

1 

x < — 

d. 

3 

x > — 





2 


4 

x > 2 — 

f. 

x > -5 

g- 

3 

x < — 

h. 

x < 3 

2 



2 



x ± 2 

j- 

2 

x ^ — 

k. 

x ± 0.54 




Algebra 9 


H 36 > 































2. Write the inequality for each solution set. 


a. 

<— 

— t- 

-3 

— 1- 

-2 

H — 

-1 

—t- 

0 

“• -t- 

1 2 

— t- 

3 


-- CO 

,-d 

-- o 

- ^ 

— 1 - 1 - ! — 

2 3 4 

c. 









H i 




-3 

-2 

-1 

0 

1 2 

3 

4 

-4 

-3 -2 -1 0 

1 2 3 

e. 









f ^_ 




-6 

-5 

-4 

-3 

-2 -1 

0 


I* ^ 

3 



Answers 















1 . a. 








b. 








-3 

-2 - 

■1 

0 

1 

2 

3 

-3 

-2 -1 

0 

1 

2 

3 



d . 


-3 

-2 

-1 

1 0 

2 

1 

2 

3 

-3 

-2 -1 

0 

3 1 

4 

2 

3 


f. 

g - 

-3 

-2 

-1 

0 

1 

2 

3 

-6 

-5 -4 

-3 

-2 

-1 

0 


h. 

^ 1 

-3 

-2 3 
2 

-1 

0 

1 

2 

3 

-3 

-2 -1 

0 

1 

2 

3 


i . 

j - 

-3 

-2 

-1 

0 

1 

2 

3 

-3 

-2 -1 

0 

2 1 

3 

2 

3 



















-3 

-2 

-1 

0 

0,54 .j 

2 

3 









2. a. x 

= 1 b. x 

> 

1 

C. X 

<2 d . X > -1 

e. x 

X 

CO 

< 3 







3. Properties of Inequality 

The scales on the right show 7 > 3. 

If we remove two grams from each side, we get 

7 > 3 

7-2 > 3-2 

5 > 1. 



More generally, subtracting the same real number from both sides of an inequality does not 
change the inequality. 


Property 


subtraction property of inequality 

If a > b then a - c > b - c. 
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We can make similar statements for the inequalities <, <, > and ^ . 


This gives us a property for subtraction. What about addition? 
Consider the scales on the right, which show 5 > 3. 

If we add three grams to each side, we get 
5 > 3 

5 + 3 > 3 + 3 
8 > 6 . 

More generally, adding the same real number to both sides of an 
inequality does not change the inequality. 


iii iii 


5 > 3 



8 > 6 


Property 


addition -property of inequality- 

If a > b then a + c > b + c. 

We can make similar statements for the inequalities <, <, > and * . 


Now consider the set of scales on the right. 

Suppose we double the quantity on each side of the scales. This is 
the same as multiplying by 2 and we get 

x o 
2 

2 ■ — > 3 ■ 2 
2 

x > 6. 



x > 6 


Property 


More generally, if we multiply both sides of an inequality by a positive number then the 
direction of the resulting inequality remains the same. 

If we multiply both sides of an inequality by a negative number then the direction of the 
resulting inequality must be reversed. 

multiplication property of inequalit y - 
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If a > b and c > 0 then a • c > b ■ c. 
If a > b and c < 0 then a • c < b ■ c. 












We can move a number 
to the opposite side of an 
inequality by moving it 
and changing its sign, 
just as for an equation. 


We can make similar statements for the symbols <, <, > and * . 

For example, let us multiply both sides of the inequality 7 < 11 by -2: 

-2 • (7) > (-2) ■ 11 (multiply both sides by -2 and reverse the inequality symbol). 

We get -14 > -22, which is true. 

It is important to remember to reverse the inequality sign when you multiply both sides of an 


inequality by the same negative number. 


EXAMPLE 


31 


Solve -x > 4. 


Solution First way 


-4 - x > 4 +x 


-4 > x or x < -4 


Second way 

Multiply both sides by -1: 


(-1) . (-x) > 4 . (-1) 


x < -4. 


We have looked at the multiplication property of inequality. Let 
us now consider division over an inequality. 

Consider the inequality on the right: 2x > 8. 

If we take away half the quantity on each side of the scales, we 
divide each side of the inequality by 2: 

2x > 8 
8 

X 2 

x > 4. 



More generally, if we divide both sides of an inequality by a positive number then the direction 
of the resulting inequality remains the same. 

If we divide both sides of an inequality by a negative number then the direction of the resulting 
inequality must be reversed. 


Property 


division property of inequality 


If a > b and c > 0 then — > —. 

c c 

If a > b and c < 0 then 

c c 
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We can make similar statements for the inequalities <, <, > and ^ . 
For example, let us divide both sides of the inequality 16 > 12 by 4: 

16 >12 

16 12 

— > — 

4 4 

4 >3. 

Now let us divide both sides of the inequality 24 > 20 by -4: 

24 >20 
24 20 

(divide both sides by -4 and 
„ j- reverse the inequality symbol) 


EXAMPLE 


32 


Solve -5x < 20. 


Solution 


-5x < 20 

X* 20 
^— > — 
X -5 


(divide both sides by - 5 and reverse the inequality symbol) 


Property 


x > -4 

transitive property of Inequality - - 

If a, b, and c are real numbers with a < b and b < c, then a < c. 
This property is called the transitive property of inequality. 


For example, given 3 < 4 and 4 < 6, we can say that 3 < 6. 


Check Yourself 6 

1. Solve the inequalities. 


a. x + 3 < 5 b. 

e. 5 + x > -8 f. 

i. 4x > -7 j. 

x _ . 

m. — >4 n. 

2 



2 + x > -10 
x - 6 > -7 
-7x < 21 


x 

— < -4 
3 


Xo 


c. x - 1 < 5 
g. 2x > 8 
k. -5x > -20 

x 1 

o. — < — 

6 3 


d. -3 + x < 
h. 3x < -6 
1. -27 < 9x 



15 
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Answers 


7 

1. a. x < 2 b. x > -12 c. x < 6 d. x < 18 e. x > -13 f. x > -1 g. x > 4 h. x < -2 i. x > — 

4 

15 

j. x > -3 k. x < 4 1. x > -3 m. x > 8 n. x < -12 o. x < 2 p. x < -8 q. x > — r. x < 0 


4. Solving Inequalities 

To solve some inequalities we need to use more than one property of inequality. 

We usually use the following strategies to solve an inequality: 

1. Simplify both sides of the inequality by combining like terms and removing parentheses. 

2. Add or subtract the same expression on both sides of the inequality. 

3. Multiply or divide both sides of the inequality by the same positive expression 

(or multiply or divide both sides of the inequality by the same negative expression and 
reverse the inequality). 


EXAMPLE 


33 


Solve 5x + 4 > 9. 


Solution 


5x + 4 > 9 
5x + 4- 4>9-4 



Remember: if there is no 
specified replacement 
set for a problem, then 
the replacement set is R. 


The solution set is {x 


(subtract 4 from both sides) 
(simplify) 

(divide both sides by 5) 
x > 1 (simplify) 

x > 1, x e R} or -<—t—t— o — i — i — i —> 
-10 12 3 4 


5x > 5 
\x 5 
> 5 


EXAMPLE 


34 Solve 13 - 3x < -8. 


Solution 13-3x<-8 

13 - 13 - 3x < -8 - 13 (subtract 13 from both sides) 

-3x<-21 (simplify) 

\x -21 

-A_ >- (divide both sides by -3 and reverse the inequality) 

x > 7 


The solution set is {x |x > 7, x e R } or 


—I—i—i— •— i — i —i—i—► . 

4 5 6 7 8 9 10 11 
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EXAMPLE 


35 Solve 6 + 5x > 4 - 2x. 


Solution 


6 + 5x > 4 - 2x 
6 + 5x-6>4-2x-6 
5x > -2x - 2 
5x + 2x > -2x + 2x - 2 
7x > -2 


(subtract 6 from both sides) 
(simplify) 

(add 2x to both sides) 
(simplify) 


\x ^ -2 

X " 7 


7 


(divide both sides by 7) 
(simplify) 


The solution set is 


{x I x > —, 
7 


x e R } or 


<- 


2 

~7 

H-1-1—*-H 

-3 -2 -1 0 


H- t -► • 

2 3 


EXAMPLE 
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Solve 7-2 -(x-4) <5 + 3x. 


7 - 2 ■ (x - 4) < 5 + 3x 
7 + (-2) • x + (-2) • (-4) < 5 + 3x 
7-2x + 8<5 + 3x 
15 - 2x < 5 + 3x 
15 - 2x - 5 < 5 + 3x - 5 
10 - 2x < 3x 
10 - 2x + 2x < 3x + 2x 
10 < 5x 
10 Xx 

- < -TT- 

5 X 


(remove parentheses) 
(simplify) 

(combine like terms) 
(subtract 5 from both sides) 
(simplify) 

(add 2x to both sides) 
(simplify) 

(divide both sides by 5) 


2 < x 

x > 2 (interchange the two sides of the inequality) 

The solution set is (x | x > 2, x e R } or ■* —■—i—i— o—i— i - 1 — \ —► . 

-1 0 1 2 3 4 5 6 












EXAMPLE 


37 Solve 5 + 2.(2-3 x) 
3 


Solution 


s, 5 + 2 ■ (2 - 3x) 

V X 


>9-3 (multiply both sides by 3) 


/XX 

5 + 2 • (2 - 3x) > 27 
5 + 4 - 6x > 27 
9 - 6x > 27 
9 - 9 - 6x > 27-9 
-6x > 18 

X* 18 
X < x 


(remove parentheses) 

(simplify) 

(combine like terms) 

(subtract 9 from both sides) 

(simplify) 

(divide both sides by -6 and reverse the inequality) 


x < -3 (simplify) 

The solution set is {x |x < -3, x e R } or < — t — i — t — i —o —i—i—i—i—*-. 

-7 -6 -5 -4 -3 -2-10 1 


EXAMPLE 
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Solve 


4 • (3x +1) 


> x-2. 


Solution 


V 


4 • (3x +1) 

^7 


> 3 • (x - 2) 


4 • (3x + 1) > 3 • (x - 2) 


-3x 12x + 4 > 3x - 6 


-4 


12x - 3x > -6 - 4 
9x > -10 

X -10 
>- 

X 9 


x > — 


10 


10 

The solution set is {x | x >- ,xeR) or <— t - i_^h _ i _h 

9 -3-2-10 1 


1 - 1 -t— 

2 3 4 


rx 
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EXAMPLE 
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Solve 


x - 3 
3 


2x + l^ r) x-3 

_ .o 

2 6 


Solution 


x-3 2x + l ^ 2 x-3 

_ 3 2 _ 6 

(2) (3) (6) (1) 


(equalize the denominators) 


2 • (x-3)-3 • (2x +1) ^ 12-(x-3) 
6 “ 6 

2(x-3)-3(2x + l) >12-(x-3) 
2x-6-6x-3>12-x+3 
-Ax -9 > 15- x 
-4x + x > 15 +9 
-3x > 24 


(remove equal denominators) 
(remove parentheses) 

(combine like terms) 
(transpose -x and -9) 


-3x 24 

^ 3~“^3 

x < -8 

The solution set is {x |x < -8, x e 


(divide both sides by -3 and reverse the 
inequality) 

(simplify) 

R }, or <— t- 1 - t —• —i- 1 - 1 — ► . 

-11 -10 -9 -8 -7 -6 -5 


40 Solve ——— ^ 5. 

W x-2 

Solution “ 4 >5' (x-2) 

3x + 4 > 5 • (x - 2) 

3x + 4 > 5x - 10 
4 + 10 > 5x - 3x 
14 > 2x 
14 > \x 

x < 7 

So the solution set is all real numbers less than or equal to 7, except 2: 

S = {xlx < 7, xe R - {2}} or < — » — i —°— i —»— i — ■ • —t—t—t—t—t —h 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 


EXAMPLE 






















Check Yourself 7 

1. Solve each inequality and graph its solution set on a number line. 


a. x - 3 > 6 
d. 3x - 7 > 2 
g. 9 - 4x < -3 
j. 2x - 2 < 4x+2 

m. 12 • (x - 2) > 2x -4 


5 -4x 

P. —r—*1 


, 3 ' ( 5x ~ ! ) < 6 
7 

3 - x 2x + 5 1 

u.- > — 

4 3 6 

x. x ■ (4x - 1) < (2x + l) 2 

Answers 


b . 5 + x < -2 
e. 5x - 7 < 8 
h. 3x - 1 > 3 + x 
k. 3 - 3 • (2 - x) < -6 

n. 2 • (3 + 5x) < 8x + 3 
x - 3 


q. 

t. 

V. 


> X + 1 


3 • (6 + 4x) 


< -2x + 5 


x + 3 2x + l , x-1 

-< 1 +- 

5 3 15 


c. 6 - x < 4 
f. 2x + 5 > -1 
i. 2x - 2 > 3+x 
1. 6 - 4 • (x + 2) < -2 
x + 3 


< -3 


o. 


r. - > 2 - - 
2 3 


x-1 

w. - > 1 


x-1 


1. a. x > 9 b. x < -7 c. x > 2 d. x > 3 e. x < 3 f. x > -3 g. x > 3 h. x > 2 i. x > 5 j. x > -2 

3 1 12 

k. x < -1 1. x > 0 m. x > 2 n. x < — o. x < -9 p. x < _ q. x < -5 r. x > — s. x < 3 

2 2 5 

t. X < — — u. X < — — V. X > - — w. 0 X. X > - - 
2 11 4 5 


5. Written Problems 


We can solve problems which contain phrases such as ‘no more than’, ‘at most’, ‘no less than’ 
and ‘at least’ by using inequalities. 

We translate the phrases as follows: 


Phrase 

Algebraic expres¬ 
sion 

x is not more than y 

x < y 

x is at most y 

x < y 

x is not less than y 

x > y 

x is at least y 

x > y 
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EXAMPLE 


41 Ali has four math exams. He needs an average of 85% to pass the year. His first three grades 
are 78%, 80% and 85%. What grade does Ali need in the last exam to get an average of 85%? 

Solution The arithmetic mean (average) of Ali’s grades must be greater than or equal to 85. 

Let x be the fourth exam grade, then we can write: ^ + 80 + 85 + x > gg. 


243 + x 


> 85 ; 243 + x > 4 ■ 85; 243 + x> 340; x > 340 - 243; x > 97. 


So Ali must get at least 97% in his fourth exam to pass the year. 


EXAMPLE 
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Find the smallest four consecutive even integers whose sum is greater than 68. 


Solution 


Let x be the smallest even integer in the group. Then we can write: 
x + (x + 2) + (x + 4) + (pc + 6) > 68 

4x + 12 > 68 

4x > 68 - 12 
4x > 56 
56 

x > — 

4 

x > 14. 

So the numbers are 16, 18, 20 and 22. 


Check Yourself 8 

1. When 3 is added to two times a number, the result is greater than or equal to 15. Find the 
possible values of this number. 

2. Three-fifths of a number is added to 2, giving a result of at least 5. What is the number? 

3. Five times a number, minus 7, is not more than 8. Find the number. 

4. Ahmet has a total of 155 points in his first three math exams. He needs an average of at 
least 60 points to pass the year. How many points does Ahmet need to get in his fourth 
and final math exam if he wants to pass the year? 

Answers 

1. x > 6 2. x > 5 3. x < 3 4. x > 85 












Definition 


6. Compound Inequalities 


A statement that contains two simple inequalities is called a compound inequality. 


For example, 1 < x < 5 is a compound inequality, x > 7 is not a compound inequality (it is 

a simple inequality). 

There are many types of compound inequality. Let us look at some examples. 


EXAMPLE 
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Graph the solution set of x > -1 and x < 3 over R on a number line. 


Solution Let us graph x > -1 and x < 3 separately. The solution set will be the intersection of the two 
graphs. 

— i - 1 - o— t -t- 1 - 1 - 1 -► X > -1 

-3-2-10 1 2 3 4 


-<- 1 — t — i— • —i—► x < 3 

0 12 3 4 

•* —t— i — o— i —t—i—• —► -1 < x < 3 

-3-2-10123 

So S = {x | -1 < x < 3, x e R}. 

Note that we can write ‘x > - 1 and x < 3’ as -1 < x < 3. 


c c c c c 

The graph of a compound 
inequality containing 
the word ‘and’ is the 
intersection of the 
graphs of the two 
inequalities. 


44 Solve -9 < 2x + 3 < 11 over each set and show the solution on a number line, 
a. Z b. N c. R 

Solution a. First we need to simplify the inequality, using the properties of inequality: 

-9 < 2x + 3 < 11 

-9-3<2x + 3- 3< 11-3 

-12 < 2x < 8 

-12 . 2x 8 

- < — < — 

2 2 2 

-6 < x < 4. 

So the solution set is all the integers between -6 and 4: 

{-6, -5, -4, -3, -2, -1, 0 , 1, 2, 3}. 

-<-1-•-•-•-i-«-•-•--«-•-1-1-1-1-► 

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 


EXAMPLE 
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b. The solution set is all the natural numbers between -6 and 4: {1, 2, 3}. 


-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 

c. The solution set is all the real numbers between -6 and 4, including -6: 

< -1—— as l l l l l — -+— 4 - — ■+ - 1 —o -1-1-1-*- 

-7-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 


EXAMPLE 
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Graph the solution set for x < -2 or x > 2 over R on a number line. 


Solution Let us graph x < -2 and x > 2 separately. The solution set will be the union of the two graphs. 

■< —i—i—•—i- 1 —i—t—i—t—► x < -2 

-4-3-2-101234 


H-1-1-1-1-1- O- i -t-► X > 2 

-4-3-2-101234 


<— i — i —• —t-t—t— o — t — i —► x < -2 or x > 2 

-4-3-2-101234 


This is the graph of the solution set. 


c c c c c 

The graph of a compound 
inequality containing the 
word ‘or’ is the union of 
the graphs of the two 
inequalities. 


EXAMPLE 
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Solve -4 < 3x + 2 < 5 over R and graph the solution set on a number line. 


Solution 


The compound inequality -4 < 3x + 2 < 5 is equivalent to the two simple inequalities 
-4 < 3x+2 and 3x + 2 < 5. 

Let us solve each of these simple inequalities separately: 


-4 < 3x + 2 3x + 2 < 5 

-4 - 2 < 3x + 2 - 2 (subtract 2 from both sides) 3x + 2 2 < 5 - 2 

-6 < 3x (simplify) 3x < 3 

— < — (divide both sides by 3) — < — 

-2 < x (simplify) x < 1. 

So the solution set is all x for which -2 < x and x < 1, or {x |-2 < x < 1, x e R}- 

-«-1- • I - 1 -C -1-1-*- 


-3-2-10 1 2 3 


EXAMPLE 


47 Solve -5 < 2x - 7 < 1 over R. 





















Solution Let us solve the two inequalities at the same time, as follows: 
-5 < 2x - 7 < 1 

-5 + 7<2x-7 + 7<l + 7 (add 7 to each part) 

2 < 2x < 8 (simplify) 

9 9r 8 

— < — < — (divide each part by 2) 

2 2 2 

1 < x < 4. (simplify) 

So the solution set is 

* -1-1-1-1- O—- 1— O-1- 

-3 -2 -1 0 1 2 3 4 5 
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Solve -2 < ——— 
3 


< 6 over R. 


Solution 


- 2<^<6 


-2 ■ 3 < X ■ ( 


2-4x 

X 


) < 6 • 3 (multiply each side by 3 to remove the denominator) 


-6 < 2 - 4x < 18 (simplify) 

-6-2<2-4x-2<18-2 (subtract 2 from each side) 


-8 < -Ax < 16 

-8 -Ax 16 
— >-> — 

-4 -A -A 
2 > x > -4 
-A < x < 2 


(simplify) 

(divide each side by -A and reverse the inequality symbols) 

(simplify) 

(reverse the order) 


So the solution set is {x|^<x<2, xe R}: 


H - •—I-1- 1 -1-1—• -1-1-1— 

-5 -4 -3 -2 -1 0 1 2 3 4 5 


Check Yourself 9 

1. Graph the solution set of each compound inequality over R on a number line. 


-2 < x + 1 < 3 

b . 

-7 < 3x + 2 < 8 

c. 

-6 < 2x - 3 < 5 

-5 < 4 - 3x < 2 

e. 

2 < 1- — < 3 

3 

f. 

- 3x + 2 1 

0 <-< — 

3 3 

4x + 3<5x + 7<x + 8 

h. 

1 x +1 3x 

< < 




- <-< — 

2 3 4 
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1. Complete the statements. 

a. The symbol > means ‘_ 

b . The symbol < means ‘_ 

c. If a < b and b < c, then a < c. This property 

is called the_property of 

inequality. 

d. If both sides of an inequality are multiplied by 

a _ number, the direction of 

the inequality remains the same. 

e. If both sides of an inequality are multiplied by 

a _ number, the direction of 

the inequality must be reversed. 

f. An_is a statement indicating 

that two quantities are not necessarily equal. 


2. Graph each inequality on a number line. 


a. 

x * -2 

b. 

x > 2 

c. 

1 

x < — 
2 

d. 

5 

x > — 

3 

e. 

x < -3 

f. 

x > -4 

& 

3 

x < — 

5 

h. 

x < 0.25 

i. 

VI 

j- 

-x > -3 

k. 

-x > 1 




Graph the solution 
number line. 

set of each 

inequality on a 

a. x + 2 > 4 

b. 

x + 3 > 6 

c. 

x+5 >-l 

d. x - 2 < -3 

e. 

5 4- x < 3 

f. 

-x - 1 < 6 

g. 2x < 4 

h. 

3x < -6 

i. 

—4x > 8 

x , 

J- — < 1 

J 3 

k. 

^>0 

2 

1. 

x 1 

~3 “ 2 
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4. Solve each inequality. 

a. 5 - x < 7 
c. 3x - 1 > 8 
e. -3x - 7 < -1 


b. 2x + 1 < 5 

d. 2x - 3 < 5 
f. -4x + 1 < 9 


5. Solve the inequalities. 

a. 2x + 3 < x + 1 

c. 9 - 2x > 13 - 6x 
e. -2(x + 1) < 4 - x 


b. 2x + 3 < -5 + 3x 
d. 12 - 13x > 15x - 15 
f. 4 - 3 • (x - 1) < -5 


6. Solve each inequality. 
3x-2 


a. 


■ < 2x + 2 


b . 2 ' (J 3) <3 x + 6 


c. 3 + 2*-^<3+I^ 


, l-5x 2-2x 1 

d. - +-> — 

2 5 10 


x +1 x -1 4x-3 

e. -+->- 


8 


12 


7. Solve each inequality and graph its solution set on 
a number line. 

a. 3 < x < 5 b. 2<x-5<3 

c. -5 < x + 2 < 7 d. 4<2-x<6 

e. 3 < 2x + 1 < 5 f. -5 < 3x - 2 < 7 


g. 3 < 1 + — <4 h. 3-2x<x+l<2x + 5 
3 

c „ r ^ A ■ 2 . X + l 2x + l 

l. 2-x<6<4-xi. — <-<- 

3 4 6 


8. Solve (x + 2)(x + 3) > (x + l)(x - 3). 
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LINEAR EQUATIONS IN TWO 
VARIABLES 


Objectives 


After studying this section you will be able to: 

1. Understand the coordinate plane. 

2. Graph and solve linear equations in two variables. 

3. Understand and solve systems of linear equations. 


A. THE COORDINATE PLANE 

1. Coordinates on a Graph 

A graph is representation of a point or a set of points. As we have seen, we can use a num¬ 
ber line to draw one kind of graph. 

negative direction positive 

i i i i i i i i i i i i i i 
-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 

negative integers origin positive integers 
(reference point) 

For example, let us graph the points A, B, C, D and E which are represented by the numbers 
-3, 1, -4, 0 and 5 respectively on a number line: 

C(-4) A(-3) D(0) B(1) E(5) 

■* -t-•—•-i-i-•—•-i-i-t-•-t-► 

-5 -4 -3 -2 -1 0 1 2 3 4 5 6 

A number which represents a point on a graph is called the coordinate of the point. 

For example, the coordinate of A on the number line above is -3 and written as A(-3). 

The coordinates of the other points are B(l), C(—4), D(0) and E(5). 
Now let us consider the position of a point in a plane. 
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2. The Rectangular Coordinate 
System 

A rectangular coordinate system is formed by two perpendicular 
number lines which intersect each other at their origins. 

The intersection point is called the origin of the system. 

The horizontal number line is called the x-axis. 

The vertical number line is called the y- axis. 

The two axes form a coordinate plane and divide it into four 
regions called quadrants. 



We can describe the location of any point in a coordinate plane 
with a unique pair of real numbers x and y, written as (pc, y). The 
first number in the pair is called the x-coordinate or abscissa. 
The second number is called the ^-coordinate or ordinate. 

The two numbers (abscissa and ordinate) are together called 
the coordinates of the point. 

For example, the coordinates of point P in the coordinate plane 
opposite are (4, 3). 


P(4, 3) 



To graph the coordinates (4, 3), we start from the origin and move four units to the right and 
three units up. The finishing point is the graph of (4, 3). 
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EXAMPLE 


49 Graph the points A (4, -3) and £>(-3, 4) in a coordinate plane. 


Solution A(4, -3) 


^ A 


move four units 
to the right 


move three 
units down 

B(-3, 4) 



V 

move three 


move four 

units to the left 


units up 


We can see that the point A(4, -3) is not the same 
as the point B(-3, 4). In other words, the order of 
the coordinates is important. 



EXAMPLE 
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Graph the points in the coordinate plane. 

a. A(3, 3) b. B(- 2, 4) c. C(-5, -3) 

e. E(0, 0) f. F(0, 6) g. G(5, 0) 


d D(4, -1) 

h. H(-l,-|) 


Solution 



From the previous example we can see that the coordinates of the origin are (0, 0). All the 
points with an x-coordinate of zero lie on the z/-axis, and all the points with a y-coordinate of 
zero lie on the x-axis. 
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EXAMPLE 


51 Write the coordinates of each point in 
the coordinate plane. 


Solution A(-7, 3) 

G(-3, 0) 

B(-3, 6) 

H(0, 0) 

C(2, 2) 

/(6, -1) 

0(2, 5) 

J(4, -4) 

E(5, 3) 

K(-3, -4) 

F(0, 5) 

L(4, 0) 


Check Yourself 10 

1. Graph the points in a coordinate plane 



54 } 


a. A(3, 1) b. 

e. E(-6, 0) f. 

i. 1(3, -2) j. 

m. M(-2, —) n. 

2 


5(2, 7) 

c. 

C(-3, 1) 

F(-4, -3) 

g- 

G(-2, -2) 

K 4, -4) 

k. 

K( 0, 6) 

3 X 


„ 1 5, 

NC6.--) 

0 . 

0(~, -) 

2 2 


d. D(-5, 6) 
h. H(-7, 0) 
1. L(0, 0) 


2. Write the coordinates of each point 
in the coordinate plane. 
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3. The ordered pair (x, y) represents a point in the coordinate plane. Name the quadrant or 
axis containing the point for each condition. 

a. x > 0 and y > 0 b. x > 0 and y < 0 c. x < 0 and y < 0 

d. x < 0 and y > 0 e. x = 0 and y > 0 f. x < 0 and y = 0 


g. x = 0 and y = 0 


h. x = 0 


4. Write the coordinates of each point 
and connect the points from A to 0 
respectively. 


Answers 


y> 

8 

7 

D. _ 6 

k 

- fB 

K ' 

5 . 0 ! 

2* , 

! 1 A 
-J- -1- -• 

5 

! 4 

! m._3: 

: c T 2 - 
, H E : *'!' ■ 1 

" -8 -7 -6 -5 -4 -3 -? -1 1 . 

Li 23^5 ai % 'y. 

-- L -!- * 


T : N 

F -4 

-5 

-6- 

-7 

-8- 

. *J 

f 



A(6, 2) 

B(2, 6) 

C(0, 4) 

D(0, 0) 

E(-3, 3) 

F(-8, 8) 

G(-4, 0) 

H(-7, -3) 

I(-4, -2) 

J(0, -2) 

K(2, -2) 

L(5, -3) 

M(l, -7) 

N(-2, -8) 


3. a. I b. IV c. Ill d. II 
e. positive side of the 
y-axis f. negative side 
of the x-axis g. origin 
h. y-axis 



A(-5, -5), B(-5, 0), C(-5, 6), 
D(-3, 6), E(—1, 2), F(0, 0), 
G(3, 6), H(5, 6), 1(5, -2), 
J(5, -5), K(3, -5), L(3, 2), 
M(0, -A), N(-3, 2), 0(-3, -5) 
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B. SOLVING LINEAR EQUATIONS IN TWO VARIABLES 

The equation x + y = 3 has two variables, x and y. The solution to the equation is an ordered 
pair of numbers, (x, y). This type of equation is called a linear equation in two variables. 


Definition 


A first degree equation is called a linear equation in two variables if it contains two distinct 
variables. 

Look at some examples of linear equations in two variables: 

2x - 3y = 12, 6a + 3 = 2 - 3b, a -2b = 5. 


EXAMPLE 
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Given y = 2x + 1, find 


a. y when x = 3. 


Solution a. If x = 3 then 

y = 2 • (3) + l 
y = e + i 
y = 7. 


b. x when y = 3. 

b If y = 3 then 
3 = 2 • x + 1 
3-1 = 2x 
2 = 2x 
1 = x. 


We can see that the ordered pairs (3, 7) and (1, 3) are two solutions to y = 2x + 1. However, 
notice that when x changes, y also changes. This means that for each different value of x 
(or y), y (or x) has a different value. Therefore a linear equation in two variables can have 
infinitely many solutions. 


EXAMPLE 
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Are the ordered pairs (-1, 2) and (-2, 4) solutions of y = 2x + 4? 


Solution (-1, 2) => x = -1 and y = 2 
2 = 2 • (-1) + 4 
2 = -2 + 4 

2 = 2. This is true, so (-1, 2) is a solution. 

(-2, 4) => x = -2 and y = 4 
4=2- (-2) + 4 

4 = -4 + 4 

? 

4=0. This is not true, so (-2, 4) is not a solution. 













1. Constructing a Table of Values 


EXAMPLE 
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Find five ordered pairs which satisfy the equation y 


x + 4. 


Solution To find a solution, we need to fix one variable and solve the equation for the other variable. 
It does not matter which value we choose for the first variable. 


Let us begin by choosing x = 1: 
x = 1 

(1, 5) is a solution. 


y = x + 4 




(2, 6) is a solution. 


X 

y 

(*, y) 

1 

5 

(1,5) 

s choose 

x = 2: 

X 

y 

(*, y) 

1 

5 

(1,5) 

2 

6 

(2,6) 


As a third solution, let us choose x = 5: 


x = 5 

X 

2/ 

(*, y) 

y = 5 + 4 L (5, 9). 

i 

5 

(1,5) 

y = 9 J 

2 

6 

(2,6) 


5 

9 

(5, 9) 


Then choose x = -1: 
x = ~1 ^ 


y = (-i) + 4 
y = 3 


y (-i,3). 


X 

y 

(*, 2/) 

1 

5 

(1,5) 

2 

6 

(2,6) 

5 

9 

(5, 9) 

-1 

3 

(-1, 3) 


Finally, choose x = -2: 
x = -2 


y = (-2) + 4 
y = 2 


(- 2 , 2 ). 


X 

y 

(*, 2/) 

1 

5 

(1,5) 

2 

6 

(2, 6) 

5 

9 

(5, 9) 

-1 

3 

(-1, 3) 

-2 

2 

(-2, 2) 


So one answer to the question is {(1, 5), (2, 6), (5, 9), (-1, 3), (-2, 2)}. Remember that we could 
have chosen different values of x or y and found a different answer to the question: there are 
infinitely many solutions to this problem. 
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Output values 


(x, V) 


A 

XJ 

0 

H 

0 

T3 


o 


2. Graphing Linear Equations 

Let us plot the ordered pairs in 
Example 1.54 in a coordinate plane. 

Look at the plane on the right. Notice 
that we can draw a straight line through 
all the points. 

If you take any other point on the line, 
you will see that the ordered pair is also 
a solution of the equation y = x + 4. In 
fact, the line contains all the solutions 
of the equation, and so it is the graph of 
the equation. 

Recall that a linear equation is an 
equation that can be written in the form 
ax + b = 0. y = x + 4 is a linear 
equation, and we have seen that its 
graph is a straight line. In fact, the 
graph of any linear equation is a straight line. Therefore, we only need to know two points on 
the graph to draw the graph of a linear equation, although it is better to use at least three 
points, so we can check the result. 

Now we have a strategy for graphing any linear equation: 



1. Arbitrarily select some points that satisfy the equation. 

2. Plot the points in a coordinate plane. 

3. Draw the line passing through these points. This is the graph of the equation. 


EXAMPLE 
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Graph y = 2x + 3. 


Solution First step: 

Let us take fixed values of x to find a set of ordered pairs: 


X = 1 

=> 

y = 2 • (l) + 3 

=> 

y = 5 

x = 2 

=> 

y = 2 • (2) + 3 

=> 

y = 7 

X = -1 

=> 

y = 2 • (-1) + 3 

=> 

y = i 

x = -3 

=> 

y = 2 • (-3) + 3 

=> 

y = -' 


X 

y 

(*> y) 

i 

5 

(L5) 

2 

7 

(2,7) 

-1 

1 

(-L 1) 

-3 

-3 

(-3, -3) 
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We now have four ordered pairs, although remember we only need two pairs to plot the line. 


Second step: 


Third step: 




EXAMPLE 
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Graph y = 3 in a coordinate plane. 


Solution We can write y = 3 a.sO-x + y = 3. 

Since the coefficient of x is 0, the values 
of x have no effect on y: the number y is 
always 3. 


The graph of y = a (a e R) is a line 
parallel to the x-axis. 



X 

y 

(*> y ) 

-2 

3 

(-2, 3) 

-1 

3 

(-1. 3) 

0 

3 

(0,3) 

1 

3 

(1,3) 

2 

3 

(2,3) 

3 

3 

(3, 3) 

6 

3 

(6, 3) 
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EXAMPLE 


57 Graph x = 2 in a coordinate plane. 


Solution We can write x = 2 as 

x + 0 • y = 2. Since the coefficient of y 
is 0, we can take any value of y and it 
will not change the value of x: x will 
always be 2. 


y 

X 

(x,y) 

-5 

2 

(2, -5) 

-2 

2 

(2, -2) 

0 

2 

(2, 0) 

3 

2 

(2, 3) 

6 

2 

(2, 6) 



The graph of x = a (a e R) is a rr, , r ,, 

, & v ' Lhe graph of x = 0 is the w-axis, 

line parallel to the y-axis. 



The graph of y = 0 is the x-axis. 
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Graph y = 4x in a coordinate plane. 


Solution 


y = 4x 


X 

y 

(x,y) 

-2 

-8 

(-2, 8) 

-1 

-4 

(-1, -4) 

0 

0 

(0, 0) 

1 

4 

(1.4) 

2 

8 

(2, 8) 
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EXAMPLE 


59 Graph y = -2x in a coordinate plane. 


Solution y = -2x 


X 

y 

(*. y ) 

-3 

6 

(-3, 6) 

-2 

4 

(-2, 4) 

-1 

2 

(-1, 2) 

0 

0 

( 0 , 0) 

1 

-2 

(1. -2) 

2 

-4 

(2, -4) 

3 

-6 

(3, -6) 



The graph of y = ax (a ± 0) passes through the origin. 

If a > 0 the graph is If a < 0 the graph is 





Ax + By = C is the general form of 
the equation of line. 


3. The Intercept Method 

We have seen that if we want to draw the graph of a linear equation, it is enough to find 
two points which satisfy the equation. In order to make our job easier, we can choose 
the points where the line passes through the x-axis and the y-axis. These points are 
called the intercepts of the line. 

The x-intercept of a graph is a point of the form (x 0 , 0) where the graph intersects the 
x-axis. To find x 0 , we substitute y = 0 in the equation. Then we solve the equation for x. 
The ^-intercept of a graph is a point of the form (0, y 0 ) where the graph intersects the 
z/-axis. To find y 0 , we substitute x = 0 fir the equation. Then we solve the equation for y. 
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Definition 


Plotting the x-intercept and y-intercept of a graph and drawing a line through them is called 
the intercept method of graphing a linear equation. 


EXAMPLE 
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Graph y = 2x + 4. 


Solution y-intercept 

x = 0=>z/=2-(0)+4 
y = 0 + 4 

y = 4 

(0, 4) 

I \ 

(0 , y 0 ) 

x-intercept 

y = 0=>0 = 2- x + 4 
-2x = 4 
x = -2 
(- 2 , 0 ) 

I \ 

(pc 0 , 0) 


EXAMPLE 
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Graph 3x + 2 y = 12. 


Solution y-intercept 

x = 0 => 3 • (0)+2 ■ y = 12 
2y = 12 

y = 6 
( 0 , 6 ) 

I \ 

(0,2/o) 

x-intercept 

z/ = 0=>3-x + 2- 0 = 12 
3x = 12 
x = 4 
(4, 0) 

i \ 

(x 0 , 0) 
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Check Yourself 11 

1. Determine whether the given ordered pair satisfies the equation, 
a. x + 2y = 5; (3, 1) b. y = 4x - 7; (1, -3) 

c. z/ = |x + 3; (6, 12) d. y = ~x-3; (-4, -1) 


2. Complete each table of values. 

a. y = x + 3 b. y = x - 2 


j x 

d. y = — 
3 


e. x + 2y 




3. Graph each equation by using a table of values. 

a. x = 2 b. y = -2 

c. 2x = 6 d. x + y = 3 

e. x + y = -2 f. x - y = -2 

g. y + 3x = -1 h. 2x + 3z/ = 6 

i. 3x - 4z/ + 24 = 0 

4. Graph each equation by using the intercept method. 

a. x = 3 b. y = -3 

c. 3x = -9 d. x + y = -3 

e. x - y = 5 f. 3x - 2z/ = 6 

g. 3x - Ay - 12 = 0 h. 5x - y = 4 


c . y = -3x 


X 

y 

(X, y ) 

X 

y 

(X, y) 

X 

y 

(x, y ) 

-1 




-3 




0 



0 




0 




l 



2 




1 




2 



Ll 



1 

5 




-3 






-1 
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C. SOLVING SYSTEMS OF LINEAR EQUATIONS 

Up to now we have solved problems which involve only one linear equation. The equation 
may contain one or two variables. 

What if we have two or more linear equations? 


Definition 


sy s t e m of e quation s - 

Any set of equations is called a system of equations. 


For example, 

J 2 x - y = 8 

l x + y = 7 is a system of linear equations. 

Each equation in a system can have infinitely many solutions when we solve it separately. 
However, a system of equations together often has only one common solution. For example, (5, 2) 
is the only common solution of the system above: 


Check: 2 • (5) - 2 = 8 and 5 + 2 = 7 

10-2 = 8 7 = 7. TRUE 

8 = 8 TRUE 

So (5, 2) is a solution of both of the equations in the system. 

A solution which satisfies all of the equations in a system is called a simultaneous solution of 
the system of equations (usually shortened to ‘solution’). 

We can use different methods to find the solution of a system of equations. 

1. The Graphing Method 

Consider the following system of equations: 
f y - 2x = -6 
[ y + x = -3. 

To solve the system, we can first graph each equation. 


First equation \ 

y-intercept 

x-intercept 

x = 0=>z/-2-0 = -6 

y = 0 => 0 - 2x = -6 

y = -6 

-2x = -6 

(0, -6) 

x = +3 


(+3, 0) 


Second equation 

y-intercept 

x-intercept 

x = 0=>z/ + 0 = -3 

z/ = 0=>0 + x=-3 

y = -3 

x = -3 

(0, -3) 

(-3, 0) 















yf 

8 - 



X 


We can see that the graphs intersect each other at (1, -4). Let us check whether this point 
satisfies both of the equations or not. 




y - 2x = -6 
-4 - 2 • (1) = -6 
-4 - 2 = -6 

-6 = -6 TRUE 


y + x = -3 
_4 + 1 = -3 


-3 = -3 TRUE 


Therefore the intersection point of these two lines is the solution of the system. 

More generally, we know that if an ordered pair satisfies an equation then it must lie on the 
graph of that equation. 

Since the intersection point of two lines lies on both of the lines, it must satisfy both of the 
corresponding equations. 

So the intersection point is the solution of the system. 

62 Solve the system of equations using the graphing method. 




Solution 


2x - 4y = -2 


4x + 2y = 16 


x = 0 y = 0 

2 • 0 - 4 • y = -2 2x = -2 
-Ay = -2 x = -1 


x = 0 y = 0 

2 y = 16 4x = 16 

y = 8 x = 4 

(0, 8) (4, 0) 


y = l (-k o) 
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Check: 


(3, 2) 

2x-4y = -2 4x + 2y = 16 

2 • (3) - 4 • (2) = -2 4 • (3) + 2 • (2) = 16 

6 - 8 = -2 12 + 4 = 16 

-2 = -2 TRUE 16 = 16 TRUE 

A system of equations does not always have just one 
solution. Sometimes there may be no solution, or there may be 
infinitely many solutions. Look at the different possibilities: 

A system of equations may have one unique solution, infinitely 
many solutions, or no solution at all. A system that has one or 
many solutions is called a consistent system. A system with no 
solution is called inconsistent. 

Consistent systems of equations can be divided further into 
two categories: independent and dependent. 

An independent system has only one solution: one unique ordered pair, (x, y), satisfies both 
equations. 



A dependent system has infinitely many solutions: every ordered pair that is a solution of the 
first equation is also a solution of the second equation. 


Possible graph 

Explanation 

Number of 
solutions 

System 

y 

> 

> 

The equations are 
independent and the lines 
intersect each other at a 
single point. 

• 

one solution 

consistent 

and independent 

V 

X X 

y> 

/ 

* 

The equations are 
independent and the lines 
are parallel. 

no solution 

inconsistent 

V 

\ 

X 

r 

y< 

k 

The equations are 
dependent and the lines 
are coincident (i.e. they 
are the same line). 

infinitely many 

solutions 

consistent and 

dependent 


X 




































































EXAMPLE 


63 Solve the system 

f 2x + y = 3 
[4x + 2 y = 12. 


Solution 


2x + y 

= 3 

4x + 2y = 12 


x = 0 

y = 0 

x = 0 

2/ = 

0 

2 ■ 0 + y = 3 

2x + 0 = 3 

4 • 0 + 2y = 12 

4x + 2 • 0 = 

12 

y = 3 

2x = 3 

2i/ = 12 

4x = 

12 

(0, 3) 

3 

x = 9 

y = 6 

X = 

3 



(0, 6) 

(3, 0) 



3 





2 ’ 0) 






Since the lines are parallel, there is no 
solution. 
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Solve the system 


13 x - y = 6 
{ 6x - 12 = 2 y. 


Solution 


3x - y = 6 


x = 0 
3 • 0 - y = 6 

-y = 6 
y = - 6 
( 0 , - 6 ) 


y = o 

3x - 0 = 6 
3x = 6 
x = 2 
(2, 0) 


6x - 12 = 2 y 


x = 0 

6 • 0 - 12 = 2 y 
-12 = 2 y 
-6 = -y 
( 0 , - 6 ) 


y = 0 

6x - 12 = 2 • 0 
6x = 12 
x = 2 
(2, 0) 
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Since these lines are coincident (the same), there are infinitely many solutions. 

2. The Elimination Method 

Look at the figures. 


Figure 1 Figure 2 

We can write the equation in the first figure as 2x + y = 4 (equation 1) and the equation in 
the second figure as x + y = 3 (equation 2). 

We know that multiplying an equality by the same number does not change the equality. 
Therefore we can multiply equation 2 by -1 and write -x - y = -3. 

So 


-3 = -x - y. 

Let us subtract this equation from equation 2: 
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**** 


2x + y = 4 



By removing 
equation 2: 

x + y = 3 
1 + y = 3 
y = 3-i 

y = 2. 



O and iii 


from each side, we get x = 1. We can substitute this into 



O) = (1, 2). This is the solution of the system. 


In this problem, we solved 2x + y + 3= x + y + 4by subtracting the equalities 


2x + y = 4 


-x - y = -3 
side by side, because 



2x + y + 3 = x + y + 4. 

Therefore, in order to solve a system of equations we can write the equations in a way that 
eliminates one of the unknowns. Then the remaining equality will be in one unknown, and 
we can solve this easily. This method is called the elimination method. 
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EXAMPLE 


65 Solve the system of equations 



using the elimination method. 


Solution 


2x + y = 8 
x - y — 1 


+ 


2x+x + y- y = 8 + 1 

3x = 9 (3) - y = 1 (substitute x = 3 into the second equation) 

x — 3 3-1 = y 

2 = y 

Therefore, (3, 2) is the solution. 

In general, to solve a system of equations using the elimination method, follow the steps: 

1. Write the given equations in the form Ax + By = C. 

2. Take one equation. Make the coefficient of the variable which you want to eliminate the 
additive inverse of the same variable in the other equation. 

3. Add the resulting equations to eliminate your chosen variable. 

4. Solve the resulting equation in one unknown. 

5. Find the other variable by substituting this solution into either original equation. 

6. Check your result. 

66 Solve the system of equations 



3x - 2 y = 11 
5x + Ay = 11. 


Solution Let us eliminate y. 


3x -2y = 11 
5x + 4 y = 11 


multiply by 2 to get -Ay 


■*- 6x - Ay = 22 


5x + Ay = 11 


llx = 33 

x = 3 


Substitute x = 3 into the second equation: 
5 • (3) + Ay = 11 
15 + Ay = 11 


4t/ = 11 - 15 
Ay = -4 

y = -1. So the solution is (3, -1). 
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Check: 

3 • (3) - 2 • (-1) = 11 5 • (3) + 4 • (-1) = 11 

9 + 2=11 15 -4 = 11 

11 = 11 TRUE 11 = 11 TRUE 

As an exercise, try to solve this example by eliminating x instead of y. 
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Solve the system of equations 


f 4x + 3y = 17 



[ 5x - 2 y =4. 


Solution 

Let us eliminate y: 



4x + 3y = 17 

multiply by 2 

-► 


5x - 2 y = 4 

multiply by 3 


8x + Gy = 34 
15x -6 y = 12. 


Now add the equalities side by side: 

8x + Gy = 34 
+ 15x - 6y = 12 
23x = 46 
x = 2. 

Substitute x = 2 into the first equation: 

8 • (2) + 6 y = 34 
16 + 6 y = 34 

Gy = 34 - 16; Gy =18; y = 3. 

Check: 

8 • (2) + 6 • (3) = 34 15 • (2) - 6 • (3) = 12 

16 + 18 = 34 30 - 18 = 12 

34 = 34 TRUE 12 = 12 TRUE 

So (2, 3) is the solution of the system. 


EXAMPLE 
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Solve the system of equations 

2x 3y 11 
~3~ ~4~~~6 



9 

4' 
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Solution 


In order to clear all the fractions, let us first equalize the denominators in both of the equations: 


2x 

3 y _ 

11 


8x + 9 y 22 

3 + 

4 

6 


12 12 

(4) 

(3) 

(2) 



X 

5 y 

_ 9 


12x-10y 27 

1 

6 

4 


12 12 

(12) 

(2) 

(3) 




Now eliminate x: 


X . 8x + 9y = j2 ^ 


X- 




12x-10 y _ a i ^ 




27 

X 


^/8x + 9y = 22 => - 27 y = -66 

"Vl2x - 10y = 27=> ^4"x-20z/ = 54 

+ 


Substitute ii = — 
47 


into the first equation: 


-47z/ = -12 

12 


V = 


47 


12 

8x + 9 • (—) = 22 

V 47 

8x + — = 22 
47 


8x = 22 - 


108 


8x = 


926 


463 

x =-. 

188 


So ( 


463 12 
188’ 47 


is the solution. 


3. The Substitution Method 


Another method for solving systems of equations is the substitution method. We can under¬ 
stand the substitution method with the following example. We begin with the system of equa¬ 
tions shown in Figure 1 and Figure 2: 



Figure 1 

x + y = 7 (l) 
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Figure 2 

x + 2 = y + 5 (or x - y = 3). (2) 














If we remove 2 from both sides of (2), we get: 



So x = y + 3. Now put O and iii instead of 



in the scales from Figure 1: 



Taking 3 from both sides gives us: 


B i* 

t t 


Removing half of each side gives 
us: 

y - 2. 

So the solution is y = 2 and x = y + 3 = 5, or (x, y) = (5, 2). 

In general, to solve a system of equations using the substitution method, follow the steps: 

1. Solve one of the equations for one variable in terms of the other variable. 

2. Substitute the resulting expression into the other equation and solve. 

3. Find the other variable by substituting the result of step 2 into either original equation. 

4. Check your result. 




Now each side has two equal parts: 
y + y = 2 + 2. 


Equations, Inequalities and Systems 


{ 73 H 










EXAMPLE 


69 Solve the system 



Solution Solve the first equation for y: 

3x + y = 6 

y = 6 - 3x. 

Substitute 6 - 3x for y in the second equation and solve for x: 

2x + 3y = 11 
2x + 3 • (6 - 3x) = 11 
2x + 18-9x = ll 
-7x + 18 = 11 
-lx = -7 
x = 1. 

Now we can find y by substituting x = 1 into y = 6 - 3x: 


y = 6 - 3x 
y = 6-3-1 
y = 6-3 
y = 3. 


So the solution is x = 1 and y = 3, or (x, y) = (1, 3). 
Check: 


3x + y = 6 


2x + 3 y = 11 


? 


3 • 1 + 3 = 6 


2 • 1 + 3 • 3 = 11 


3 + 3 = 6 

6 = 6 TRUE 


2 + 9 = 11 


11 = 11 TRUE 


70 Solve the system 



Solution Let us solve the first equation for x: 


3x + 4y = 3 

3x = 3 - 4 y 


x 


3-4 y 
3 


Substitute ——— for x in the second equation: 












2x-3y =19 
2(^^)-3y = 19 


6-8 y 


-3y = 19 


6-8y-9y 


= 19 


6 - 17z/ = 57 
-17 y = 51 
y = -3. 


To find x, we substitute y = -3 into 
, _ 3 —4 t/ 


x = 


X = ■ 


3-4 -(-3) 
3 

3 + 12 


x : 


15 


3 

x = 5. 


So the solution is (x, y) = (5, -3). 

Checking this solution is left as an exercise for you. 
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Solve the system 


3 • (x +1) + 2 = 6 - 2 y 
7x 3y _ 5 
~3~ T~6' 


Solution 


3(x + 1) + 2 = 6 - 2 y 

3x+ 3 + 2 = 6-2 y 

3x = 6 - 5 - 2 y 

3x = 1 - 2y 

1-2 y 
x = - 


3 


The second equation becomes 


7x 3 y 5 
~3~ + ~2~ 6 

7. 

{ 3 } . 3y _ 5 
3 2 6 


( 2 ) 


( 3 ) 


14.(^^)+9z/=5 

14-28t/ | 9 y _ 5 

3 1 


( 3 ) 

14-287/ + 27t/ 


= 5 


14-7/ 


= 5 


14- 7/ = 15 
2 / = - 1 - 
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Substitute (-1) for y in x = ——— : 

1-2 -(- 1 ) 

x = --—- 

3 

1 + 2 

x = - 

3 


3 



x = 1. 


The solution is ( x, y) = (1, -1). 

Checking this solution is left as an exercise for you. 

We have learned several methods for solving systems of linear equations. Which method 
should we choose? There may be more than one good choice for solving a system. The fol¬ 
lowing table gives some examples. 


Example 

Suggested method 

Why? 

3x + y = 8 

y=2 

Substitution 

The value of y is known and can be easily 
substituted into the other equation. 

3x + 2y = 5 

5x - 2y = 7 

Elimination 

2y and -2y are opposites and are easily 

eliminated. 

3.2x + 6.35y = 41.2 

7.3x - 2.41y = 26.3 

Graph on a graphics 
calculator or computer 

The coefficients are decimal numbers, so 

other methods may involve complicated 

calculations. 


Check Yourself 12 

1. Use the graphing method to solve each system. 


a. 


e. 


x + y = 3 

x-y =1 

■'1 

x + 2y = 5 

2x - 3y = 3 


x + y = 2 

x-y = 4 

‘1 

-x + 3y = -3 

5x - y = 15 

f. 

3x-2y = 2 

3x 

y = - 3 

L 2 


2x + 4y = 8 

x = 4-2 y 

h. 


[x - y = -8 
] 2 3 11 

[3 4 2 



— x + —y = - 

3 2 

5 7 o 

— x —y = 2 

2 6 


13 

~3~ 
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2. Use the elimination method to solve each system. 


x + y = 5 

»■ , 

2x + y = 0 

C - 

2x + 5y = -12 d. 

\ 3x + 9 = 5y 

x + 3y = 11 


3x + 2y = -2 

1 

2x + 6y =4 

[4 y = 8 + 2x 

3x - y = 17 

1 j 

5x - 7y = 0 


3-(2x + 3) =6 y 


3x + 2 y = 20 


II 

H 

I 

LO 

1 

4 • (x +1) =4y-2 


1 3 

—x+—y =5 

2 

i. 

x+2 y-2 

3 2 




5 x-—y = 16 

5 


x + 3 2 — y 

2 3 





3. Use the substitution method to solve each system. 


a. 

1 

to 

II 

O 

b. 

O 

II 

CO 

1 

H 

e. 

x + y = 4 d. 

(3x-2 y = -14 


x + y = 6 

1 

3x + 2y = 11 


x + 3y = 10 

|2x + 3y = -5 


7x-2y = 1 

5x-3y =7 

‘1 

6x-5y = 5 

2x + 3 y = 25 

g- 

1 1 1 

—x + — y = — 

2 3 6 

2 3 13 


h. 

1 + 3y x -1 

-- +- 

4 4 

3x-4 i 4 y 

15 

“ ~2 

13 



— X - If - - 

3 2 6 



8 + 8 

2 





Choose a suitable method for solving each system, and explain your decision. 

a. 

2x + 3y = 7 

b. , 

7x + 3y = 10 

C ' 

125x + 143i/ =235 



O 

II 

CM 

1 

H 

1 

2x - 6 y = -4 


297x- \35y =158 



Answers 

1. Use 
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(2, 1) is the solution 






(3, 0) is the solution 


the solution set is 0 




the solution set is R 



(-2, -6) is the solution 



Qc: 90 

2. a. (2, 3) b. (2, -4) c. (-46, 16) d. (2, 3) e. (6, 1) f.(7, 5) g. R h. (4, 5) i. (-g, 

48 84 

3. a. (2, 4) b. (3, 1) c. (1, 3) d. (-4, 1) e. (-1, -A) f.(5, 5) g. (1, -1) h. (^, 

5 5 

4. a. Substitution , because the value of x = 2y in the second equation can be easily substituted 

into the other equation. 

b. Elimination, because when we multiply the first equation by 2 we get 6y and -6y in the 
equations. These can be easily eliminated. 

c. Graph on a computer, because the coefficients are large numbers. 
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EXERCISES 1.3 


1. Determine whether the given ordered pair satisfies 


the equation. 



a. 2x + 3y = 6 

(2, - 

!> 

b. x - 2y = 5 

(2,- 

-3) 

c. x - 2y = 5 

(-1, 9) 

Draw the graph of each equation. 

a. x + y = 5 

b. x 

-y = 4 

c. 3x + 6y = 12 

d. 2x - 5y = 10 

Solve each system 

of equations by using 

graphing method. 



a. { x - y = 4 

b. j 

x - 3 y =5 

[x + y = 2 

1 

x + 2y = 10 

c. f 2x + 3y = 8 
{ x - 2z/ =3 

d. 

2 1 5 

—x- y = - 

3 2 2 

2 1 14 

[9 3 9 

Solve each system 

of equations by using 

elimination method. 



a. f x + z/ = 5 

b ' J 

2x - y = 15 

[x-y =3 


-x-y =6 


c. | 4x + 3 y = 12 
2x - 4y = 6 


d. 


e. 


x y 5 


6 6 
*_y = _ 

9 9 3 


2 

1 


3(2x - 1) = 5y 
7(x + 1) = 4 (y + 4) 
x + 2y 


3 

2 x-y 


= 4 


= 2 


5. Solve each system of equations by using the 
substitution method. 


a. 


c. 


x + y = 13 
x - y = 5 

x y 3 

2 3 2 

x y _ 1 

3 2~10 


b. f 3x — 7/ = 18 
2y + x = 6 


6. Solve each system of equations. 

b. f 2a 4- 3b = 8 
a - 2b = 4 
3x-5 


a. { x - 2y = 2 
x + y = 5 


c. [ x = 2y + 5 
x = 11 - 4 y 


d. 


- + y = o 

5?/- 1 n 

x— - -= 0 


e. 


2x-3y-10 


-6x + 3y + 6 


= -2 


= 2 


y 
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QUADRATIC EQUATIONS 


Objectives 


After studying this section you will be able to: 

1. Understand the concept of quadratic equation. 

2. Solve quadratic equations. 

3. Use the quadratic formula to solve quadratic equations. 


A. QUADRATIC EQUATIONS 


Definition 


quadratic equations 

A quadratic equation is an equation that can be written in the form ax' + bx + c = 0, where 
a, b and c are real numbers and a ^ 0. 


For example, 

x 2 + 3x = 10, x 3 - 4x + 2 = 0 and x 2 = 9 are quadratic equations. 6x = 12 and x = -2 are 
not quadratic equations because a = 0. 

Sometimes a quadratic equation is called a second degree equation, because the degree of the 
polynomial ax 2 + bx + c is 2. 

When a quadratic equation is written as ax 2 + bx + c = 0, we say it is in standard form. 


EXAMPLE 


72 


Determine whether each of the following is a quadratic equation or not. If the equation is 
quadratic, write it in standard form. 


a. x 2 + 3x = 0 


b. 3x 2 - 2x = 3 


c. 


—x - x 2 +1 = 0 
2 


x“ + 2x 

d. -= 0 


e. (x 2 + 1) (x — 2) = 0 


x + — = 3 
x 


Solution a. x 2 + 3x = 0 is a quadratic equation. 
Standard form: x 2 + 3x = 0 

b. 3x 2 - 2x = 3 is a quadratic equation. 
Standard form: 3x 2 - 2x = 3 

c. ^-x - x 2 + 1 = 0 is a quadratic equation. 
Standard form: -2x 2 + x + 2 = 0 





















d. - = 0 is not a quadratic equation. 

x 

e. ( x 2 + 1) (x — 2) = 0 is not a quadratic equation. 

f. x + — = 3 is a quadratic equation. 

x 

Standard form: x 2 - 3x + 1 =0 

The values of x that satisfy a quadratic equation are called the solutions or the roots of the 
equation. 

We can find the roots of a quadratic equation in four ways: by factoring, by taking a square 
root, by completing the square, and by using the quadratic formula. Let us look at each 
method in turn. 


B. SOLVING QUADRATIC EQUATIONS 

1. Factoring Quadratic Equation 

If we can write a quadratic equation ax 2 + bx + c = 0 easily as a product of two linear factors, 
or if the constant term is 0, we can use the factoring method to solve the equation. Let us 
look at some examples. 


EXAMPLE 
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Solve the equation x 2 - 3x + 2 = 0. 


Solution The left side can be factored as 

x z - 3x + 2 = 0 
(x - 1) • (x - 2) = 0. 

To solve the equation, we set each factor to zero in turn, and then solve each first degree 
equation: 

x - 1 = 0 or x - 2 = 0 
=> x = 1 or x = 2. 

So the solution set is {1, 2). 
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EXAMPLE 


74 Solve the equations by factoring. 

a. x 2 - 3x = 0 b. x 2 + x - 6 = 0 

Solution a. x 2 - 3x =0 can be factored as 
x • (x - 3) = 0, so 
x = 0 or x-3 = 0 
=> x = 0 or x = 3. 

The solution set is {0, 3}. 

c. 4x 2 -9 = 0 can be factored as 

(2x + 3)(2x - 3) = 0, so 

2x + 3 = 0 or 2x - 3 = 0 

3 3 

=> x = — or x = —. 

2 2 

3 3 

The solution set is { ——, — }. 

2 2 


2. The Square Root Method 

Let us solve the equation x 2 = a where a > 0: 
x 2 - a = 0 
x 2 - (v£) 2 = 0 

(x - 4a.) (x + 4a) = 0 
x = Va or x = -4a => x = ±4a. 

This gives us a useful rule: 


Rule 


If x 2 = a and a > 0 then x = 4a or x = -4a. 


c. 4x 2 -9 = 0 d. 3x 2 + 5x + 2 = 0 

b. The equation x 2 + x - 6 =0 can 
be factored as 
(x + 3)(x - 2) = 0, so 
x + 3 = 0 or x - 2 = 0 
=> x = -3 or x = 2. 

The solution set is {-3, 2}. 

d. 3x 2 + 5x + 2 = 0 can be factored 
as 

(3x + l)(x + 2) = 0, so 
3x + 1 = 0 or x + 2 = 0 

=> x = —— or x=-2. 

3 

The solution set is { -2, - — }. 



Algebra 9 


Solving quadratic equations using this rule is called using the square root method. 













EXAMPLE 


75 Solve the equation x 2 = 9. 


Solution By the factoring method: 
x 2 - 9 = 0 
(x - 3) (x + 3) = 0 
x - 3 = 0 or x + 3 = 0 
x = 3 or x = -3. 

The solution set is {-3, 3}. 


By the square root method: 
x 2 - 9 = 0 
x 2 = 9 

x = V9 or x = -V9 
x = 3 or x = -3. 

The solution set is (-3, 3). 


EXAMPLE 
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Find the solution set S of each equation by using the square root method. 


Solution 


Rule 


a. x 2 = 4 b. x 2 = 25 

a. x 2 = 4 

x = V4 or x = -V4 
x = 2 or x = -2 
S = {-2, 2} 

c. (x + l) z = 4 

x + 1 = V4 or x + 1 = -4A 
x + l= 2 or x + 1 = -2 
x = 1 or x = -3 
S = {-3, 1} 

3. Completing the Square 


c. (x + l) 2 = 4 d. (2x - l) 2 = 9 
b. x 2 = 25 

x = V25 or x = -V25 
x = 5 or x = -5 
S = {-5, 5} 

d. (2x - l) 2 = 9 

2x - 1 = 4Q or (2x - l) 2 = -V9 
2x - 1 = 3 or 2x - 1 = -3 
2x = 4 or 2x = -2 
x = 2 or x = -1 


S = {-1, 2} 


In this method, the left-hand side of a quadratic equation ax 2 + bx + c — 0 becomes a per¬ 
fect square, that is, the square of a first degree polynomial. 


For example, x 2 + 2x + 1 = (x + l) 2 and x 2 + 4x + 4 = (x + 2) 2 are perfect squares. However 
x 2 + 2x and x a + 12x are not perfect squares. To make x 2 + 2x a perfect square we add 1, and 
to make x 2 + 12x a perfect square we add 36. 


Can you see the rule? 


completing the square = 

We complete the square of a quadratic expression x 2 + bx adding the square of half of the 
coefficient of x: 
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EXAMPLE 


77 Solve the equation x 2 4- 4x + 3 = 0. 


Solution x 2 + 4x + 3 = 0 

x 2 + 4x = -3 

x 2 + 4x + (— • 4) 2 = -3 + (— • 4) 2 
2 2 

x 2 + 4x + 4 = -3 + 4 
(x + 2) 2 = 1 

x + 2 = VTorx + 2 = -Vl 
x + 2= lorx + 2 = -l 
x = -1 or x = -3 



Remember: we must add 
the square of half the 
coefficient of x to both 
sides of an equation to 
balance the equality. 


(move the constant term to the right side) 

(add the square of half of the coefficient of x to each side) 


(complete the square) 

(use the square root method) 


S = {-3, -1} 


EXAMPLE 


78 Solve the equation by completing the square. 


2x 2 - 6x - — = 0 


Solution 2x a -6x 


x 2 - 3x = — 



(move the constant term to the right side) 

(divide each site by 2 to get x 2 + bx ) 

(add the square of half of the coefficient of x) 
(complete the square) 


„ /3 n2 7 ,3, 2 

x - 3x +(—y =—+(—y 
2 4 2 

, 3, 2 7 9 

2 4 4 

. 3,2 16 . 

(x-)“ = — = 4 

2 4 

3 3 

x - — = 74 or x- =-y/4 (use the square root method) 

3 o 3 _ 

2 2 

7 1 

x = — or x = — 

2 2 

S = , —} 

2 2 
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4. The Quadratic Formula 

Let us solve the quadratic equation ax 2 + bx + c = 0, a ^ 0 by completing the square: 
ax 2 + bx + c = 0 (a ^ 0) 
ax 2 + fox = -c 


fo 

a 


2 « c 

X + —x = —. 


The coefficient of x 2 is now 1, so we can add the square of half of the coefficient of x to both sides: 


, fo .1 fo.9 C 1 fo. 9 

x + — ■ x + (— ■ — V = — + (— ■ —) 

a 2 a a 2 a 


X 4 X + — — = — - 

a 4 a“ 4a“ a 

. fo fo 2 -4ac 

(x + —) 2 =--— 

2 a 4a 2 


fo 2 c _ fo 2 4ac _fo 2 -4ac. 

4a 2 a 4a 2 4a 2 4a 2 

(l) (4a) 


x + - 


2a 


fo 2 -4ac fo 

—-— or x + — 
4a 2 2 a 


fo 2 -4ac 


fo Vfo 2 -4ac 

x =-+- or x = - 

2 a 2 a 2a 


4 a 2 

fo \/fo 2 -4ac 


-fo + Vfo 2 -4ac 

x =- or x = 

2 a 


2 a 

-fo - \Jb 2 -4 ac 
2 a 


(fo 2 -4ac >0) 


Definition 


If ax 2 + fox + c = 0, where a, fo and c are real numbers and a ^ 0 then 

-fo ± \lb~ -4 ac 

x = -. 

2a 

This formula for the roots of a quadratic equation is called the quadratic formula. 

The quantity fo 2 - 4ac is called the discriminant of a quadratic equation. It is denoted by 
A = fo 2 - 4ac. We use the discriminant A to determine the nature of the roots of the quadratic 
equation. 


For a quadratic equation ax 2 + fox + c = 0: 

1. if fo 2 - 4ac > 0, there are two unequal real roots. 

2. if fo 2 - 4ac = 0, there is a double root (i.e. there are two identical roots). 

3. if fo 2 - 4ac < 0, there is no real solution to the equation. 
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To solve a quadratic equation by using the quadratic formula, follow the steps: 


1. Write the equation in standard form (ax 2 + bx + c = 0). 

2. Identify a, b and c. 

3. Evaluate the discriminant, A = b 2 - 4ac. 

• If A > 0, the equation has two real roots. 

• If A = 0, the equation has one double root. 

• If A < 0, the equation has no real solution. 

4. If A > 0, solve the equation using the quadratic formula 

-b ± yjb 2 -4ac 

x = -. 

2 a 


EXAMPLE 
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Use the quadratic formula to find the roots of the equation x 2 - 2x - 2 = 0. 


Solution x 2 - 2x - 2 = 0 can be compared to 

ax 2 + bx + c = 0=>a = l b = - 2 c = -2. 

Let us find the discriminant: A = b 2 - 4ac = (-2) a - 4 ■ 1 ■ (-2) 

= 4 + 8 = 12. 

Since b 2 - 4ac > 0, there are two real roots which we can find using the quadratic formula: 

-b±jb 2 -4ac -(-2)±Jl2 2 ±2^3 

2 a 2-1 2 

Therefore the roots are {1 - V3, 1 + V3}. 


EXAMPLE 


Solve the equation 9x 2 - 30x + 25 = 0. 


Solution 9x 2 - 30x + 25 = 0 => a = 9, b = -30 and c = 25. 

The discriminant is A = b 2 - 4ac = (-30) 2 - 4 • 9 • 25 = 900 - 900 = 0. 
So the equation has a double root. 

-b±sjb 2 -4ac _ -(-30) ±Jo _30 _5 
2 a ~ 2^9 ~ 18 _ 3 

5 

The solution set is { —}. 
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EXAMPLE 


81 Solve the equation 2x 2 + 3x + 4 = 0. 


Solution 


2x 2 + 3x + 4 = 0 => a = 2, b = 3 and c = 4. 

The discriminant isA = b 2 - 4 ac = 3 2 - 4 • 2 • 4 
= 9 - 32 = -23 < 0. 

Since b 2 - 4ac < 0, the equation has no real solution. 


Check Yourself 13 

1. Solve the equations by factoring. 

a. x 2 - 6x = 0 b. x 2 + 5x = 0 

d. x 2 - x - 12 = 0 e. 9x 2 -16 = 0 

g. 2x 2 - 5x - 3 = 0 

2. Solve the equations using the square root method, 

a. x 2 = 25 b. (x - l) 2 = 4 

d. (5x - l) 2 = 100 

3. Solve the equations by completing the square. 

a. x 2 + 6x = 0 b. x 2 + 2x - 3 = 0 

d. 9x 2 + 6x - 24 = 0 e. x 2 - 4x - 32 = 0 

4. Solve the equations using the quadratic formula, 

a. x 2 - 5x - 14 = 0 b. x 2 + x - 20 = 0 

d. 2x 2 - 7x + 4 = 0 e. 3x 2 + 8x - 2 = 0 


c. x 2 + 5x + 6 = 0 
f. 4x 2 - 25 = 0 


c. (2x + 3) 2 = 9 


c. 4x 2 - 4x - 8 = 0 


c. x 2 + 2x - 5 = 0 
f. 4x 2 - 8x - 3 = 0 


Answers 

1. a. {0, 6} b. {-5, 0} c. {-3, -2} d. {-3, 4} e. {-|, 1} f. g. {-A 3} 

O O Z Zj Zj 

2. a. {-5, 5} b. {-1, 3} c. {-3, 0} d. — } 

5 5 

3. a. {-6, 0} b. {-3, 1} c. {-1, 2} d. {-2, -} e. {-4, 8} 

4. a. {-2, 7} b. {-5, 4} c. {-1 -76,76-1} d. { 7 ~^ llz/H} e. { ~ 4 ~^ -3 + ^22 

4*433 

f. r 2 ~2 + >/7 , 

2 ’ 2 
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Objectives 



After studying this section you will be able to use the algebra you have learned to solve 
written problems involving numbers, fractions, ages, work, percentages, interest, mixtures 
and motion. 


In section 1.1 we learned how to translate verbal phrases into algebraic expressions. 
In this section we will look at how to solve written problems using algebra. 


1. Number and Fraction Problems 


EXAMPLE 


82 


The sum of two numbers is 96. The bigger number is twice as large as the smaller number. 
Find the numbers. 


Solution Let us write the problem algebraically: 

x + 2x = 96 (the sum of the numbers is 96) 

3x = 96 
96 

x = — = 32. So the numbers are 32 and 2 • 32 = 64. 



EXAMPLE 


83 The sum of three consecutive integers is 126. Find the numbers. 


Solution Let a be the smallest number, then 
a + (a + 1) + (a + 2) = 126 
3a + 3 = 126 
3a = 123 
a = 41. 


1 st 

2 nd 

3 rd J 

a 

a+1 

a+2 f 


So the integers are 41, 42, and 43. 



























EXAMPLE 


84 The sum of four even consecutive integers is 92. Find the numbers. 


Solution x + (x + 2) + (x + 4) + (x + 6) = 92 

4x + 12 = 92 
4x = 80 


x = 20 

So the integers are 20, 22, 24, and 26. 


1 st 

2 nd 

3 rd 

4 th ► 

X 

x+2 

x+4 

x + 6 jT 


EXAMPLE 
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The sum of three numbers is 97. The third number is twice as large as the second. The 
second number is one more than twice the first number. Find the numbers. 


Solution x + (2x + 1) + 2 • (2x + 1) = 87 

x + 2x + 1 + 4x + 2 = 87 
lx + 3 = 87 


7x = 87 - 3 
7x = 84 
x = 12 

Therefore the numbers are 12, 25 and 50. 


1 st 

2 nd 

3 rd 

r 

► 

X 

2x + l 

2 • (2x + l) 

* 


EXAMPLE 


86 


Air electrician cuts a 53 meter-long piece of wire into three pieces, such that the longest piece 
is four times as long as the shortest piece and the middle-sized piece is three meters shorter 
than twice the length of the shortest piece. Find the length of each piece. 


Solution Let the shortest piece of wire be x m long. 
x + (2x - 3) + 4x = 53 
7x - 3 = 53 
7x = 53 + 3 
7x = 56 
x = 8 


53 m 



x m (2x - 3) m 4x m 


Therefore the pieces are 8 m, 13 m and 32 m long. 


EXAMPLE 


87 » 


13 is added to four times a number, the result is 61. Find the number. 


4 • x (four times a number) 

4x + 3 (13 is added) 

4x + 13 = 61 (result is 61) 

=> 4x = 48 => x = 12 


Equations, Inequalities and Systems 
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EXAMPLE 


88 If 10 liters of water is added to ^ of a water tank, the tank is half full. Find the volume of the 


tank. 


."v . v . v . 3x 2 a 

Solution — 1 10 = — => 10 = —-— => 10=- 

3 2 2 3 6 

(3) (2) 


=> io = * 

6 


x = 60 hters 


EXAMPLE 


89 The sum of the denominator and the numerator of a fraction is 47. If 2 is subtracted from 

2 

the denominator and 5 is added to the numerator, the value of the fraction is —. Find the 

3 

fraction. 


Solution Let the fraction be —. Then x + y = 47=> y = 47 - x 


y 47 - x 


Also, 


+ (S) 


x +5 


47 - x - (2) 3 
3x +15 = 90 - 2x 

x = 15 


45 - 
3x +2x =90-15 
xx 15 


3 • (x +5) =2 -(45 - x) 


5x =75 


= —. So the fraction is —. 
y 47- x 47-15 32 32 


EXAMPLE 


90 


The sum of the digits of a two-digit number is 12. If the digits are reversed, the new number 
is 36 less than the original number. Find the number. 


Solution Let ab be the two-digit number, where a and b are digits. 

Then a + b = 12 and ab = (10 ■ a) + b. 

Also, ba = (10 • b) + a. Finally, we know ab -ba = 36. 
Now, 10a + b - (10 b + a) = 36 a + b = 12 

10a + 2 - 10 b - a = 36 + a - b = 4 

9a - 9b = 36 anc ^ 2 a = 16 

9 (fl-b) = 36 a = 8. 

a - b = 4 



90~> 
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Substituting a = 8 into the first equation, we get 
8 + b = 12 => b = 4. So the original number is 84. 




















EXAMPLE 


91 There are 25 students in a class. The number of boys is three more than the number of girls. 
Find the number of girls and boys in the class. 


Solution 


First 

way 

girls 

boys 

X 

25 - x 


25 - x = x + 3 


25 - 3 = 2x 
22 = 2x 

x = 11 

So there are 11 girls and 14 boys. 


j Second way 

girls 

boys 

X 

y 

y + x = 

25 

+ y-x = 

3 

2 y = 

28 

y = 

14, x = 25 - 14 = 11 


So there are 11 girls and 14 boys. 


EXAMPLE 
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In US currency, 1 dime = 10 cents and 1 nickel = 5 cents ($1 = 100 cents). 

I have 42 coins which are nickels and dimes. The coins make $3. How many nickels do I have? 
How many dimes do I have? 


Solution 


First way 

dimes 

nickels 

X 

42 - x 


10 • x + 5 • (42 -x) = 3 • 100 
lOx + 210 - 5x = 300 

5x = 300-210 
5x = 90 
x = 18 


Second way 

dimes 


1 

nickels 

X 



y 

x + 

y 

= 42 


lOx + 5y 

= 300 


2x + 

y 

= 60 

(divide by 5) 

x + 

y 

= 42 



X 

= 18 



So I have 18 dimes and 42 - 18 =24 
nickels. 


So I have 18 dimes and 42 - 18 = 24 
nickels. 


EXAMPLE 


93 The sum of half of a number and one-third of another number is 22. The difference of half 
of the second number and one sixth of the first number is 11. Find the numbers. 


Solution Let the first number be x and the second number be y. 

3x + 2 y 


- + ^- = 22 
2 3 11 

(3) (2) 

-- 1=11 
2 6 

(3) (1) 


6 

3 y-x 
6 


= 22 => 3x +2y =6 -22 =132 


= 11 => 3y- x =6 -11 =66 


f~9T 
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We can now solve the system of equations: 
3x + 2 y = 132 3x + 2y = 132 

3 / 3y - x = 66 + 9y - 3x = 198 



} 


3x + 2 ■ 30 = 132 


3x = 132 - 60 


11 y = 330 
y = 30 


3x = 72 


x = 24. 


Check Yourself 14 

1. Four times a number decreased by 5 is 67. Find the number. 

2. Three times a number increased by 12 is equal to five times the number decreased by 18. Find 
the number. 

3. The sum of a number and -13 is 29. Find the number. 

4. The sum of twice a number and 21 is 43. Find the number. 

5. The sum of two consecutive integers is 95. Find the numbers. 

6. The sum of four consecutive integers is equal to twice the smallest integer increased by 
48. Find the biggest number. 

7. The sum of two numbers is 25 and their difference is 17. Find the numbers. 

8. The sum of two numbers is 80. The larger number is five more than twice the smaller 
number. Find the numbers. 

9. One number is seven times another number. The larger number is 42 more than the 
smaller number. Find the numbers. 

10. In an election, the winner had 180 more votes than the loser. The total number of votes 
was 2080. Find the number of votes cast for each candidate. 

11. A concert was held in a school. Student tickets cost $5 and regular tickets cost $8. The 
school sold 284 tickets for $1600. Find the number of student tickets and the number of 
regular tickets sold. 

2 5 

12. — of a pool was filled with water. After pouring out — of the amount of water in the 

pool, 62 liters of water was needed to fill the pool completely. Find the amount of water 
needed to fill up the empty pool. 

5 1 

13. A fraction is equivalent to —. When 3 is subtracted from its numerator, its value is —. Find 


9 


2 


the value of the fraction if the denominator is increased by 6. 


Answers 

1 18 2.15 3.42 4.11 5.(47,48} 6.24 7. (4, 21} 8.(25,55} 9. (7, 49} 10.(1130,950} 


5 

11. The school sold 224 student tickets and 60 regular tickets. 12. 70 13. — 

11 
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2. Age Problems 

We can use algebra to solve problems about people’s ages. When solving problems like this, 
it is useful to remember the following things: 


1 . In t years, everyone will be t years older. 

2. t years ago, everyone was t years younger. 

3. The difference between the ages of two people is always constant. 

4. The sum of the ages of n people will increase by nt years in t years. 

For example, Radik is 13 and his younger brother Almaz is 8 years old. 

1 . In three years’ time, Radik will be 13 + 3 years old, and Almaz will be 8 + 3 years old. 

2. Two years ago, Radik was 13-2 years old, and Almaz was 8-2 years old. 

3. The difference between the brothers’ ages now is 13 - 8 = 5 years. In twenty years’ time 
the difference will be 33 - 28 = 5 years: the difference does not change. 

4. The sum of the brothers’ ages isl3 + 8 = 21. In twenty years’ time the sum will be 
33 + 28 = 61. 

This is the same as 21 + nt = 21 + (2 ■ 20) = 21 + 40 = 61. 


EXAMPLE 


94 


A mother is 38 years old and her daughter is 13 years old. In how many years will the 
mother be twice as old as her daughter? 


Solution Let the number of years be x: 

38 + x = 2 • (13 + x) 

38 + x = 26 + 2x 
38-26 = 2x - x 

x = 12 years later. 
So the answer is in 12 years. 



mother 

daughter 

now 

38 

13 

x years 

later 

38 + x 

13 + x 


EXAMPLE 


95 


The sum of the ages of two children is 30. Five years ago, one child was six years older than 
the other child. Find their ages now. 


first child 


second child 


x y 

x + y = 30 

x - y = 6 (the difference does not change) 


Equations, Inequalities and Systems 


2x = 36 
x = 18 


=> y = 30 - 18 = 12 


{ 93 H 



















EXAMPLE 


96 The sum of the ages of three children is 27. In how many years will the sum of their ages be 63? 


Solution x + y + z = 27 

(x + t) + (y + t) + (z + t) = 63 
=> x + y + z + 3t = 63 

^ V J 

27 

27 + 3 1 = 63 

3t = 63 - 27 
3t = 36 
t = 12 

So the answer is in 12 years. 


child 1 


child 2 


child 3 


t years 
later 


x + t 


y +1 


z + t 


EXAMPLE 
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A mother has three children. The middle child is two years older than the youngest child, and 
the oldest child is two years older than the middle child. The mother’s age now is twice the 
sum of the ages of her children. If the mother is 30 years old now, find her age when her 
oldest child was born. 


Solution first child second child third child 

x + 4 x + 2 x 

2 • (x + x + 2 + x + 4) = 30 
2 • (3x + 6) = 30 
3x + 6 = 15 
3x = 9 
x = 3 

So the oldest child is seven years old now. Therefore he/she was born seven years ago. Thus, 
the mother was 30- 7 = 23 years old. 


EXAMPLE 


98 A father has two sons. The father’s age now is ten times the difference of the sons’ ages. Three 
years ago, the father’s age was three times the sum of his sons’ ages. If the father is 30 now, 
how old are his sons? 





















Solution 


father 


first son 


second son 


now 

30 

X 

y 

three 

years ago 

27 

x - 3 

y - 3 


10(x -y) = 30 => x - y = 3 

3 • [(x - 3) + (y - 3)] = 27 => 3(x + y - 6) = 27 => x + y - 6 = 9 

=> x + y — 15 

x - y = 3 
+ x + y = 15 
2x = 18 

x = 9 => y = 6 

So the sons are nine and six years old. 


Check Yourself 15 

1. Kerem is three times as old as Semih. In four years, he will be twice as old as Semih. How 
old are Kerem and Semih? 

2 

2. Murat’s age is four less than twice Kemal’s age. In ten years, Kemal’s age will be — of 
Murat’s age. How old are Murat and Kemal? 

3. The sum of Kerim’s age and twice Serdar’s age is 34. The difference between Serdar’s age 
and twice Kerim’s age is 7. How old are Kerim and Serdar? 

4. In 1990, Ay§e was three times as old as her son. That year the difference of their ages was 
22 years. In what year was each born? 

5. Selim is six, Salih is ten and Omer is thirteen years old. How old will Selim, Salih and 
Omer be in eight years? 

6. A father’s age is 10 more than the sum of the ages of his two sons. Eight years ago his age 
was three times the sum of the ages of his sons. How old is the father now? 

7. The sum of the ages of Fatma and Levent is 46. If we subtract 2 from three times Levent’s 
age we get Fatma’s age. How old are Fatma and Levent? 

8. Five years ago, Ahmet was three years older than twice Fatih’s age. In seven years Ahmet’s 
age will be 9 less than two times Fatih’s age. How old are Ahmet and Fatih? 

Answers 

1. Semih: 4 2. Kemal: 18 3. Kerim: 4 4. Ay§e: 1957 5. Selim: 14 6. Father: 35 

7. Levent: 12 8. Ahmet: 20 Kerem: 12 Murta: 32 Serdar: 15 

Her Son: 1979 Salih: 18 Fatma: 34 Fatih: 11 Omer: 21 
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3. Work Problems 


We can use algebra to calculate how long it takes for a number of workers to complete a par¬ 
ticular job. For example, we might want to know how long it will take for six men to build a 
wall. In problems like this, we suppose that each man works at the same speed or rate, for 
example, that each man alone can build 5m 2 of wall in one day. 

We will use the formula 


(work rate) • (working time) = (amount of work done) 


or 


r ■ t = w 


For example, in the problem above, the formula for six men would use 
r = 5m 2 X 6 = 30m 2 of wall 
t = number of days, and 
w = area of wall produced. 

The following calculations are useful for solving work problems. 


1 . 


If a number of workers can complete a job in t hours, then the same number of workers 
can complete - of the job in one hour. 


2 . 


Suppose two workers can complete a job in x and y hours respectively. If they work 

together, they will complete the job in t hours, where t is given by - + — = 

x y t 


EXAMPLE 


99 


Ahmet can wash the family car in 45 minutes. Mehmet can wash it in 30 minutes. How long 
will it take them to wash the car if they work together? 


Solution 


45 ' f + 30 ' t 1 

(2) (3) 

2 1 + 3 1 


90 


= 1 


5t = 90 

t = 18 minutes. 



rate 

time 

work | 


1 


i 

Ahmet 


t 

— t 


45 


45 


1 


1 

Mehmet 


t 

— ■ t 


30 


30 


We can also write 

1 11 5 1 90 

30 + 45 ~ ~t ^ 90 ~~t ^ ~5~ 

(3) (2) 


Algebra 9 
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EXAMPLE 


100 Mustafa can paint a house in eighteen hours. Murat can paint the same house in twelve 
hours. If Mustafa works alone for six hours and then stops, how long will it take Murat to 
finish the job? 


Solution First way: 


— .6 + —,x = l 
18 12 


1 x 

T + 12 “ 


(4) 

4 + x 


= 1 



rate 

time 

work j 


1 


i „ 

Mustafa 


6 

— • 6 


18 


18 


1 


1 

Murat 

— 

X 

— • X 


12 


12 


12 

=> 4 + x = 12 

x = 8 hours 

Second way: Since Mustafa can paint a house in 18 hours, after six hours he will have fin- 

1 2 

ished one third of the house. So 1 — = — of the job will remain. 

3 3 

Murat can paint the whole house in 12 hours, so he can complete painting two thirds of the 


house in 12 ■ — = 8 hours. 
3 


EXAMPLE 


101 Two pipes can fill a pool in six hours. The larger pipe can fill the pool twice as fast as the 
smaller one. How long does it take the smaller pipe to fill the pool alone? 


Solution 


®+a =1 

x 2x 


H =1 

®=i 


x = 9 hours 


A! .,111 

Alternatively, — + — = — 
x 2x 6 


( 2 ) 


x = 9 hours. 


2+1 

2x 



rate 

time 

work I 


1 


6 

pipe A 

— 

6 

— 


X 


X 


1 


6 

pipe B 

2x 

6 

2x 


— - 




3 

2x 


1 

6 


2x =18 


EXAMPLE 


102 Two pipes A and B can fill a storage tank in four and six hours respectively. A drain C can 
empty the full tank in three hours. How long will it take to fill the tank if both pipes and the 
drain are open? 


Solution — + — - — = ~ 

4 6 3 x 

(3) (2) (4) 


3 + 2-4 _ 1 
12 x 


— =— => x =12 hours 
12 x 
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EXAMPLE 


103 Two pipes A and B can fill an empty pool in six and eight hours respectively. A drain C can 
empty the full pool in twelve hours. For two hours, the pipes and the drain are left open. 
Then pipe A and pipe B are closed. How long will it take the drain C to empty the water in 
the pool? 


Solution 


, 1 , 5 

r ■ t = w => — ■ t = — 

12 12 


I.2 + -- 2- — -2 = — + — - 

1 


rate 

time 

part of work 1 

6 8 12 3 4 

"“ 6 “ 


1 


i n 

(4) (3) 

(2) 

pipe A 

6 

2 h 

6 

4 + 3-2 

_ 5 


1 


1 

12 

“l2 

pipe B 

8 

2 h 

-■2 

8 

of the pool will be filled in two hours. 

drain C 

1 

2 h 

— 1 - 2 

After this, 



12 

-- 

12 — > 


t = 5 hours. 


So it will take drain C five hours to 
empty the pool. 


EXAMPLE 


104 Erkin can plough a garden in 20 hours and Asim can do the same job in 32 hours. They work 
together for eight hours, then Asim stops working. How long will it take Erkin to finish the job? 


Solution 


t 


8 + x 0 


20 


+ ^—7 -1 

x 

4 


8 + x 1 
20 ~4 
8 + x 3 


5 

8 + x = 15 



rate 

time 

work 

Erkin 

1 

8 + x 

8 + x 

20 

20 




1 


8 

Asim 

— 

8 

— 

32 

32 ^ 






x = 7 hours 


EXAMPLE 


105 In the storage tank shown in the figure, the height of drain C from the 

base of the tank is — of the height of the tank. Pipes A and B can fill the 

^ 2 
the tank in 18 hours and 24 hours respectively. Drain C can empty — of 

the full tank in 36 hours. If all the pipes and the drain are working, how 

many hours will it take the pipes to fill the tank? 



































Solution 

Si rate 

time for 

time for 

work for 

-' 

work for 


1 

1/3 

2/3 

1/3 

2/3 

_ d 


pipe A 

1 

18 

X 

y 

X 

18 

y 

18 

pipe B 

1 

24 

X 

y 

X 

24 

y 

24 

drain C 

1 

36 

- 

y 

- 

y 

36 


Notice that the drain C only affects the rate of work when the tank is over one-third full. So 
there are two rates of work: one rate to fill one-third of the tank, and another rate to fill the 
other two-thirds of the tank. It takes 

t t 1 4r + 1 94 

—+ —= — => - zp— = ~j => 7x=24 => — hours to fill one-third of the storage 

18 24 3 ji $ 7 

24 

(4) (3) 

tank with pipes A and B. 


Then, it takes — + —- U~ = — 


4y + 3y -2y 2 

- = 7 


24 


5y =48 


18 24 36 

(4) (3) (2) 

to fill the storage tank if pipes A and B and the drain C are working. 


48 v, 

ii = — hours 
5 


^ . . 24 48 120+336 456 , 10 1 , 

1 herelore the total time is — + — =-=- hours, or 13 — hours. 

to 35 35 35 


(5) (7) 


Check Yourself 16 

1. Emine can do a job in six hours and Ay§e can do the same job in three hours. How long 
will it take them to do the job if they work together? 

2. One printer can print a collection of documents in 45 minutes and another printer can 
print them in 30 minutes. How long will it take them to print the documents if they work 
together? 

3. Hiiseyin can do a job in four days, Ibrahim can do it in eight days, and Hasan can do it in 
six days. Hiiseyin and Ibrahim work together until they finish half of the job. Then Hasan 
comes to help them. How long does the whole job take? 

4. Yunus and Yusuf can do a job in eight days. Yusuf and Ali can do it in six days. Ali and 
Yunus can do it in twelve days. How long will take Yunus, Yusuf and Ali to do the job if 
they all work together? 


Equations, Inequalities and Systems 


{ 99 v - 





















5. Murat and Mustafa can do a job together in fifteen days. After they have worked together 
for five days, Mustafa leaves the job. Murat completes the job in sixteen days. How long 
would it take Mustafa to do the job alone? 

6. Pipe A can fill a storage tank in seven hours and pipe B can fill it in nine hours. How long 
will it take them to fill the tank if they work together? 

7. Pipe A can fill two-thirds of a pool in four hours. Pipe B can fill a quarter of the pool in 
four hours. Drain C at the bottom of the pool can empty the full pool in twenty hours. 
How long will it take to fill the empty pool if both pipes and the drain are working? 

8. Ferhat can work twice as fast as Barbaros. Barbaros can work three times as fast as Tuncer. 
Working together, they can finish a job in four days. How long would it take Ferhat to do 


the job alone? 


Answers 


1.2 hours 2. 18 minutes 3. — days 4. — days 5. 40 days 6. — days 7. hours 

39 3 16 43 


8. 6 days 


4. Percentage and Interest Problems 


a. Percentage Problems 

The following calculations are useful for solving percentage problems. 



2. b% of a number x is x ■ - 

100 





106 What is 35% of 600? 


Solution x = 600 -(35%) =600 - — =210 
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EXAMPLE 


107 x% of 40 is 8. Find x. 


Solution 


First way: 8 = 40 • (x%) => 8 = 



Second way: — = — so 8 is — of 40. Also, 
' 40 5 5 

Therefore 20% of 40 is 8, and x = 20. 


x = — = 20 
4 


1 _ 20 x 1 _ 20 
5 ~ 20 x5 ~l00' 


EXAMPLE 


108 75% of a number is 27. Find the number. 


Solution x 


751 

>0tf 


= 27 


x = 36 


EXAMPLE 


109 x% of 12 is 16. Find x. 


Solution yti - = }& 

100 3 


x = 150 


EXAMPLE 


110 The number of workers in a factory increases from 525 to 550. Find the percentage increase 
in the number of workers. 


EXAMPLE 


Solution The increase is 550 - 525 = 25 workers. So the problem is: what percent of 525 is 25? 

^ => x = —= 4.76 

100 21 

So the answer is approximately 4.76%. 

Ill The price of a car goes up by 3%, which is $420. What is the new price of the car? 
Solution Let x be the old price. 


420 = x • 


420-100 

x =-= 14000 


EXAMPLE 


100 3 

So the new price is $14 000 + $420 = $14 420. 

Ill 80% of the students in a class pass a math exam. If six students failed the exam, find the 
number of students in the class. 

Solution If 80% pass, then 20% fail. 

20 


x •-= 6 

100 


x = 30 


So there are 30 students. 


\ 101 


Equations , Inequalities and Systems 























EXAMPLE 


112 A shopkeeper bought a jacket and a suit from a wholesaler. He then sold the jacket for $55, 
which was 25% more than the wholesale price. He sold the suit for $64, which was 20% less 
than the wholesale price. How much money did the shopkeeper lose or earn? 

Solution Let x be the wholesale price of the jacket. Then 


x •--7 = 55 


x = 44, so the shopkeeper bought the jacket for $44 and earned $11. 
However, the wholesale price of the suit was 

■ = 64 => x = 80. Therefore the shopkeeper lost 80 - 64 = $16. 


4 

Xjo' 


5 

In total, he lost $16 - $11 = $5. 

b. Interest Problems 

When you lend money for a certain period of time to a bank, you expect to be rewarded by 
eventually getting your money back, plus an extra amount called interest. 

Similarly, if you borrow money from a bank, you must pay back the original sum, plus inter¬ 
est. 

We use the following variables for solving interest problems: 
i = interest 

p = principal (the sum of money borrowed or invested) 
r = rate of interest (per year) 

t = term of the investment, in years (the period of time for which the sum of money is to be 
borrowed or invested). 

We can use these variables to make the following formulas: 


1 • • v • r -t 

annual interest: i = 

100 

v ■ r ■ t 

monthly interest: i ~ 

y 100-12 

i -i • • p - r - t 

daily interest: i = __ 

y 100-360 

total amount: A = p + i 


EXAMPLE 


113 Selin earned $40 in simple interest for one year with an annual interest rate of 5%. What was 
her principal? 

V X • t 


Solution i 


p ■ r ■ t 
100 


40 =- 


TOtf 

20 


p = 40 -20 

p =$800 
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EXAMPLE 


114 Esra’s investment of $950 earned $57 in three months. What was the monthly interest rate? 


Solution 57 


950 ■ r ■ 3 

100■12 



So the rate was 24%. 



115 A certain amount of money was invested with an annual interest rate of 25%. After one year, 
the amount increased to $2750. What was the initial principal? 


u■95 ■ 1 

Solution p + i = 2750 => P + P ^ QQ =2750 



100 

=> p =$2200 


Check Yourself 17 

1. Figen’s bank pays 8% monthly simple interest on her investment of $350. How much 


interest will the account earn in six months? 

2. Tolga’s investment of $1800 earned $576 in annual simple interest. What was the annu¬ 
al interest rate? 

3. Mahmut invested a sum of money. After four years, Mahmut’s investment had doubled. 
What was the annual simple interest rate? 

Answers 

1. $14 2. 32% 3. 25% 

5. Mixture Problems 

Chemists and pharmacists sometimes need to mix or change chemical solutions. A solution 
is a mixture of a particular ingredient (for example, sugar or acid) with a liquid (for example, 
water). We usually express the amount of the ingredient as a percentage of the total solution. 
For example, consider a solution of sugar in water which has a sugar concentration of 20%. 
We mean that 100 units of this solution contains 20 units of sugar and 80 units of water. 
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EXAMPLE 


116 A pharmacist has 80 mL of an acid solution which contains 20% acid. How much acid should 
she add to the solution to make a 60% acid solution? 


Solution 



So 


0 16 + . 


240 + 3x =80 + 5x 
160 =2x 


80+ x 

5 

So the pharmacist should add 80 mL of acid. 


x =80 mL. 


EXAMPLE 


117 64 L of a salt solution contains 25% salt. How much water should be evaporated to make a 
32% salt solution? 


Solution 


25 

Initially the amount of salt is 64 • yyyy = 16 L (64 - 16 
If we evaporate some water the amount of salt does not 

X 

0 0 


TOCf 64-x 

50 


64 - x = 50 


= 48 L of water). 
change: 

=> x =14 L. 


So 14L of the water should be evaporated. 


EXAMPLE 


118 A pharmacist has 20 L of a cologne/alcohol solution containing 70% alcohol, and 60 L of a 
cologne/alcohol solution containing 80 % alcohol. The solutions are mixed. What is the 
percentage of alcohol in the new cologne? 


Solution 


first solution : 20 ■-= 14 L of alcohol 

100 

80 

second solution : 60 ■-=48 L of alcohol 

100 

After mixing, the new amounts are 

alcohol: 48 L + 14 L = 62 L and cologne: 20 L + 60 L = 80 L. 

5 g2 

So the new percentage of alcohol is )J0 ■ —— = 77.5%. 

0 

4 


104 } 


Algebra 9 

















EXAMPLE 


119 A chemist has two salt solutions containing 60% salt and 40% salt respectively. She wants to 
produce 50 L of solution containing 46% salt. How much of each original solution should she 
mix? 


Solution 



% 

amount of 
solution (L) 

amount of 
salt (L) 

first solution 

40 

X 

40 

-• X 

100 

second solution 

60 

50 - x 

— • (50 - x) 

100 

new solution 

46 

50 

^■50 

100 


Thus, -^•x + ^ 7 -(50-x) 

5 5 


23 



2 3 . N 23-5 

5 5 5 

2x + 150-3x =115 => x 

So the chemist should mix 35 L 


= 150-15 =35 L. 

of the first solution with 15 L of the second solution. 


Check Yourself 18 

1. Sabri added 15 L of 40% alcohol solution to 85 L of a 60% alcohol solution. What is the 
alcohol concentration of the new solution? 

2. How many liters of acid should be added to 60 L of a 25% acid solution in order to pro¬ 
duce a 40 % acid solution? 

3. A chemist has 30 g of a 10% salt solution. He wants to increase the salt content to 20%. 
How much water does he need to evaporate? 

4. A chemist has a 75% acid solution and a 25% acid solution. He wants to produce 80 L of 
a 47.5% acid solution. How much of each original solution should he mix? 

Answers 

1. 57% 2. 15 L 3. 15 L 4. 25 L of the 75% solution and 55 L of the 25% solution. 

{ 105 
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6. Motion Problems 


If an object does not change its speed during motion, then it is said to be in uniform motion. 
Uniform motion problems are sometimes given in math and physics. 

Drawing a simple sketch and making a table are used for solving uniform motion problems. 
We use the formula 


distance = rate • time (d = r ■ t) 


for uniform motion. 


EXAMPLE 


120 A bus leaves a city travelling at a speed of 60 km/h. Two hours later, a second bus leaves from 
the same place, and drives along the same road at 90 km/h. How long will it take for the 
second bus to catch up with the first bus? 


Solution The diagram shows the situation after two hours. The city is at point A. 

r 2 =90 km/h r 1 =60 km/h 

IHBI. 

A- 

cl, d 2 

First way: 

In two hours, the first bus will have traveled d 1 = r 1 -1 1 => d 1 = 60 • 2 = 120 km. 
When the second bus meets the first bus, the first bus will have traveled dj + d 2 km. 
We can write: 120 + r x • t = r 2 • t => 120 + 60 ■ t =90 ■ t 

120 = 30t 
t = 4. 



So the buses will meet after four hours. 


Second way: 60 • (t + 2) = 90 • t 
60 ■ t + 120 = 90t 
120 = 30t 
t = 4 h 


first bus 

rate 

time 

i 

distance 

60 km/lr 

t + 2 

60 ■ (t + 2) 

second bus 

90 km/h 

t 

90 ■ t 


EXAMPLE 


121 


Solution 


Hakan walks 3 km/h faster than Emre. They leave school walking in opposite directions. After 
2.5 hours, they are 30 km apart. How fast do Hakan and Emre walk? 

Since they walk in opposite directions, 30 km is the sum of the distances they cover in 2.5 hours. 


Hakan 

rate 

time 

distance 

r+3 j 

1 4 


r + 3 

2.5 

(2.5) ■ (r + 3) 

iaiyv 
bm°|||°bj ' mrT 

Emre 

r 

2.5 

(2.5) • r 

Hakan' - - 

30 km 
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So (2.5) • (r + 3) + (2.5) • r = 30 => (2.5 )[r + 3 + r] = 30 


(2.5) • (2 r + 3) = 30 


„ „ 30 

2r + 3 =- 

2.5 


2r + 3 = 


300 

~25~ 


12 


g 

=> 2r + 3 = 12 => 2r = 9 => r = — = 4.5 km/h. 

2 

Therefore, Hakan walks at 4.5 + 3 = 7.5 km/h, and Emre walks at 4.5 km/h. 


EXAMPLE 


122 A courier delivered a parcel to a house and returned immediately. On the way to the house, he 
drove at 60 km/h. On the return journey, he drove at 50 km/h. The journey to the house was 
18 minutes shorter than the return journey. How far was the house from the courier’s office? 


Solution 




rate 

time 

distance 

going 

60 km/h 

18 

t - 

60 

60(t - —) 
v 60 

return 

50 km/lr 

t 

50 • t 


So the distance was 50 • (1. 8 ) = 90 km. 


60(t-—) = 50 ■ t 
60 

1 O 

60t - jaff ■ —-7 = 50t 

0 

lOt = 18 
t = 1.8 h 


Check Yourself 19 

1. A bus travels at 90 km/h. How far will it have traveled after 210 minutes? 

2. Two motorcyclists organize a race. The first cyclist rides at 210 km/h and the second 
cyclist rides at 180 km/h. The slower motorcyclist starts the race thirty minutes before the 
faster one. How long will it take the faster motorcyclist to catch up with the 
slower one? 

3. Two cities A and B are connected by a road. A car leaves city A and travels towards city B 
at 90 km/h. At the same time, another car leaves city B and travels towards city A at 70 
km/h. The cars pass each other after seven hours. How long is the road from A to B? 

4. Istanbul is 260 km from Edirne. Ahmet leaves Istanbul at 10 a.m. and drives at 50 km/h 
towards Edirne. On the same day, Mehmet leaves Edirne at 11 a.m. and drives along the 
same road towards Istanbul at 55 km/h. At what time will Ahmet and Mehmet pass each other? 

Answers 

1.315 km 2. 3 hours 3.1120 km 4 1p.m. 
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EXERCISES 1.4 


1. Solve each equation. 

a. x - 4 = 7 

b. 3x - 4 = 2 

c. 2 • (2x - 2) = x + 4 

d. 3 • (5* - 1) + 4 = 13 

e. 3 • (2x + 3) - 5 • (x - 3) = 2 • (1 + x) + 19 

f. 3 • [(4 - 2x) - 2 • (3x - 1)] = 6 • (2x - 3) 


2. Solve each equation. 


3x - 4 2x -1 x 

cl. - +- — - 

4 3 12 


b. 




= 3 


c. 

d. 


e. 


x — 1 x-2 x-3 


2 3 4 

15 , = 3 


4 + 


3 + 


2x +1 


6 -- 


■ = 5 


6 - 


x-1 


1 

12 


2x1 

x-1 x +1 x +1 


g- 


h. 


9 

x + — , 0 

x x 2 j 

x 2 + 9 x 



2 



3. Solve each inequality. 


a. x + 2 > 5 
c. 1 - x > 4 

e. 2x + 3 < 7 

g. 3 • (x - 8) < 5x - 17 

, 3, 3 

h. ;x-5) + x<-x + - 

2 2 

x-1 x+2 „ x 

l. - +-< -2 + — 

2 3 6 


J- 

k. 


x-3 2x + l x-3 
-+->- 


b. 

d. 

f. 


+ 1 


4(x + l) 3(x + 3) > x+2 


3 4 

1. 6 < -2x < 12 


12 


m. -3 < - < 2 


x - 3 < 1 
2x + 1 < 7 

-3x + 1 < 10 


+ 2 


3 

n. -6 < 3 • (x + 1) < 6 

o. x + 2 < 0 and x - 2 > -5 

p. 3x - 1 < 5 and 2x + 3 > 5 


4. Use the graphing method to solve each system. 


a. x + y = 5 
x - y = 3 
c. 3x + 3y = 6 
x + y = 2 


b. x + 2y = 5 
3x - y = 1 
d. 2x + y = 4 
6x + 3 y = 15 
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5. Use the elimination method to solve each system. 


9. Find the solution set of each system of inequalities. 


6 


7 


a. 3x - y = 8 

b. 3x - 4y = 0 

a. x + y > 3 

b. 

2x - y > 5 

3x + 2y = 2 

3y - 4x = -7 

x - y <2 


x + 2y < 8 

x + 2y „ 

c. - - = 2 

3 

d x y _ 1 
'236 

c. x > 3 

y < 2x + 5 

d. 

4x + 3y > 0 

3x - 2y < 6 

2 x-y l 

9. 

x w 5 

3 2 6 




Use the substitution method to solve each system. 

10. Solve the equations by factoring. 

a. x 2 - 2x - 3 = 0 b. x 2 + 2x - 8 = 0 

a. x - 3y = 2 

b. 3x + 2y = 8 

c. x 2 + 5x + 4 = 0 

d. 

x 2 - lOx + 16 = 0 

x + y = 10 

x ~ 2 y = 0 




x + 2 y + 1 
c. = 3 

3 2 

d. x = 3y - 4 




1 

II 

r—H 

+ 

H 

y = 4x - 6 




2 3 


11. Solve the equations. 





a. (x - 3) 2 = 25 

b. 

(3x - l) 2 = 49 



c. x 2 + 7x = 0 

d. 

x 2 - 6x - 27 = 0 

Determine whether the given ordered pair is a 

e. x 2 - 3x + 1 = 0 

f. 

2x 2 + 5x - 4 = 0 

solution of the inequality. 

g. 3x 2 + 6x - 5 = 0 

h. 

4x 2 - 2x - 3 = 0 

a. x + 2y < 3 

(-1.2) 




b. 2x - y > 5 

(5, 8) 




c. 3x + 2 y < -3 

H, 3) 




d. 5x ~ 3 y >2 

6 

(-2, 3) 

12. The sum of three consecutive odd integers is 111. 


Find the numbers. 




8. Graph each inequality. 

a. x - y < 3 b. 2x + y > 5 

c. 3x + 2y > 6 d. x > 3y + 5 

e. 6x + 4 y < 10 


13. A number is four more than another number. The 
sum of twice the larger number and the other 
number is 29. Find the numbers. 
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14 . If — of a wire is cut, the midpoint of the wire 
moves 10 cm. Find the length of the wire. 


15 . The denominator of a fraction is one more than 

twice the numerator. The value of the fraction is 
6 

— if the numerator is increased by 5 and the 
7 

denominator is decreased by 6. Find the fraction. 


16 . Tuba is 15 years younger than Seda. Five years 
ago Seda was twice as old as Tuba. How old are 
Seda and Tuba now? 


17 . Five years ago Hulya was eight times as old as 
Sinem. In 13 years, she will be twice as old as 
Sinem. How old are Hulya and Sinem now? 


18 . Salim can do a job in 12 hours. If Salim and Fatih 
work together the job takes eight hours. How long 
would it take Fatih to do the job alone? 

no ) - 


19 . Pipe A can fill a tank in six hours. Drains B and C 
at the bottom of the tank can empty the full tank 
in 16 hours and 24 hours respectively. The pipe 
and drains are opened all together for eight hours. 
How long will it take pipe A to fill the remaining 
part? 


20 . A grocer has two kinds of candy that cost $6 and $3 
per kilogram respectively. How many kilograms of 
each kind does he need to make a 30 kg mix of 
candy that costs $4 per kilogram? 


21. Two cars travel from cities A and B at speeds of 
80 km/h and 60 km/h respectively. They pass each 
other at city C between A and B. The faster car 
arrives at B three hours after passing the 
slower car. How far is city A from city B? 
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1. Solve 3x - 4 = 2 • (x + 1). 


6 . Solve 2 + 


1 


A) 2 


B) 5 


C) 6 


2 . Solve 3 • (x - 1) - 2x = 2x + 3. 

A) 0 B) -2 C) -4 


3 . Solve ^ = 3. 


A) 0 


B) 2 


4 . Solve 2x + —= x-—. 

2 2 


A) -1 


B) -I 


5 . Solve 


A) 1 


2x +1 x + 3 1 




C) 4 


-- 

3 


- 

3 


D) 8 


D) -6 


D) 6 


D) 0 


1 

6 


= 1 . 


1 + 


A) 1 


1 

2 


-- 

2 


2 o 4 
7 . Solve - 5 - + — = —. 
8x3 


A) 1 


- 

2 


1 

2 


8 . Solve x • (x + 1) = (x + 2)(x - 2). 

A) 1 B) 2 C) 4 


9 . Solve 


2 x x - 2 


x -2 


17 
3 ' 


>i 


b > I 


1 

2 


iri „ , 2 x x -1 

10 . Solve — + 1 = x +-. 

3 3 


A) 0 


B) 2 


C) -1 


D) 


D) 


D) -4 


D) 1 


D) 0 


-on> 
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11. Solve the inequality 2x - 5 < 1. 


A) x <3 B) x > 3 C) x > 3 D) x > 6 


16 . How many natural numbers satisfy the inequality 
-5 < lx - 3 < 5? 

A) 4 B) 3 C) 2 D) 1 


12. Solve the inequality x +1 > 


x + 3 


A) x >1 v > 1 C) x < — ) x < 

2 2 2 


17 . Find the sum of the possible integer values of x if 
3x + 3 


3 < 


< 6 . 


A) 6 


B) 4 


C) 3 


D) 2 


13 . Find the greatest possible integer value of x if 

2x-3 12 -2x 

-<- . 

5 4 

A) 4 B) 3 C) 2 D) 1 


18 . Find the sum of the possible values of x (x G N) if 
x-l<7<2x + 5. 

A) 35 B) 36 C) 24 D) 26 


14. Find the smallest integer value of x which satisfies 


. . 2x - 3 x + 5 

the inequality ->-. 


A) 2 


3 
B) 3 


C) 4 


D) 6 


19 . How many integers satisfy the inequality 
x + 3 < 3x - 5 < x + 11? 

A) 9 B) 8 C) 7 D) 5 


15 . How many integers satify the inequality 
3 < 2x + 6 < 12? 

A) 0 B) 2 C) 3 D) 4 


20 . 2 < 7x < 3 is given. Which one of the following is 
a possible value of x? 


A) 


1 

2 




D) 


_5_ 

14 


-rn2> 
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1. Which one of the following is a solution of the 
equation 4x + 3 y = 12? 


6 . Given 


J 2x + 3 y = 10 
{ 3x + 2y = 5 ’ 


find (x, y ). 


A) (1,2) B) (2, 2) C) (3, 1) D) (3, 0) 


A) (1,-4) B) (1, 4) C) (4, -1) D) (-1, 4) 


2. What is the equation of the graph? 

y>> 


x 



7. Given \ 3x +y 8 } find ( X; y y 
[ x - 2y = 5 

A) (-3,-1) B) (0, 4) C) (3, -1) D) ( 6 , -1) 


A) x + y = 6 
C) 2x - 3y = 6 


B) -2x + 3y = 6 
D) x + 2y = 3 


8 . a and b are positive integers such that a 2 -b 2 — 13. 
Find a ■ b. 

A) 24 B) 28 C) 36 D) 42 


3. Given 


J x + 2y = 7 
[ x - y = 4 


find x. 


A) 5 B) 3 C) 2 


D) -2 


4. Given 

A) 2 


J 4x + 7 y =13 
j x - 2y = 2 

B) 3 


find x + y. 

C) 4 


D) 5 


9. 


1 1 

x y 
3 2 
x y 



4 

is given. Find y. 

5 




D) 


3 

2 


, 2 x + y = 7 

o. Given { , nnd x - y. 

x + 2y = 3 


A) 1 


B) 2 


C) 3 


D) 4 


[ x - y = 4 

10. Given 1 „ „ , find x ■ u. 

[ x 2 - y 2 = 24 

A) 96 B) 48 C) 32 


D) 5 


-CUE)- 
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11. The line ax - by = -9 is passes through A(-l, 3) 
and B (-3, 0). Find a + b. 

A) 5 B) 6 C) 8 D) 10 


12. Point A (a, b ) is in the fourth quadrant of a 
coordinate plane Point B(-a, -b ) is in the which 
quadrant in the coordinate plane? 

A) I B) II C) III D) IV 


13. Which one of the following is the inequality of the 
shaded region? 


A)y>2 


y< 

k 

2 


•] 

* 0 

•J > 

X 

B)y<2 

C) y > 2 


D) y < 2 


14. Which one of the following is the inequality of the 
shaded region? 

y| 


-2 O 


3 

y > —x + 3 

B) 

^ 3 Q 

y > —x - 3 
2 

C) y > 3x + 2 

D) 

2 

y < —x + 3 
3 


15. Which one of the following represents the 
solution set of the system of inequalities 
r x + y > 0 

1 x - y > 0 ? 



16. The graph shows the solution of a system of 
inequalties. What is the system? 


A) 


C) 



,y , 

k 

2 

O 


X 

-3 




x > 0 
y <0 
x <2 

y — —3 

x > 0 
y>0 
x >2 
y<-3 


B) 


D) 


x > 0 
y>0 
x <2 
y>-3 

x > 0 
y>0 
x <2 
y <-3 



-£UD 










































1. Which one of the following is not a quadratic 
equation? 

A) x 2 + 3x + 1 = 0 
: J3x —\= ■ x 1 + 2 = 0 

V2 


x — = 0 
x 

x 2 +3x 

D) - = 0 


2. Find the solution set of the quadratic equation 
2x 2 - 4x = 0. 

A) {0, 1} B) {0, 2} C){0, -2} D) {2, 4} 


3. Find the solution set of the quadratic equation 


o 

II 

CD 

T— — 1 

1 

CN 

H 

CT) 


A > <-!•!> 

4 4 
-} 

3 3 

C) <4 ! i 

, — } 

9 9 

Solve the quadratic equation (2x - l ) 2 = 4 

A) <-I, 2} 

2 2 

2 2 

-} 

3 2 

D) -} 

2 3 


5. Find the discriminant of x 2 + 2x - 3 = 0. 

A) 16 B) 12 C) 8 D) -12 


6 . Which one of the following is a solution of the 
quadratic equation x 2 - 2x - 1 = 0 ? 

C) 72 D) 1 - 72 


A) 1 


B) -1 


7. Which one of the following is true for the 
equation x 2 - 3x + 4 = 0? 

A) There are two unequal real roots. 

B) There is a double root. 

C) There is no real solution. 

D) There are two positive real roots. 


8 . x-z/ = 7x + 7y = llis given. What is x? 

A) 4 B) 6 C) 16 D) 36 


9. If 


777 U-= 11 

n 

3 _ 
m -= 5 


then find m + n. 


A) 0 


B) 2 


C) 4 


D) 9 


10. Find7/if(^) 2 + (^) 2 =0. 


A) 2 


B) 4 


C) 6 


D) 8 
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11. The sum of three consecutive integers is 102 . 
Find the smallest number. 

A) 33 B) 34 C) 35 D) 36 


12. The difference of two integers is 5 and the sum of 
them is 11. Find the bigger number. 

A) 3 B) 5 C) 7 D) 8 


13. If 10 is added to three times a number, the result 
is 16 more than that number. Find the number. 

A) 3 B) 5 C) 8 D) 11 


14. 47 is divided into three numbers. The second 
number is 8 more than the first number and 10 
less than the third number. Find the first number. 

A) 3 B) 5 C) 7 D) 9 


15. The number of boys in a class is 6 more then the 

number of girls. The ratio of the number of boys 

5 

to the number of girls is — . How many students 
are there in the class? 

A) 18 B) 24 C) 30 D) 32 


16. The value of a fraction is —. When 5 is subtracted 
from both numerator and the denominator, its 

value is —. Find the value of the denominator. 

13 

A) 7 B) 11 C) 13 D) 18 


17. A father is three times as old as his son, and the 
sum of their ages is 76 years. How old is the son? 

A) 19 B) 21 C) 25 D) 31 


18. Ahmet is twice as old as his sister Betul, and the 
sum of their ages is 36. How old is Ahmet? 

A) 12 B) 18 C) 24 D) 28 


19. Three years ago, Mehmet was three times as old 
as his brother. Five years from now he will be 
twice as old as his brother. How old is Mehmet 
now? 

A) 7 B) 10 C) 12 D) 27 


20 . In five years, Ali will be twice as old as he was 
seven years ago. How old is Ah? 

A) 15 B) 19 C) 23 D) 27 







1. Three pipes can fill a pool in twelve hours. A 
drain can empty the full pool in eighteen hours. 
How many hours will it take to fill a quarter of the 
pool if the three pipes and the drain are open? 

1 ^ i i 

A) 9 B) — C) - D) - 

2 9 6 


2. Ay§e can work three times as fast as Zehra. 
Working alone, Zehra can do a job in 36 days. 
How many days would it take Ay§e to do one-third 
of the job alone? 

A) 12 B) 9 C) 4 D) 3 


3. Mustafa and Ziya can do a job together in ten 
days. Mustafa can do it alone in fifteen days. How 
many days would it take Ziya to do the job alone? 

A) 30 B) 15 C) — D) — 

30 15 


4. Hakan can do a job in ten days and Hasan can do 
the same job in fifteen days. How many days will 
it take them to do the job if they work together? 

A) 3 B) 6 C) 12 D) 24 


5. A pipe can fill a pool in six hours and a drain at 
the bottom of the pool can empty the full pool in 
eight hours. How many hours will it take to fill the 
empty pool if both the pipe and the drain are 
working? 

A) - B) 14 C) 7 D) 24 


6 . It takes Murat five hours to travel from city A to 
city B at a constant speed of 80 km/h. How many 
hours will it take Murat to complete the same 
journey if he drives at 50 km/h? 

A) 16 B) 8 C) 10 D) 6 


7. Two cars begin traveling along the road at speeds 
of 70 km/h and 85 km/h respectively. What is the 
distance between the two cars after five hours? 

A) 350 km B) 425 km C) 75 km D) 35 km 


8 . A car can travel x km in four hours. At the same 
speed it can travel x + 9 km in six hours. Find x. 

A) 6 B) 8 C) 12 D) 18 
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9. It takes Fatma six hours to drive from city A to city 
B at a constant speed of (V + 10) km/h. She can 
cover the same distance driving at a speed of 
(2V - 6 ) km/h in four hours. Find V. 

A) 32 B) 36 C) 40 D) 42 

10 . Two cities A and B are connected by a road. A car 
leaves city A and begins traveling towards city B at 
(V + 20) km/h. At the same time, another car 
leaves city B and begins traveling towards city A at 
(V - 5) km/h. The cars pass each other after eight 
hours. Four hours after passing each other, the 
cars are 260 km apart. How long is the road from 
A to B? 

A) 540 km B) 520 km C) 500 km D) 480 km 

11. If the numerator and denominator of a fraction 
decrease by 20 % and 60% respectively, what is 
the percentage increase in the fraction? 

A) 30% B) 40% C) 100% D) 60% 

12 . In a class of 92 students, 25% of the students are 
girls. Find the number of boys in this class. 

A) 23 B) 46 C) 54 D) 69 

13. 120 L of a salt solution contains 30 L of salt. What 
is the percentage of salt in the solution? 

A) 20% B) 25% C) 75% D) 50% 


14. Ali added 60 L of a 40% alcohol solution to 20 L 
of a 20% alcohol solution. What is the alcohol 
concentration of the new solution? 

A) 35% B) 40% C) 45% D) 55% 


15. A shopkeeper has a stock of clothes. He sells 30% 
of his stock for 40% less than the wholesale price 
and the rest of the stock for 40% more than the 
wholesale price. What percentage profit the 
shopkeeper make from his stock? 

A) 15% B) 16% C) 18% D) 32% 


16. Ahmet’s investment of $2800 earned $2520 in 
three years. What was the annual simple interest 
rate? 

A) 30% B) 40% C) 50% D) 60% 


17. A certain amount of money was invested with a 
monthly simple interest rate of 20%. After four 
months the amount was $5120. What was the 
initial principal? 

A) $5000 B) $4800 C) $4600 D) $4200 

















FONDAMENTALS OF 
TRIGONOMETRY 



A. ANGLES AND DIRECTION 

1. The Concept of Angle 


Definition 


An angle is the union of two rays which have a common endpoint. 

The angle formed by the rays [OA and [OB is called angle AOB or angle BOA. [OA and [OB are 
called the sides of the angle. 

We can write the angle AOB as [OA u [OB, AOB or ZAOB. We can also write [OA u [OB = ZAOB. 
The common endpoint 0 is called the vertex of the angle. If 0 is the vertex of one unique angle, 
we sometimes write ZO to or 0 the mean the angle with vertex 0. 



2. Directed Angles 

If we say that one of the two rays of an angle is the initial side of the angle and other side is 
the terminal side of the angle, then the corresponding angle is called a directed angle. 
There are two different directions about the vertex of an angle from its initial side to its 
terminal side. If the angle is measured counterclockwise then the angle is called a positive 
angle. If it is measured clockwise then the angle is called a negative angle. 
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EXAMPLE 


1 


Determine the initial and terminal side of each angle and state its direction. 





Solution 


a. [OA is the initial side and [OB is the terminal side. ZAOB is a positive angle. 

b. [OK is the initial side and [OL is the terminal side. ZKOL is a negative angle. 

c. [OS is the initial side and [OB is the terminal side. ZSOR is a negative angle. 


3. Directed Arcs 


Definition 


The segment of a circle between the two sides of an angle ZAOB is called the arc 
corresponding to ZAOB. We write AB to mean the arc corresponding to ZAOB. 
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In order to distinguish the two arcs formed by the line AB on the circle, we can plot two points 
C and D as shown in the figure below. We denote the positive arc AB by ACB and the 

✓*-N 

negative arc AB by ADB. 

The longer arc is called the major arc and the shorter arc is called the minor arc. 


c c c c c 

The length of every 
diameter in a given circle 
is the same. For this 
reason, when we talk 
about ‘the diameter’ of a 
circle, we mean the 
length of any diameter in 
the circle. 



A line which passes through a circle is called a secant line. A line segment AB which joins two 
different points on a circle is called a chord. Any secant or chord separates a circle into two arcs. 

A chord which passes through the center of a circle is called a diameter. A diameter divides a 
circle into two equal arcs called semicircles. 


Check Yourself 1 

1. 6x 2 + (a + 2 )y 2 = 2b + a is the equation of a unit circle. Find the values of a and b. 

2. Determine whether or not each point lies on a unit circle. 


a. p 

'72 1 

b. K(0, -1) 

c. S(-73, 73) 

d. T 

' 73 r 


2 ’ 72 

V J 




2 ’ 2 
^ / 


3. Determine the initial and terminal side of each angle and indicate its direction. 



Answers 

1. a = 4, b = 1 2. a. yes b. yes c. no d. yes 

3. a. [BA is the initial side and [BC is the terminal side. Angle ZABC is a positive angle. 

b. [ED is the initial side and [EF is the terminal side. Angle ZDEF is a positive angle. 

c. [YX is the initial side and [YZ is the terminal side. Angle ZXYZ is a negative angle. 
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B. UNITS OF ANGLE MEASURE 


Definition 


Definition 


Recall that a central angle is an angle whose vertex is the center of a circle. 



The central angle which corresponds to one complete revolution around a circle is called a 

complete angle. 

1. Grad 

grad 


When the circumference of a circle is divided into 400 equal parts, the central angle 
corresponding to one of these arcs is called 1 grad and is denoted by 1 G . Thus the complete 
angle of a circle measures 400 ■ 1 G = 400 G . 



The grad unit was introduced in France, where it was called the grade, in the early years of the 
metric system. 

2. Degree 


Definition 


When the circumference of a circle is divided into 360 equal parts, the central angle 
corresponding to one of these arcs is called 1 degree and is denoted by 1°. Thus the measure 
of a complete angle is 360 ■ 1° = 360°. 



In order to measure smaller angles we use smaller angle units. Each degree can be divided 
into sixty equal parts called minutes, and each minute can be divided into sixty equal parts 
called seconds. 1 minute is denoted by Y and 1 second is denoted by 1". 
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We can see that one degree is equal to 60 ■ 60 = 3600 seconds. 

Now consider an angle which measures 37 degrees, 45 minutes and 30 seconds. We can 
write this angle in two ways: 

in degree-minute-second form: 37° 45' 30". 

in decimal degree form. We multiply the minutes by — and the seconds by 

1 11 60 

-: 37° 4- (45-) + (30 -) = 37.7583° 

3600 60 3600 


EXAMPLE 


2 


a. Write 56° 20' 15" in decimal degree form. 

b. Write 17.86° in degree-minute-second form. 


Solution 


a. 56° 20' 15" 


f 1 1 

56 + 20- — +15 —— 
60 3600 



56.3375° 


b. 17.86° = 17° + 0.86° 

= 17° + 0.86 ■ (60') 

= 17° + (51.60)' 

= 17° + 51' + 0.60' 

= 17° + 51' + 0.60 • (60") 
= 17° + 51' + 36" 

= 17° 51' 36" 


(separate the decimal part)' 
(convert degrees to minutes) 


(separate the decimal part) 
(convert minutes to seconds) 


EXAMPLE 


3 


x = 202° 15' 36" and y = 114° 57' 58" are given. Perform the calculations, 
a. x + y b . x - y 
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Solution 


a. We begin by adding the degrees, minutes and seconds separately, starting with the 
seconds. We can see that the sum of the seconds is 36 + 58 = 94, which is greater than 60. 
Since 60" = V we can write 94" = 60" + 34" = 1' 4- 34" = V 34". We add the extra 1 
minute to the minutes part, so after adding the seconds the sum is 316° 73' 34". 

202°15'36" 202° 15' 36" 

+ 114° 57'58" + 114° 57'58" 

316° 72' 94" 316° 73' 34" 

i_W 

Now we have 73 minutes, which is also greater than 60. Since 60' = 1°, 

73' = 60' + 13' = 1° + 13' = 1° 13'. We add the extra 1 degree to the degrees part. The 
final result is 317° 13' 34", which is the sum of the angles. 

202°15'36" 202° 15' 36" 

+ 114° 57'58" + 114° 57'58" 

316° 73' 34" 317° 13' 34" 

i_ 

b. We subtract the degrees, minutes and seconds separately, starting with the seconds. 
However, we cannot subtract 58" from 36" directly. Instead, we carry 1 minute from the 
minutes part. 15' becomes 14' and the carried 1' = 60" is added to 36": 60" + 36" = 96". 
We can now subtract the seconds to get 96" - 58" = 38". 

I " N 

202° 15' 36" 202° 14' 96" 

- 114° 57'58" - 114° 57'58" 

38" 

Similarly, we cannot subtract 57' from 14' directly. We carry 1 degree from the degrees 
part so 202° becomes 201° and the carried 1° = 60' is added to 14': 

60' + 14' = 74'. We can now subtract the minutes to get 74' - 57' = 17'. 

I N 

202° 14'96" 201° 74' 96" 

- 114° 57'58" - 114° 57' 58" 

38" 17'38" 

Finally we subtract the degrees: 201° - 114° = 87°. 

The final result is 87° 17' 38", which is the difference of the angles. 

201° 74' 96" 

- 114° 57'58" 

87° 17' 38" 
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Definition 


3. Radian 

radian 


Let AB be an arc of a circle with radius r such that the arc length of AB is also r. Then the 
measure of the central angle corresponding to AB is called 1 radian. It is denoted by 1 rad or 1 



We know that the circumference C of a circle can be calculated using the formula C = 2nr. 
So C consists of 2n times an arc with length r. Therefore the measure of the central angle 
corresponding to the complete arc of a circle is 2n radians. 



The radian measure gives us an easy correspondence 

between the length of an arc, the radius r of its circle 

and the measure of the central angle corresponding to 

the arc. If the arc length is r, the angle measure is one 

radian. If the arc length is i , the angle measure is — 

r 

radians. In the figure opposite, m(ZAOB) = 0 H and 

arc length AB = £, so 6 = — and £ = r • 6. 

r 
































EXAMPLE 


4 


Solution 


Two circles are connected with a 
string as shown in the figure. When 
the small circle makes one full 
rotation, through how many radians 
will the big circle rotate? 


C A = 271-12 


In the figure, MON shows the distance 
that the big circle rotates. The 
circumference of the small circle A is 
24n cm. 

After one complete rotation of circle 
A, circle B rotates through the same 
arc length as C A , so arc length 
MON = 24n cm. The central angle 

a corresponding to the arc MON is the angle of rotation of circle B. 



24n 


4 n K 


Since MON = 24n and r B = 15 cm, we have « =-, i.e. a =-. So the big circle rotates 


471 

through ——. 


18 


c c c c c 

Remember! 
Complementary angles 
add up to 90°. 
Supplementary angles 
add up to 180°. 


Check Yourself 2 

1. Find the complementary and supplementary angles of 66° 38' 11". 

2. x = 47° 23' 05" and y = 32° 04' 27" are given. 

Find 2x + 3y. 

Answers 


1. complementary: 23° 21'49" 2. 190° 59'31" 

supplementary: 113° 21'49" 



4. Converting Units of Angle Measure 

We have seen that the complete angle of a circle measures 360° = 27 t r . 

D R 

We can use the formula -= —- to relate degree and radian measurements, where D and 

180° n R 

R represent the degree and radian measurements respectively. 
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This formula gives us the following relations between common angle measures: 



EXAMPLE 


5 


Solution 



Convert the angle measures. 

5ji r 

a. 100° to radians b. yy to degrees 

a. For D = 100° the formula gives us 
100° R n 5 tt r 

- = -5-, SO ft =-. 

180° ti r 9 

5tc r 

5tt r D 19 

b. For R = - we have - = -^4-, so D = 75°. 

12 180° ti r 

The formula also gives us the following results (n = 3.14): 


1° = —s0.0174 r and T 
180 


180° 

it 


57.325 °. 






1° s0.0174 R 




























































EXAMPLE 


,j4 : f) The circumference of the Earth at the equator is 40 000 km. Find the length of the equator 
corresponding to a central angle of 1° of the Earth. 


Solution 


The complete central angle which corresponds to the total length of the equator is 360°. 
Since 360° corresponds to the length 40 000 km, 1° corresponds to ^^00 = \ \ i km. 



Note 



The rad unit or exponential R notation is often omitted when we write an angle measure in 
radians. If no unit is specified for an angle measure, this means that the measure is in 

7T 7T 

radians. For example, the statement a = — means that the angle a measures — radians, not 

n 2 2 

— degrees. From now on in this module, if we do not give a unit for an angle measure then 
2 

the measure is in radians. 

Check Yourself 3 


1. Convert the measures to 

radians. 


a. 30° 

b. 135° 

c. 210° 

d. 900° 

2. Convert the measures to 

degrees. 


n 

a. — 

. 5n 
b. — 

c. 571 

d. 10 tc 

3 

6 

4 


Answers 




i n 

1. a. — 

b3 

c.1 71 

d. 5n 

6 

4 

6 


2. a. 60° 

b. 150° 

c. 225° 

d. 1800' 


C. PRIMARY DIRECTED ANGLES 

1. Coterminal Angles 


Definition 


standard position of an angle 

An angle in the coordinate plane whose vertex is at the origin and whose initial side lies along 
the positive x-axis is said to be in standard position. 
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Definition 


coterminal angles 

Two or more angles whose terminal sides coincide with each other when they are in standard 
position are called coterminal angles. 

Let us look at an example of coterminal angles. The figure shows a unit circle. 


The positive angle ZAOP corresponds to the arc 
AEP and the negative angle ZAOP corresponds to 
the arc AFP. These angles are coterminal. The 
measure of the positive angle ZAOP is m(ZAOP) = a° 
and the measure of the negative angle ZAOP is 
m(ZAOP) = -(360 - a)°. 

We can also express the measure of each angle in 
radians. Since this is a unit circle, if the length of 
the arc AEP is 0 then the measure of the positive 
angle ZAOP is m (ZAOP) = 6 and the measure of 
the negative angle ZAOP is m(ZAOP) = -(2n - 9). 


y 



Now assume that point P in the figure is moving around the circumference of the unit circle 
from point A in the counterclockwise direction. Study the following table. 


Position of point P (moving counterclockwise) 

Measure of the central angle for AP 

' X 

Degrees 

Radians 

P lies on the positive x-axis 

s_ > 

0° 

— 

0 

_- 

c -\ 

P lies on the positive i/-axis 

V_/ 

CD 

O 

71 

0 

P lies on the negative x-axis 

C x 

o 

OO 

— 

71 

P lies on the negative j/-axis 

s_/ 

270° 

_ 

3ji 

2 

c - \ 

P lies on the positive x-axis after one complete revolution 

/ X 

360° 

- 

2n 

P lies on the ray [OP after one complete revolution 

360° + a 

271+0 

C X 

P lies on the ray [OP after a second revolution 

s_J 

720° + a 

4ti + 0 

P lies on the ray [OP after its k lh revolution 

k ■ 360° + a 

2kn + 0 


EXAMPLE 


7 


For each angle, write the set of coterminal angles with the same unit of measurement. 

a. 175° b. — 

4 


Solution Coterminal angles differ by an integral multiple of complete angles. 

a. (175° + k ■ 360°, k e Z} = {...,-545°, -185°, 175°, 535°, 895°,...} 


b. {— + k ■ 2n, k e Z} ; 
4 


1 Ik 3 n 5n 13tt 21 7t 

4 ’ 4 ’ 4 ’ 4 ’ 4 
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Note 

The angles in part a and part b are 
coterminal. Therefore, if we graph them 
in standard position, these angles will 
have the same terminal side. 



EXAMPLE 


8 


Find the arc length which corresponds to the central angle 40° on the unit circle (n = 3). 


Solution Since 


DR, 40° 

-= - we have - 

180 


—, so R = —. We know that on the unit circle, the radian 
9 


180 n 181) jt 

measure of a directed angle is equal to the length of the directed arc corresponding to the 

angle. So the arc length is —, and using n s 3 gives us — = ^ = — = 0.6. 

9 993 


EXAMPLE 


Find the coordinates of the terminal point of the arc with length — which is in standard 
position on the unit circle. 


Solution The circumference of a unit circle measures 2n. 

71 

So — represents a quarter of the circle. 

n 

Therefore the arc length — corresponds to the 

point R (0, 1) on the unit circle. 

Furthermore, the arc length n corresponds to the 

3tc 

point A'(-l, 0) on the unit circle and — 

2 

corresponds to B'( 0, -1). 


j 

y 




B(0, 1) 






T 1 * T 

A'(—1, 0)t 

]A( 1,0)' 






B'(0, -1) 


Definition 


C C C C C 

In order to find a primary 
directed angle a we must 
divide the initial angle by 
360. We must not simplify 
before the division, because 
360 represents a complete 
rotation. For example, the 
remainder in the operation 
5000-r 360 gives us the 
required primary directed 
angle whereas the simplified 
version 500^36 does not. 


2. Primary Directed Angles and Arcs 

pri maryul i r a nted angle - - 


Let (3 be an angle which is greater than 360°. Then the positive angle a e [0, 360°) which is 
coterminal with /3 is called the primary directed angle of (3. 

In other words, the primary directed angle of 13 is the smallest positive angle that is 
coterminal with 13. If we divide [3 by 360°, the remainder will be the primary directed angle. 

mQ3) = k ■ (360°) + m(a ), k e Z. 

For example, 30° is the primary directed angle of 390° because 390° = 1 • 360° + 30°. 

We know that the radian measure of any angle is equal to the length of the arc which 
corresponds to its central angle in the unit circle. The circumference of a unit circle is 2n. 
Therefore any two real numbers that differ by integral multiples of 2rt will coincide at the 
same point on the circle. 
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Definition 


primary directed arc 

The positive real number t e [0, 2n) which differs from a real number by integral multiples 
of 2 tc is called a primary directed arc. 

Since t is the smallest positive real number that is coterminal with a given angle 9, we can 
find t by subtracting integral multiples of complete rotations from 6, or alternatively by 
dividing 9 by 2n and considering the remainder: 

9 = k ■ (2n) + t, k e Z. 


EXAMPLE 


10 


Solution 


Find the primary directed angle of each angle, using the same unit. 




20 complete rotations in the positive direction 


y 


1 

120 ° 




21st rotation 


7320° = (20 ■ 360°) + 120°, so 120° is coterminal with 7320°. 
So the primary directed angle of 7320° is 120°. 
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b. Solution 1 


7320° = (20 ■ 360°) + 120° 

-7320° = -(20 ■ 360° + 120°) 

= (-20 • 360°) - 120° 

= - 120 ° 

- 120° = 240° (coterminal angles) 

- 7320° = 240° (coterminal angles) 

Solution 2 


-7320° = (-21) ■ 360° + 240° 

Therefore the primary directed angle of -7320° is 240°. 


y 



20 complete rotations in the negative direction 



21st rotation 


c. Solution 1 

75tc _ 64n 117i 

8 8 ~~ ~~ 8 ~~ 


75n 

~8~ 


:4-(2jt)+ — 

I 8 

I—►. number of rotations 


1171 

a = - 

8 

Solution 2 

1. Divide the numerator by twice the 
denominator: 

2 ■ 8 = 16 and 75 h- 16 = (4 • 16) + 11. 


2. Multiply the remainder by 
n jt _ lln 

denominator 8 8 



75n 

8 


5th rotation 
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So the primary directed angle of 


75n 

~8~ 


lljt 

AT 


75 
- 64 

ll 


1 


16 
4- 

number of rotations 


remainder 


EXAMPLE 


11 


d. If the angle was positive, the remainder 
1 Itc 

would be —— as we found in part c. But the 
angle is negative, so the remainder is 

Because a coterminal angle must be positive, 

i , , lln „ lln 5n 

we calculate-= 2 n-= —. 

8 8 8 
5tc 

So the primary directed angle is —. 



Find the primary directed angle of 9 = -30° 42' 15". 


Solution The primary directed angle must be positive, so we need to find the positive difference from 
360°. Let the primary directed angle be 9'. 

To make the calculation easier we can write 360° as 359° 59' 60". Then 
359° 59' 60" 

- 30°42'15" 

329° 17' 45". 

So Q'= 329° 17' 45". 


c c c c c 

1° = 60' and T = 60" so 
360° = 359° 59' 60". 


a. 100 ° 
e. -400° 


b. 7200° 
f. -50° 


Check Yourself 4 

1. Find the primary directed angle of each angle, using the same unit of measurement. 

33n , 3n 

— d. — 

5 2 

lln h 5n 

3~ ‘ ~T 

2. For each angle, write the set of coterminal angles with the same unit of measurement, 

a. 30° b. 120° 

Answers 

1. a. 100° b. 0° c. — d. — e. 320° f. 310° g. - h. — 

5 2 3 4 


c. 


g- 


n 

C ' 3 


j 3 n 

d. — 


2. a. {..., -690°, -330°, 30°, 390°, ...} 
lln 5n n 7n 13n 
c ' ^3~’ __ 3”’ 3 ’ ~3~’ ” 3 ”’ 


b. {..., -600°, -240°, 120°, 480°, 840, ...} 
5n n 3n 7n lln 

' 2 ’ _ 2 ’ 2’ 2’ 2’ 
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EXERCISES 2.1 




























C. Units of Angle Measure 

7. Find the degree measure of the angle rotation 
through the given number of revolutions. 

3 

a. — revolution clockwise 

4 


b. — revolution counterclockwise 
3 


c. — revolutions clockwise 

3 

a. 

100 ° 

b. 

250° 

c. 

1200 ° 

d. 

-3000 

9 

d. — revolutions counterclockwise 

e. 

71 

f. 

1771 

4 

8 . Find the radian measure of the angle rotation 

g- 

12 

201ti 

4 

h. 

18 

1771 

6 


through the given number of revolutions. 

a. — revolution clockwise 

4 

3 

b. — revolution counterclockwise 

5 


c. — revolutions clockwise 
4 

d. — revolutions counterclockwise 
3 


9. Write each angle in decimal degree form, 
a. 10° 45' b. 80° 15' 

c. 37° 21' 30" d. 89° 59'60" 


12 . Complete the table with the angle measures. 


Degrees 
*_- 

\ 

o 

CD 

_- 

b 

210° 

_/ 

/■ > 

d 

' > 

Radians 

a 

3re 

4 

c 

lire 

fi 


13. Convert the angle measures (degrees to radians 
and radians to degrees). 


D. Primary Directed Angles 

14. Find the primary directed angle of each angle, 
using the same unit. 


a. 1234° 
c 19071 


b. -4321° 
9071 


d. -1 


9 


19 


15. An arc lies in standard position on the unit circle. 
Find the coordinates of the terminal point of the 
arc if the arc has length 


a. jt. 


b. ^ 


10 . Write each angle in degree-minute-second form, 

a. 10.10° b. 82.15° 

c. 54.30° d. 23.73° 

11. Perform the operations. 

a. 72° 10' 20" + 30° 40' 25" 

b. 42° 10' 23" - 18° 20' 35" 

c. -55° 07' 53" - 50° 15' 03" 

d. 2 ■ (14° 15' 17") + 3 ■ (73° 07' 10") 

—r i36 j- 


16. Find the primary directed angle of 1720 grads in 
degrees. 

17. Solve for x if x s R, k e Z. 

a. 2x - 120° = 90° + (ft ■ 360°) 

i_ X 71 71 X 

b. — + — = — + — (h ■ 2ti) 

3 4 3 4 

c. 4x = k ■ 360° 

d. 3x-150° = — + (k -2n) 
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RIGHT TRIANGLE TRIGONOMETRY 




A. TRIGONOMETRIC RATIOS 

1. Definition 




Consider the right triangle in the figure. The table shows the trigonometric ratios for the 
acute angle 0. 
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Solution sin0 = —= — 
hyp 5 


cot0 


adj 


cos 0 = 


sec0 = 


adj 

3 

. opp 4 
fan f) — — — 

hyp 

5 

adj 3 

hyp 

5 

„ hyp 5 

adj 

3 

opp 4 


opp 4 

We know that any ratio can be expanded or simplified by multiplying its numerator and 
denominator by the same non-zero number. For example: 

2 _ 2fe _ 4 _ 40 _ 200 

3 ~ 3k ~ 6 “ 60 “ 300 


etc. where k is any non-zero number. 


This property is also used in trigonometry. Look at the two right triangles below. 



sin 0 = — 


■ a a ' 
sin 0 = — 

b 


b' 


Although the lengths of the sides of the triangles are different, the two trigonometric ratios 

Cl CL 

for the common angle 0 are the same: — = —. In other words, the sides are in proportion. We 

b b' 

say that these triangles are similar. 


EXAMPLE 


13 


Two right triangles are shown below. Find the trigonometric ratios for the angle a in each 
triangle and show that they are equal. 






























Solution 


ovv 

sin a =- 

hyp 

5 

opp 

sin a =- 

hyp 

10 

13 

26 

adi 

cos a = —— 
hyp 

_ 12 

adi 

cos a = — — 
hyp 

_ 24 

13 

26 

OVV 

tan a = —^ 

_ 5 

opp 

tan a = — 1 — 

_ 10 

adj 

12 

adj 

24 

adi 

cot a = —— 

_ 12 

adi 

cot a = —— 

_ 24 

opp 

5 

opp 

10 



The ratios are the same because the sides are in proportion: these are similar triangles. 


EXAMPLE 


14 


In a right triangle, 9 is an acute angle such that cos 0 = —. Find the sine, tangent and 
cotangent ratios of the same angle. 


Solution 


We do not know the lengths of the sides of the triangle. 

However, we know that any right triangle with angle 9 

will be similar to this triangle. So we can use the numer- 

2 

ator and denominator of the given ratio (—) as two sides 
of the triangle, as shown in the figure. 

Now we can use the Pythagorean Theorem to find the 
length of the opposite side: 
opp 2 + 2 2 = 3 2 


opp' + 4 = 9 

opp 2 = 5 so opp = V5. 

The resulting right triangle gives us the following results: 

. „ opp V5 „ opp y/5 „ adi 2 

sin 9 = = ——; tan 9= -^- = —; cot 9= —-= - j =. 

hyp 3 adj 2 opp 5 



Check Yourself 5 

1. In a right triangle, 0 is an acute angle such that tan 0 = 4. Find the sine, cosine and 
cotangent ratios of the same angle. 

2. One leg of an isosceles right triangle is 1 unit long. Find all the trigonometric ratios of one 
of the two equal acute angles in the triangle. 

Answers 

4 11 

1. sin 9 = , _ , cos 9 = . _ , cot 9 = — 

Vl7 Vl7 4 

2. sin 45° = cos 45° = ~^=, tan 45° = cot 45° = 1, esc 45° = sec 45° = ^ 

V2 

- [ 139 y ~ 
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2. Special Triangles and Ratios 


Certain right triangles have ratios 
which we can calculate easily using 
the Pythagorean Theorem. One 
example is the isosceles right 
triangle which we obtain when we 
bisect a square diagonally. If the 
square has side length 1 unit we 
obtain the isosceles right triangle 
shown in the figure. 

Another example is the right 
triangle which we obtain when we 
bisect of an equilateral triangle from 
an altitude to a base. If the triangle 
has side length 2 units we obtain 
the right triangle shown in the 
figure. 




In each example we can find the unknown length using the Pythagorean Theorem: 

Vl 2 + 1" = a/2 and a/2 2 - 1 2 = a/3. We can use these two special right triangles to make a 
table of trigonometric ratios for some common angles. 


0in 

degrees 

9 in radians 

sin 9 

f N 

cos 9 

tan 9 

cot 9 

30° 

_/ 

n 

6 

1 

2 

V3 

2 

1 

S 

a/3 

45° 

71 

4 

1 

a/2 

- A 

|l| 

a/2 

1 

1 

o 

CD 

* _ 

- 

71 

3 

a/3 

2 

r 

1 

2 

a/3 

1 

V3 


EXAMPLE 


15 



A surveyor located on level ground at a point A is standing 
36 m from the base B of a flagpole. The angle of elevation 
between the ground and the top of the pole is 30°. Find the 
approximate height h of the flagpole. 
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Solution 


We know that tan 30° = 


V3 


from the trigonometric table we have just seen. 


ovv h 

Looking at the figure, we also know that tan 30° = —— = —. 

adj 36 

Therefore - = -?=, and so h = ^L = 20.78 m. 

36 73 73 


EXAMPLE 


16 


In the figure, 

m{ZBAD) = m{ZDAC) = 30° 


and BD = 12 units. 
Find the value of x. 


Solution 


In the right triangle ABD, tan 30° = 


1 

73 



X 


— so AB = 1273. 
AB 


In the right triangle ABC, tan 60° = 73 - 


So x = 36 - 12 = 24 units. 


12 + x 
1273 


so 12 + x = 1273 • 73 = 36. 


EXAMPLE 


17 


Solution 


In the figure, 
m{ZABC) = 30°, 
m(ZACB) = 45° 
and AB = 6 units. 
Find the value of x. 



1 AH 

In the right triangle ABH, sin 30° = — = so AH = 3. 

V3 BH 

Also, in the same triangle cos 30°= —=-so BH = 373. Since angle H is a right angle 

2 6 

and angle C measures 45° then in the triangle AHC, m(ZA ) is also 45°. Therefore AHC is an 
isosceles right triangle. 

So AH = HC = 3. Since BC = BH + HC, we have BC = x = 373 + 3. 
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Check Yourself 6 


1. Find the length x in each triangle. 




tan 30° - esc 60° . 

2. Solve for x: -= x ■ cot 30 sm45 . 

cos 45° - sin 60° 


Answers 

1. a. 4(J2 + —) b. 2V3-2 c 16 2. - 

3 9 


B. TRIGONOMETRIC IDENTITIES 


C. A 




The trigonometric ratios are related to each other by equations called trigonometric identities. 

1. Basic Identities 


a. Pythagorean identities 


Property 


Pythagorean identities 

For all 0 e M, 

1 . sin 2 0 + cos 2 0 = 1 

2 . tan 2 0 + 1 = sec 2 0 

3. cot 2 0 + 1 = csc 2 0 . 



Proof 1. 

C C C C C | 

Be careful! 

sin 2 9 = sin 9 ■ sin 9 and 
cos 2 9 = cos 9 ■ cos 9, 
etc. We do not write 
sin0 2 because it is not 
clear what we mean: 
sin (0 2 ) or (sin 0) 2 ? 


By the Pythagorean Theorem we have opp 2 + adf 
Therefore, - h jf 


opp 


hyp 2 hyp 2 

2 adf _ fyf' 


hiyf. (1) 

(divide both sides by hyp 2 ) 


- + - 


hyp hyp 

fPPy- + ( adj x2 
hyp hyp 


Since sin 0 = 


opp 

hyp 


htff 
) 2 = 1 - 
adj 


and cos 6 = --, we have sin“0 + cos 0 = 1. 

hyp 
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Property 


Proof 


2. Dividing both sides of (1) by adj 2 gives + ad J _ hyp , - g 

2 ,. 2/ 2 ad f ad f 

opp adj _ hyp 

adf adf adf 

(°PVy + pdf = (hyPy 

adj gdf adj 

Since tan 0 = and sec 0 = fUL W e have tarrd + 1 = sec 2 0. 
adj adj 

3. Dividing both sides of (1) by opp 2 gives 


2 . opp 2 + adj 2 _hyp 2 


opp 2 ' adj 2 _ hyp 2 

2 ' 2 2 ' 


opp~ 


opp 


2 ‘ 


opp opp opp 

wf ! { U- d iy = fypyi 

Opf opp opp 

adi hvv 

Since cot0 =—— and esc 0 = - we have 1 + cot 2 0 = csc 2 0, i.e. cot 2 0 + 1 = csc 2 0. 


opp 


opp 


b. Tangent and cotangent identities 

angcnt and cotangent identities 


1 . tan 0 


2. cot 0 = 


sin 0 
cos 0 
cos 0 


sin 0 

3. tan 0 • cot 0=1 


1, We know that sin0 = -^^-and cos Q = ^~, so 


hyp 


hyp cos 0 


„ sin 0 

So -= tan 0. 

cos 0 


adj 


^ r,- ■, i cos d_htfp _ adj . cos0 

2. Similarly,-, i.e. -= cot 0. 

sin 0 opp opp sin 0 

frtf 

3. Consequently, = 1. So tan 0 ■ cot 0=1. 


opp 

\pfp _ opp 
adj adj 

frp 
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Property 


c. Reciprocal identities 

reciprocal identities 


1 . csc 0 = 

2 . sec 0 = 


1 


sin 0 

1 

cos 0 


Proof 1. We know that sin 0 = 


c c c c c 


opp 
hyp ’ 


so 


1 _ 1 _ hyp 


CSC0 = 

sec0 = - 


Remember! 

1 

sin0 
1 

COS0 

(the first letters of 
reciprocal ratios are 
opposite: 

1 1 , 

c = s = - ) 
s c 


sin 0 opp opp 
hyp 


Since esc 0 = hUE. esc 0= * 


opp 


2. Similarly, cos 0 : 


adj_ 

hyp 


so 


Since sec 0 = sec 0 = 
adj 


sin 0 

1 _ 1 _ hyp 

cos 0 adj adj 
hyp 

1 


cos 0 



EXAMPLE 


18 


Verify the eight trigonometric identities using the right triangle in the figure. 


Solution 


First we need to calculate the length of the hypotenuse. 

By the Pythagorean Theorem, hyp 2 = 2 2 + 3 2 

hyp 2 = 4 + 9 
hyp 2 =13 
hyp = Vl3. 

let us write the six trigonometric ratios for the given right triangle: 

tan 0 = |, cot 0 = |, csc 0 = —, sec0 = —. 

2 3 3 2 


Before verifying the identities, 


3 2 

sin 0 = —=, cos 0 = 


Vl3 ’ 


Vl3 ’ 



Now we can verify the identities, 
tan 0 ■ cot 0 = = 1 

% t 


1 

sin 0 

1 

cos 0 


1 


Vl3 

1 

~2 ~ 

Vl3 


Vl3 

~3~ 


= CSC 0 


y/l3 

~2~ 


= sec 0 
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3 Jl3 

We know that tan 0 = - and sec 0 =-, so by substitution, 

2 2 

(-)* + 1 = (—) * 2 
2 2 

9 + l = ^ 

4 4 

— = —. Therefore, tan 2 0 + 1 = sec 2 0. 

4 4 

2 VT3 

We know that cot 0 = — and esc 0 =-, so by substitution, 

3 3 

1+1=1^ 

9 9 

13 13 

— -— • Therefore, cot” 0 + 1 = esc” 0, 


sin 0 3 cos 0 2 

-= — = — = tan 0, -= — = — = cot 0, 

cos 0 2 2 sin 0 3 3 






. 2 „ 2 n f 3 >2 . 2 ,2 9 4 13 

sm” 0 + cos” 0 = (—;=)' + (—=)" = —+ —= —= 1. 

Vl3 \/l3 13 13 13 


Check Yourself 7 

1. Verify the eight trigonometric identities for the acute angle 0 in a right triangle if 


• n 2 
sm 0 = —. 

5 


2. Verify the eight trigonometric identities for a right triangle with sides of length 7, 24 and 
25 units. 

4 

3. Let a be an acute angle in a right triangle such that sin a = —. 

5 

Evaluate cos a ■ (tan a + cot a). 


2 7T , 2 2l7T 
COS —+ Sin-hi 


4. Evaluate 

Answers 

3. - 4. 2 

4 


„ n n 

2 - tan — ■ cot — 
7 7 
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2. Simplifying Trigonometric Expressions 

In the previous section we studied the eight most common trigonometric identities. These 
identities are useful when we are simplifying trigonometric expressions. Let us look at some 
examples. 


EXAMPLE 


19 Simplify 


cos x ■ tan x. 


Solution We can use the identity tan x = 


sin x 


cos x 


cos x ■ tan x = cos x ■ - 


= £0$X ■ 


sin x 
cos x 

sin x 


= sin x. 

So cos x ■ tan x = sin x. 


(substitute) 


(cancel) 



EXAMPLE 


20 a. Simplify tanx • cosx • cscx. 

b. Simplify cos 3 x + sin 2 x • cosx. 


sin x i 

Solution a. We know tan x=- and cscx = —-. Hence, 

cos x sin x 


sinx 1 

tan x - cos x - esc x =-cos x- (substitute) 

cos x sin x 

= ■ £Q<x —- = 1. (cancel) 

,P0S'X £MTX 

So tan x ■ cos x • esc x = 1. 



b. Since cos x is the common factor in both terms of the expression, let us factorize the 
expression: 

cos 3 x + sin 2 x • cosx = cos x • (cos 2 x+ sin 2 x) (factorize) 

= cos x • 1 = cos x (using cos 2 x + sin 2 x = 1) 

So cos 3 x + sin 2 x • cosx = cos x. 
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EXAMPLE 


21 Simplify 


sec x - cos x 
tan x 


sin x 

Solution We know tan x = -— and sec x ■ 

cos x 

1 


COS X 


Hence, 


sec x - cos x 
tan x 


- COS X 


COS X 


sin x 
cos x 



(by substitution) 


1 cos x 

cos x cos x 

sin x 


(equalize the denominators) 


cos x 

1 - cos 2 x 

_ cos x 
sin x 

cos x 


(simplify the numerator) 


1 - cos 2 x 

£0&X 

sin x 

£0<X 


(cancel the common divisor) 


sin 2 x 


sm x 


(using sin 2 x + cos 2 x = 1) 


= sm x. 


(by cancellation) 


. u sec x-cos x 

As a result, -= smx. 

tan x 


EXAMPLE 


22 Simplify 


2 + tan“ x 
sec 2 x 


sin x 1 

Solution We know tan x =-— and sec x =-. Hence, 


cos x 


cos x 
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2 + tan' x 
sec 2 x 


2 + ( Slrl ^)2 


1 ■ 


COS X 


(—r 

COS X 


— 1 


(by substitution) 


2 + - 


cos' x 


1 

cos 2 X 


- 1 


2 • cos 2 x sin 2 x 

cos 2 x cos 2 x y 


cos 2 x 


2 • cos 2 x + sin x 


cos' x 


1 


COS' X 


--1 


2 -cos“x + sin 2 x 




1 


fiJd^X 


(equalize the denominators in the numerator) 


(simplify the numerator) 


(cancel the common divisor) 


= cos 2 x + cos 2 x + sin 2 x - 1 (2 ■ cos 2 x = cos 2 x + cos 2 x) 

= cos 2 x + /-/ (using cos 2 x + sin 2 x = 1) 

= cos 2 x + 1 - 1 (by cancellation) 


cos x. 


As a result, 2 + -1 - cos** 


sec 2 x 


Check Yourself 8 

Simplify the expressions. 
1 . cos x • tan x 2 


1 + esc x 


cos x + cot x 


Answers 

1 . sin x 


2 . sec x 


1 1 

- + - 


1 - sin x 1 + sin x 


3. 2 ■ sec' x 
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3. Verifying Trigonometric Identities 

In the previous section we learned how to write a trigonometric expression in an alternative 
(simpler) form using the eight basic identities. This means that we can derive other 
identities using the eight basic identities. In this section we will learn how to verify a given 
trigonometric identity. 

To verify an identity, we try to show that one side of the identity is the same as the other side. 
We take either the left-hand or right-hand side of the identity and do algebraic operations to 
obtain the other side. Generally, it is easier to begin working with the more complex side of 
the identity. 

Let us look at some examples. 


EXAMPLE 


23 


Verify the identity sin x ■ cot x = cos x. 


Solution We can begin with either the left-hand side or the right-hand side. In this example we will 
show both approaches. 

Working on the left-hand side: 

cos x „ 

sin x ■ cot x = sm x - (by substitution) 

sin x 


^sxTx ■ 


cos x 
gsxfx 


cos x. 


(simplify) 


We have obtained the right-hand side and the verification is complete. 


Working on the right-hand side: 
cosx = cos x ■ 1 

= cos x ■ tan x ■ cot x 
sin x 

= cos x -cot x 

COS X 


(by substitution) 
(tan x ■ cot x = 1) 

(by substitution) 


/ sin x . s . i. n \ 

= £jasx -—^ • cot x = sm x - cot x. (simplify) 

£0SX 

We have obtained the left-hand side and the verification is complete. 


EXAMPLE 


24 


Verify the identity esc x = cos x ■ (tan x + cot x). 


Solution Since the right-hand side is more complex than the left-hand side, let us try to transform the 

right-hand side into the left-hand side. 

, sin x . cos x 

We know tan x =-and cot x = -, so 

cos x sin x 
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cos x ■ (tan x + cot x) = cos x •( 


(by substitution) 


sin x cos x. 

-+ --) 

cos x sin x 


= cos x•( 

= ■ 


sin * 2 x + cos 2 x. 


cos x ■ sin x 

f 1 ^ 


.poslx ■ 


sm x 


(equalize the denominators) 

(cancel) 


■ = esc x. 


sm x 


We have obtained the other side of the identity and the verification is complete. 


EXAMPLE 


25 Verify the identity (smx+cosx) 2 = g 


+ sec x • esc x. 


sm x • cos x 


Solution Let us begin with the left-hand side as it is more complex, 
(sin x+ cos x) 2 __ sin 2 x+ (2 -sin x -cos x)+ cos 2 x 


sm x•cos x 


sm x -cos x 


(2 • sin x • cos x) +1 


sm x • cos x 


2 • sin x • cos x 1 


(expand the numerator) 
(cos 2 x + sin 2 x = 1) 
(separate the fractions) 


smx-cosx sm x-cos x 


= 2 + esc x • sec x (simplify) 

We have obtained the right-hand side of the identity and the verification is complete. 


EXAMPLE 


26 Verify the identity 


tan x 


■ sec x - cos x. 


esc x 


Solution Let us work on the left-hand side, 
sin x 


tanx _ cos 


x 


CSC X 1 
sin x 


(by substitution) 


sm x sm x 


COS X 1 


(invert the denominator and multiply) 






























(multiply) 


sin 2 x 
cos x 

1-cos 2 X 

COS X 

1 cos 2 X 

COS X COS X 

= sec x - cos x 

We have obtained the right-hand side of 


(cos 2 x + sin 2 x = 1) 

(separate the fractions) 

(substitute and simplify) 
identity and so the verification is complete. 


EXAMPLE 


27 


Verify the identity 


cos x 
1 - sin x 


1 + sin x 
cos x 


Solution Begin with the left-hand side. 

cos x _ cos x 1 + sin x 
1 - sin x 1 - sin x 1 + sin x 


(multiply by 1) 


cos x • (1 + sin x) 
1 - sin 2 x 


(write the product) 


cos x • (1 + sin x) 
cos 2 x 


(cos 2 x + sin 2 x = 1) 


1 + sin x 


cos x 


(cancel the common factor) 


This is the right-hand side of the identity, so the verification is complete. 


Check Yourself 9 


Verify the identities. 

1. sec x - cos x = sin x • tan x 


„ COS X 

2. -= esc x - sm x 

sec x • sin x 


0 1 + sin x cos x 

-+-= 2 sec x 

cos x 1 + sin x 
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4. Cofunctions 


We have studied the trigonometric functions of certain angles and the trigonmetric ratios 
between the sides and angles of a right triangle. In this section we will look at the relation 
between the trigonometric ratios of complementary angles. 


71 

Recall that complementary angles are angles whose sum is 90°, i.e. —. Consider the right 


triangle ABC with acute angles 0and a shown in the figure. 9 and a are complementary angles. 

b 

We can also write sin0 = cos a = —. In other 

words, the sine of 0 and the cosine of its s' a 

complement are equal. We say that sine and s' b 

cosine are cofunctions. Looking at the s' 

Jj Q 

triangle we can also write tan 0 = cot a = — s' ' --- h- 

(so tangent and cotangent are cofunctions) 

and sec0 = esc a = — (i.e. secant and cosecant are cofunctions), 
c 

In other words, for 0 + a = 90°, 0 = 90° - a we have 


sin 0 = sin(90° - a) = cos a 


For example, 


tan 0 = tan(90° - a) = cot a 
sec 0 = sec(90° - a) = esc a. 
sin 43° = cos(90° - 43°) = cos 47°, 
cos 26° = sin 63°, 


tan 3° = cot 87°, 


sec 18° = esc 72°, 


sin - = cos(-) = cos — 


71 , 7T 7T> 371 


5 2 5 10 


371 . , 71 37t x 

cos— = sin-) 

8 2 8 


. 71 

= sm—, etc. 
8 



28 Evaluate each expression. 


a. tan 1° • tan 2° ■ tan 3° • ... ■ tan 88° ■ tan 89° 


. . 2 tt r 7 TT 71, . 2 5 71 

b. sin —+ [tan tan— j + sin — 


7 18 9 14 
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Solution 


Trigonometric Identities 


a. The angles in each pair (89°, 1°), (88°, 2°), (46°, 44°) are complementary. 

Because tangent and cotangent are cofunctions, 

tan 89° = cot 1°, tan 88° = cot 2°, ... , tan 46° = cot 44°. 

So tan 1° ■ tan 2° • tan 3° • ... ■ tan 88° • tan 89° 

= tan 1° ■ tan 2° • tan 3° ■ ... ■ tan 44° • tan 45° • cot 44° • ... ■ cot 2° • cot 1° 

= 1 • 1 ■ 1 • ... ■ tan 45° • ... • 1 ■ 1 = 1. 

, m , „ n . 5n . it 5it k 

b. The complement of — is — since — +—=—. 

^ 7 14 7 14 2 

Similarly, the complement of 

7n . n . 7it it it 

— is — since — + — = —. 

18 9 18 9 2 

5 tx 7i 7n 7i 

So sin — = cos — and tan —= cot — since these are cofunctions. 

14 7 18 9 

So sin 2 — + tan — -tan — + sin 2 — = sin 2 — 4-[cot — -tan —] +cos 2 — 

7 18 9 14 7 9 9 7 

. 2 H . 2 H H H 

= sm —4-cos —4-cot —-tan — 


= 1+1 
= 2 . 


Check Yourself 10 

1. Write the cofunction of each function. 

a. tan 15° b. cos 36° c. sec 77° 

d. sm— e. cot— f. tan— 

12 5 7 

2. Evaluate each expression. 

a. tan 5° • tan 25° • tan 45° ■ tan 65° ■ tan 85° 

b. tan — • tan — - cos 2 27° - cos 2 63° 

7 14 

Answers 

1. a. cot 75° b. sin 54° c. esc 13° d. cos— e. tan— f. cot — 

12 10 14 

2. a. 1 b. 0 











CALCULATING THE EARTH'S CIRCUMFERENCE 


Eratosthenes was a famous mathematician and the head of the famous library in 
Alexandria, Egypt. In 240 BC he calculated the Earth's circumference using 
trigonometry and his knowledge of the angle of elevation of the Sun at the summer 
solstice in the Egyptian cities of Alexandria and Syene (now called Aswan). 
Eratosthenes’ calculation was based on the assumptions that the Earth is a sphere 
and that the sun is so far away that we can consider its rays to be parallel. 
Eratosthenes compared observations made in Alexandria, where the 
noontime Sun at the summer solstice was 7° away from straight overhead (the 
zenith), to observations in Syene in southern Egypt, where the Sun was exactly at 
its zenith. The distance between the cities was known to be about 5000 stadia, 
roughly equal to 800 km (the stadion, plural stadia, was an old unit of measurement 
such that 1 stadia = 160 m). Therefore, Eratosthenes calculated the entire 360° 
circle of the Earth to be (360/7) • 5000 stadia, which is about 260,000 stadia, or 
41,000 km. 








EXERCISES 2.2 


A. 


1 . 


Trigonometric Ratios 

tan x = —j= is given. Evaluate each ratio, given 
that x is in the first quadrant. 


a. cot x 


b. sin x 


C. COS X 


5. In the figure, 
m(ZC) = 120°, 
m{ZA) = 30° 
and AB =26. 
Calculate the 
height h. 


A 





6. Calculate the length x in each figure. 

© 

a. A 



B H C 



7. The figure shows a v 

00 series of 30°-60°-90° 
right triangles, 
increasing in size from 
right to left. The length of 
the hypotenuse of the eighth 
triangle in the series is 72 units. 
Calculate AO. 





A 8 B 


In the figure, DC || AB, m(ZD ) = 30°, m(ZB ) = 120°, 
AD = 3 and AB = 8. Calculate DC. 


B. Trigonometric Identities 

8. Simplify the expressions. 


a. 

esc x ■ tan x 

b. 

sec 2 x - tan 2 x 

c. 

tan x + cot x 

d. 

1 + sin x 

1 + CSC X 




e. 

tan x 

f. 

cot x - 1 

sec x 

1 - tan x 
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9 . Simplify the expressions. 

© 

a. (sec x - tan x ) 2 (1 + sin x) 

i. COS X 


sec x + tan x 

c. sin 4 x - cos 4 x + cos 2 x 


d. 


sin x 

-esc x 

1 - COS X 


e. 


_L_ | 1 

sec 2 x esc 2 x 


f. (tan x + sin x ) 2 + (1 + cos x ) 2 


10 . Verify the identities. 


a. (1 - cos x)(l - cos x) = sin 2 x 

i cos x sin x 

b. - +-= 1 

sec x esc x 


(sinx+cosx ) 2 _ sin 2 x-cos 2 x 
sin 2 x - cos 2 x (sin x - cos x ) 2 


j 1 - sin x , . 2 

a. -= (sec x - tan x) 

1 + sin x 

e. esc x - sin x = cos x cot x 


f. (cot x - esc x)(cos x + 1) = -sin x 
11 . Verify the identities. 


1 + tan x _ cos x + sin x 
1 -tanx cos x-sin x 


cos x _ sin x - cos x 
1 -sinx cos x-cot x 


c. 


-= 2 sec xtan x 

1 - sin x 1 + sin x 


j tan x - cot x 

Q- -^^— = sin xcos x 

tan x - cot" x 

1 + sin x 
1 - sin x 


(tan x+ sec x)‘ 


f. 


1 + COS X 
1 - COS X 


(cot X + CSC x ) 2 


12 . Evaluate the expressions. 


a. 


7l 3 71 . 9 77 

tan-tan-sin" — 

7 14 10 


1 -cos 


2 271 


b. 


tan 25° - tan 65° 
sin 2 25° + sin 2 65° 


+ 2 


13 . Evaluate 


. v 71 *2 371 2 ^i 2 

sm —+ sm — + cos — + cos 
8 8 12 


571 

12 ' 
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U | TRIGONOMETRIC FUNCTIONS 
OF REAL NUMBERS 

A. TRIGONOMETRIC FUNCTIONS 

Up to now we have defined the trigonometric ratios of acute angles in a right triangle. 
However, we can in fact calculate trigonometric ratios for any angle. In this section we will 
extend our knowledge of trigonometric ratios to cover all angles. To do this, we will study the 
trigonometric functions in the context of the unit circle. From now on in this module, we will 
use the terms trigonometric ratio, trigonometric value and trigonometric function value 
interchangeably. 

The trigonometric functions are also called circular functions since they can be defined on the 
unit circle. 


1. The Sine Function 


Definition 


sine of an angle, s inefun etion 

Let [OP] be the terminal side of an angle a in standard position such that P lies on the unit 
circle. Then the ordinate (^-coordinate) of the point P on the unit circle is called the sine of 
angle a. It is denoted by sin a. The function which matches a real number a to the real 
number sin a is called the sine function. 


c c c c c 

Since the sine value of a is 
the ordinate of the point 
P, the y -axis can also be 

called the sine axis. 


The figures below show how the value of sin a changes as the point P moves round the unit 
circle. 
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As we can see in the figures: 

71 

if 0 < a < — then 0 < sin a < 1; 

2 

71 

if — < a < n then 0 < sin a < 1; 

2 

3tx 

if 7i < a < — then -1 < sin a < 0; 

2 

3tt 

if — < a < 2n then -1 <sin a <0. 

2 

Since sin a is the ordinate of the 
point P, we can also easily observe 
how it increases and decreases as P moves round the circle. 


y 



Conclusion 


1. For all values of a the sine function takes values between -1 and 1, i.e. -1 < sin a < 1. 

2. As a increases, the sine function increases in the first and fourth quadrants and decreases 
in the second and third quadrants. 

3. The sine function is positive in the first and second quadrants and negative in the third 
and fourth quadrants. 


EXAMPLE 


29 Simplify the 


expressions. 


_ . n _ . 3tc 

a. 3-sm—+5sm-sin j[ 

2 2 

3tx 71 

b. -4sin 27t-2 sin—+4sin—+sin0 


Solution a. 3 ■ 1 + 5 • (-1) - 0 = -2 

b. - 4 ■ 0-2 • (-1) + 4 • 1 + 0 = 6 
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Definition 


2. The Cosine Function 

cosine of an angle, cosine function 


Let [OP] be the terminal side of an angle a in standard position such that P lies on the unit 
circle. Then the abscissa (x-coordinate) of the point P on the unit circle is called the cosine 
of angle a. It is denoted by cos a. The function which matches a real number a to the real 
number cos a is called the cosine function. 

The figures below show how the value of cos a changes as the point P moves round the unit 
circle. 



As we can see in the figures: 

71 

if 0 < a < — then 0 < cos a < 1; 
2 


if 


— < a < n then -1 < cos a < 
2 


0 ; 


if 


n<a < — then -1 <cos a <0 ; 
2 


3tx 

if — < a < 2n then 0 < cos a < 1. 
2 

Since cos a is the abscissa of the 
point P, we can also easily observe 



how it increases and decreases as P 


moves round the circle. 
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Conclusion 

1. For all values of a, the cosine function takes values between -1 and 1, i.e. -1 < cos a< 1. 

2. As a increases, the cosine function decreases in the first and second quadrants and increases 
fir the third and fourth quadrants. 

3. The cosine function is positive in the first and fourth quadrants and negative in the 
second and third quadrants. 


Notice that substituting the values y 
in the unit circle equation x 2 + y 2 = 
cos' 2 0 + sin 2 0=1. 


= sin 0 and x = cos 0 
1 gives us the relation 



EXAMPLE 


30 


Solution 


Find the minimum and maximum possible values of A in each expression. 


a. A = 3cos x - 1 

b. A = 2 - 4sin x - 1 

a. We know that -1 < cos x < 1, so 

-3 < 3cos x < 3 
-3 - 1 < 3cos x - 1 < 3 - 1 
-4 < 3cos x - 1 < 2. 

So min (A) = - 4 and max (A) = 2. 

b. We know that -1 < sin x < 1, so 

-4 < 4sin x < 4 
+4 > ^sin x > -4. 

We can rearrange this to get 
-4 < ^sin x < 4 
-4 + 2 < 2 - 4sin x < 4 + 2 
-2 < (2 - 4sin x) < 6. 



So min(A) = -2 and max(A) = 6. 
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Definition 


C C C C C 

Since the tangent value of 
a is the ordinate of the 
point Q(l, y ), the line 
x = 1 can also be called 
the tangent axis. 


Trigonometric Identities 


3. The Tangent Function 


To define the tangent and cotangent 
functions, we begin by constructing a 
unit circle. Then we draw the lines 
x = 1 and y = 1 tangent to the circle 
at the points A(1,0) and B( 0, 1) 
respectively. The terminal side of the 
angle a intersects the lines x = 1 and 
y = 1 at Q(l, y 2 ) and R(x 2 , 1) 
respectively. 



tangent of an angle, tangent function 


Let [OQ] be the terminal side of an 
angle a as shown in the figure such 
that point Q lies on the line x = 1. 
Then the ordinate (^-coordinate) of 
point Q on the line x = 1 is called the 
tangent of angle a. It is denoted by 
tan a. The function which matches a 
real number a to the real number tan a 
is called the tangent function. 



Note 

71 

The real numbers — + kn (fceZ) correspond to the points B(0, 1) and B'(0, -1) on the 
circle. At these points the terminal side of the angle a coincides with the positive or negative 
zy-axis. Since the i/-axis is parallel to the line x = 1, the intersection point Q does not exist 
and so at these points the tangent function is not defined. 






























The figures below show how the value of tan a changes as a moves round the circle. 

Notice that we extend the terminal side of the angle in the second and third quadrants to 
find its intersection with the tangent line x = 1. 


y x=i y x=l 



first quadrant: second quadrant: 

It IT 

0 < a < 2 2 <a<K 


y x=i y x =i 



3k 3k 

ji < a < — r — < a < 2k 


As 

if 

if 

if 

if 


we can see in the figures: 


0 < a < — then 0 < tan a < 
2 


— < a < n then - °° < tan a < 0; 

2 

3ti . _ 

n< a < — then 0 < tan a < °°; 

2 

— < a <2n then -<»< tan a < 0. 
2 


y x = l 



Conclusion 

1. For all values of a, the tangent function takes values between and 

71 

2. The tangent function is not defined for the values a = — + kn (k e Z). 

3. In each quadrant, as a increases the tangent function increases. 

4. The tangent function is positive in the first and third quadrants and negative in the 
second and fourth quadrants. 
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Definition 


C C C C C 

Since the cotangent value 
of a is the abscissa of the 
point R(x, 1), the line 
y = 1 can also be called 

the cotangent axis. 


Trigonometric Identities 


4. The Cotangent Function 

cotangent of an angle, cotangent function 


Let [OR] be the terminal side of an 
angle a as shown in the figure such 
that point R lies on the line y = 1. 
Then the abscissa (x-coordinate) of 
point R on the line y = 1 is called 
the cotangent of angle a. It is 
denoted by cot a. The function 
which matches a real number a to 
the real number cot a is called the 
cotangent function. 


y 



Note 

The real numbers kit (k e Z) correspond to the points A(l, 0) and A'(-l, 0) on the unit 
circle. At these points the terminal side of the angle a coincides with the positive or negative 
x-axis. Since the x-axis is parallel to the line y = 1, the intersection point R does not exist 
and so at these points the cotangent function is not defined. 


The figures below show how the value of cot a changes as a moves round the circle. Notice 
that we extend the terminal side of the angle in the third and fourth quadrants to find its 
intersection with the cotangent line y = 1. 
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As we can see in the figures: 


if 0 < a < — then 0 < cot a < 
2 


.p n 


if — < a < n then - °° < cot a < 0 ; 
2 


if n < a < — then 0 < cot a < °°; 
2 


3tc 

if — < a < 2n then - °° < cot a <0. 
2 


y 



cot a is a decreasing function in every quadrant 


Conclusion 

1. For all values of a, the cotangent function takes values between and 

2. The cotangent function is not defined for the values a = kn Qi e Z). 

3. In each quadrant, as a increases the cotangent function decreases. 

4. The cotangent function is positive in the first and third quadrants and negative in the 
second and fourth quadrants. 


EXAMPLE 


31 


Write each set of values in ascending order. 

a. x = tan 37°, y = tan 36°, z = tan 35° 

, 57t, 2 ti 7jt 

b. a = cot —, b = cot —, c = cot — 

9 3 9 



Solution a. We know that as a increases, in each quadrant the tangent function is increasing. 
Therefore 35° < 36° < 37° means tan 35° < tan 36° < tan 37°. So z < y < x. 

b. We know that as a increases, in each quadrant the cotangent function is decreasing. 

„ 5n 2n 7n 7n 2n 5n , 

Therefore, — < — < — means cot— < cot — < cot —. So c < b < a. 

’9 3 9 9 3 9 


EXAMPLE 


32 


Show that each relation is true by using a unit circle. 

a. tan 37° > sin 37° b. cos 57° < cot 57° 

c. cos 72° = sin 18° d. sin 46° > cos 46° 
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Solution a. 


b. 



AQ > HP so tan 37° > sin 37°. 

c. y 



In the figure above, 

PjHj = cos 72°, P 2 H 2 = sin 18° and 
AOPjHj = A OP 2 H 2 . 

So PjHj = P,H 2 and 
cos 72° = sin 18°. 



HP < BR so cos 57° < cot 57°. 


y 


B 





s 

vi 

\P 


yC 




44° 

/ 

/ 







/ 



A46° 

E ^ 

o 


H A 





In the figure above, PH = sin 46° 
and PS = cos 46°. In a triangle, 
the larger angle is always opposite 
the longer side. 

So PH > PS and sin 46° > cos 46°. 


5. The Secant and Cosecant Functions 

We can also define two more functions by using 
the unit circle. These are the secant and 
cosecant functions. 

To define the functions, we choose a point P on 
the unit circle which lies on the terminal side 
[OS of the angle a, as shown in the figure. Then 
we draw a tangent line which passes through P 
and intersects the x-axis and the y-axis at the 
points C and D respectively. We will define the 
secant and cosecant functions with the help of 
points C and D. 

- [ 165 
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Definition 


secant of an angle, secant function 

Let [OP] be the terminal side of an angle a such that P lies on the unit circle and the 
tangent at P intersects the x-axis at C. Then the abscissa (x-coordinate) of the point C on the 
x-axis is called the secant of angle a. It is denoted by sec a. The function which matches a 
real number a to the real number sec a is called the secant function. 


Note 



circle. At these points, P coincides with the points B or B' and the tangent line at P becomes 
parallel to the x-axis. Therefore the intersection point C does not exist and so at these points 
the secant function is not defined. 


Definition 


cosecant of an angle, cosecant function 

Let [OP] be the terminal side of an angle a such that P lies on the unit circle and the 
tangent at P intersects the zy-axis at D. Then the ordinate (zy-coordinate) of point D on the 
zy-axis is called the cosecant of angle a. It is denoted by esc a. The function which matches 
a real number a to the real number esc a is called the cosecant function. 


Note 

The real numbers kn (k e Z) correspond to the points A(l, 0) and A'(-l, 0) on the unit 
circle. At these points, P coincides with the points A or A' and the tangent line at P becomes 
parallel to the zy-axis. Therefore the intersection point D does not exist and so at these points 
the cosecant function is not defined. 


166 } 


The figures below show how the values of sec a and esc a change as a moves round the 
circle. 



Algebra 9 


















As 

if 

if 

if 

if 


we can see in the figures: 

71 

0 < a < — then 1 < sec a < °° and 1 < esc a < 
2 


— < a < 7t then < sec a < -1 and 1 < esc a < °°: 
2 


n < a <— then < sec a < - 1 and < esc a < - 1; 
2 

3ti 

— < a < 2n then 1 < sec a < °° and < esc a < -1. 
2 


Conclusion 

1. For all values of a, the secant and cosecant functions take 
values in K - (-1, 1). 



71 

2. The secant function is not defined for the values a = — + kn (k e Z) and the cosecant 

function is not defined for the values a = kn (k e Z). 

3. In each quadrant, as a increases 

• the secant function increases in the first and second quadrants and decreases in the 
third and fourth quadrants. 

• the cosecant function increases in the second and third quadrants and decreases in the 
first and fourth quadrants. 

4. The secant function is positive in the first and fourth quadrants and negative in the 
second and third quadrants. 

5. The cosecant function is positive in the first and second quadrants and negative in the 
third and fourth quadants. 


Trigonometric Identities 


{i67 y - 















Example 


33 Find the length of PQ in the figure in terms of a 
trigonometric function of a. 


Solution The arc AB is part of a unit circle. 

Let us mark the point H shown in the figure. 
Then OH = cos a and 
OH + HA = 1, so cos a + HA = 1, 
i.e. HA = 1 - cos a. 

Since PH II QA, — = —. 

PQ HA 






PQ-- 


cos a 





Q 

B( 0, 1) J 












/ l 01 

A(l, 0) 

0 






As a result, PQ = sec a - 1. 


B. CALCULATING TRIGONOMETRIC VALUES 


Definition 
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1. Trigonometric Values of Quadrantal Angles 

miarlrantal anfflp 

uuciurcuticu cuxcjlC' 


If the terminal side of an angle coincides with a 
coordinate axis then the angle is called a 
quarantal angle. If an angle is not quadrantal, it 
is called a nonquadrantal angle. 



the angles 0+ kn and ^ + kn (k e Z) 
are quadrantal angles 
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We can calculate the trigonometric values of quadrantal angles by observing at the points at 
which the terminal sides of the angles intersect the unit circle. 


Trigonometric Values of Quadrantal Angles 


9 in degrees 

| 6 in radians 

sin 9 (y) 

cos 9 (x) 

tan 9 ( y/x ) 

cot 9 (. x/y) 

- 

sec 6 (1/x) 

esc 9 (1 /y) 

0° 

l ° 

f ' 

0 

1 

0 

undefined 

i 

undefined 

V 

90° 

( 1 

f 

1 

0 

undefined 

I 0 ) 

undefined 

r ' 

l 

v_ 

180° 

( " 

f 

0 

-1 

0 

undefined 

r 

-i 

undefined 

V > 

270° 

371 

l 2 

-1 

0 

undefined 

i ° i 

undefined 

-1 

360° 

1_ 2 *_ 

• 

0 

1 

0 

undefined 

I^J 

undefined 


EXAMPLE 


34 


Evaluate each expression. 

a. sin 0° + cos 270° + tan 180° - cot 90° 

b. sin 90° - tan 180° + cot 270° - cos 180° 


Solution We can use the table above. 

a. 0 + 0 + 0- 0 = 0 

b. 1 - 0 + 0 - (-1) = 2 


EXAMPLE 


35 Evaluate each 


expression. 


n n 3n 

a. sin n + cos — + tan 0 -cot — 

2 2 

Solution a. 0 + 0 + 0- 0 = 0 

b. -1 - 0 - 0 - 1 = -2 


b. 


. 371 Tt 

sm-tan n - cot — cos 0 

2 2 


EXAMPLE 


36 


Evaluate sin 1710° - cos 2520° + cot 450° - tan 900°. 


Solution The angles are all greater than 360° so we begin by finding the primary directed angle of each 
term. 

sin 1710° = sin (4 • 360° + 270°) = sin 270° 
cos 2520° = cos (7 ■ 360° + 0°) = cos 0° 
cot 450° = cot (360° + 90°) = cot 90° 
tan 900° = tan (2 • 360° + 180°) = tan 180° 

Hence, 

sin 1710° - cos 2520° + cot 450° - tan 900° = sin 270° - cos 0° + cot 90° - tan 180° 

= -1 - 1 + 0 - 0 = - 2 . 
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Check Yourself 11 

Evaluate each expression by using the table of trigonometric values for quadrantal angles. 

1. 2 ■ sin 180° + tan n + 5 ■ cot 270° + 3 ■ cos 180°. 

4-cosO -10 -sin — 

2 . - 2 

2 ■ sin 270° -cos n 

Answers 


1. -3 2. 6 


2. Using a Reference Angle 

In this section we will learn how to find the trigonometric ratios of any angle in terms of the 
trigonometric ratios of a corresponding acute angle. We will use the special trigonometric ratios 
for 30°, 45° and 60° angles which we studied in section 1.2. 


Definition 


reference angle 

The positive acute angle a which is formed by the terminal side of a nonquadrantal angle 9 and 
the x-axis is called the reference angle for 9. 

Look at the figures. They show how to find the reference angle a for an angle 9 in each 
quadrant. 


170 } 


y 



y 



If 180° < 6 < 270° then a = 9- 180°. 


y 



y 



If 270° <9 < 360° then a = 360° - 9. 

- Algebra 9 






















EXAMPLE 


37 


Find the reference angle for each angle, 
a. 30° b 150° c. 215° 


d. 317° 


Solution 



a. Since 0 < 30° < 90°, the reference angle for 30° is 30°. 

b. Since 90° < 150° < 180°, the reference angle for 150° is 180° - 150° = 30°. 

c. Since 180° < 215° < 270°, the reference angle for 270° is 270° - 215° = 55°. 

d. Since 270° < 137° < 360°, the reference angle for 317° is 360° - 317° = 43°. 


Now that we can calculate reference angles we are ready to calculate the trigonometric value 
of a nonquadrantal angle. To do this, follow the steps: 

1. Find the primary directed angle of the nonquadrantal angle and determine its quadrant. 

2. Determine the sign of the function in this quadrant. 

3. Calculate the reference angle for the given angle. 

4. Find the trigonometric value of the reference angle and use it with the sign from step 2. 


EXAMPLE 
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Find each trigonometric value by using a reference angle. 

a. cos 135° b. sin 330° c. sec 240° d. esc 120° 

e. sin 510° f. cos 945° g. tan (-930°) h. cot (-675°) 


Solution a. 1. 


135° is already a primary directed angle and it is in the second quadrant. 


2. In the second quadrant, the cosine function is negative. 


3. 


y 


sin a 

(+) 

sin a 

(+) 

cos a 

(-) 

cos a 

(+) 

tana 

(-) 

tana 

(+) 

cot a 

(-) 

cot a 

(+) 

sec a 

(-) 

sec a 

(+) 

esc a 

(+> 

esc a 

(+) 





0 


sin a 

(-) 

sin a 

(-) 

cos a 

(-) 

cos a 

(+) 

tana 

(+) 

tana 

(-) 

cot a 

(+) 

cot a 

(-) 

sec a 

(-) 

sec a 

(+) 

esc a 

(-) 

esc a 

(-) 


4. 

1 . 

2 . 

3. 

4. 

1 . 

2 . 

3. 

4. 


The reference angle is a = 180° - 135° = 45°. 
cos 135° = -cos 45° = —]= 

V2 

330° is already a primary directed angle and it is in the fourth quadrant. 

In the fourth quadrant, the sine function is negative. 

The reference angle is a = 360° - 330° = 30°. 

sin 330° = - sin 30° = - — 

2 

240° is a primary directed angle, third quadrant 
In the third quadrant, the secant function is negative. 

The reference angle is a = 240° - 180° = 60°. 
sec 240° = - sec 60° = -2 


on 


Trigonometric Identities 













d. 1 . 120°: primary directed angle, second quadrant 

2. In the second quadrant, the cosecant function is positive. 

3. a = 180° - 120° = 60° 

4. esc 120° = esc 60° = —^ 

V3 

e. 1. 510° = 360° + 150°. So the primary directed angle of 510° is 150° and it is in the 

second quadrant. 

2. In the second quadrant, the sine function is positive. 

3. a = 180° - 150° = 30° 

4. sin 510° = sin 150° = sin 30° = - 

2 

f. 1. 945° = (2 ■ 360°) + 225°. So the primary directed angle is 225° and it is in the third quadrant. 

2. In the third quadrant, the cosine function is negative. 

3. a = 225° - 180° = 45° 

4. cos 945° =cos 225° = -cos 45° = —]= 

V2 

g. 1. -930° = (-3 ■ 360°) + 150°. So the primary directed angle is 150° and it is in the 

second quadrant. 

2. In the second quadrant, the tangent function is negative. 

3. a = 180° - 150° = 30° 

4. tan (-930°) = tan 150° 

= -tan 30° 

1 

” V3 

h. 1. -675° = (-2 ■ 360°) + 45°. 

So the primary directed angle is 45° and it 
is in the first quadrant. 

2. In the first quadrant, the cotangent function is positive. 

3. a = 45° - 0° = 45° 

4. cot (-675°) = cot 45° = 1 







EXAMPLE 


39 Find the each trigonometric value by using a reference angle. 

25ti^ 


7ji 

a. cot — 
6 


u 3l7x 

b. tan- 

4 


c. sm 


cos 


47tT 


7 7n 7n tx 

Solution a. 1. — < 2 so —- < 2n ■ So this is a primary directed angle. Moreover, — = n+ — so the 

6 6 6 6 

angle is in the third quadrant. 

2. In the third quadrant, the cotangent function is positive. 

3. a 


In n 

- n = — 

6 6 


. 7n n nr 

4. cot — = cot — = V3 
6 6 

31 

b. 1. Since — > 2, we need to write the angle as a primary directed angle: 

^ = ( 3 . 2n) + —. So the primary directed angle is — and it is in the fourth quadrant. 

4 v ' 4 4 


2. In the fourth quadrant, the tangent function is negative. 

3. 


In n 

a = 2n -= — 

4 4 


. 3 l7X 771 71 

4 tan-= tan — = - tan — = -1 

4 4 4 


25 

c. 1. Since - — < -2, we need to write the angle as a primary directed angle. 

5n 

-= (-5-2ti) + —. So the primary directed angle is — and it is in the fourth 

3 3 3 

quadrant. 

2. In the fourth quadrant, the sine function is negative. 

o Q 57t 71 

3. a = 27i-= — 

3 3 


4. sin 


25n 

3 


: sm 


5ti 


71 V3 

- sm — =- 

3 2 


47 47ti 

d. 1 . < -2 so we need to find the primary directed angle: —— : 

The angle is in the first quadrant. 

2. In the first quadrant, the cosine function is positive. 


: -6 • (2ti) + —. 


3. 


n n 

a = —0 = — 
4 4 


4. cos 


C 


47n 


n 1 

cos — = —= 
4 V2 


■ j 173 
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Check Yourself 12 

1. Find the reference angle for each angle. 

a. 890° b. 5000° c. -850° d. -2500° 

32 n f 103tc 50rc , llrc 

e.- f. - g. —— h. - 


2. Find each trigonometric value by using a reference angle. 

a. sin 570° b. tan 405° c. cos (-2550°) d. cot (-7950°) 


e. cot 


19n 


f. cos 


27n 


g. sin 


45rc^ 

~4~ 


h. tan 


25n^ 

~6~ 


Answers 


1 . a. 10° 

b. 40° 

c. 50° 

d. 20 ° 

3ti 
e. — 

7 

c 71 

f '6 & 

5n 

IT 

h 'f 

2 a -- 
2 

b 1 

V3 
c. — 

2 

d. -V3 

V3 
e. — 

3 

f ^ 

' 2 g ' 

V2 

2 

h. -71 

3 


3. Calculating Ratios from a Given Ratio 


In this section we will learn how to find all the trigonometric ratios of an angle from a single 
given ratio. In solving such problems we will use our knowledge of trigonometric ratios in 
right triangles, the sign of a trigonometric function and the fundamental trigonometric 
identities. Let us look at an example. 


EXAMPLE 


40 For each trigonometric ratio in the given quadrant, find the five other trigonometric ratios 
for same angle. 


a. sin 9 = —, 0 g (0°, 90°) 
5 v ' 


b. cos 9 = —, 0g (90°, 180°) 


7 r 

c. tan0 = —, 0 g 
4 


3jlA 


'371 ^ 

—,2 n 
2 


d. cot 0 = -6, 0 g 

V " ) 

Solution We will use the abbreviations opp, adj and hyp to mean the opposite side, adjacent side and 
hypotenuse of a triangle with respect to the angle 0. 

a. The angle is in the first quadrant. In this quadrant, both axes are positive and so the sine 
and cosine values will be positive. By the Pythagorean Theorem, 
hyp 2 = adf + 2 2 
5 2 = adf + 2 2 
adf = 25-4 
adj = ±V2l. 

We choose the positive value for the first quadrant: 
adj = f2\. 


As a result, cos 0 ■ 


V21 


tan 9 - 


V2l’ 


cot 9 = 






























b. The angle is in the second quadrant. In this quadrant 
the x-axis is negative and the ?/-axis is positive. The 
cosine function is related to the x-axis, and so 

cos 9 = - — can be taken as cos 9 = -—7 = —. 

3 hyp +3 

By the Pythagorean Theorem, opp = 78 = 272. 

As a result, 



sin 9 = tan 9 = = -272, cot 9 = — 

3 -1 272 


sec 9 = — = ■ 

-1 


-3, esc 9 = 


272 ' 


ovv 7 — 7 

c. Similarly, tan 9 = = — = — using the signs of 

adj 4 -4 

the axes in the third quadrant. By the Pythagorean 
Theorem, hyp = 765. As a result, 


sin 9 = 


-7 


765’ 


_4 -4 4 

cos 9 = _ cot 9 = — = —, 

765 -77 


_ 765 765 

sec 9 =-, esc 9 = - 


-4 


-7 



d. Finally, cot 9 = = -6 = — using the signs of the 

opp -1 

axes in the fourth quadrant. 

By the Pythagorean Theorem, hyp = 737. 

1 0 

As a result, sin0=^=, cos0= ,— , 

737 737 

tan 9 = —, sec 9 = —, csc0 = ^ = -T37. 

6 6 - 1 
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Check Yourself 13 

1. Find the sine, cosine and tangent ratios of each angle without using a trigonometric table 
or calculator. 


a. 0 = 315° 


b.0=^ 

3 


c. 0 = -900° 


d. 9 = 


63rc 


2. a. tan 9 = 5, 0e (180°, 270°) are given. 
Find sin 0 and cos 0. 


b. sec 0 = -10, 0 g 
F ind sin 0 and tan 0. 


^71 ^ 

—, Jt 

V 2 , 


are given. 


Answers 


sin 315° = —]=, 

a/2 

cos 315° = -^, 

a/2 

tan 315° = -1 

271 V3 
sin — = —, 

271 1 

cos — = , 

tan — = -73 

3 2 

3 2 

3 

sin 900° = 0, 

cos 900° = -1, 

tan 900° = 0 

6371 

sin-= -1, 

63ti 

cos-= 0, 

tan —— is undefined 

2 

sin 6 = —== 

V26 

• a 

sin 6 =- 

10 

2 

cos 0 =- i== 

a/26 

tan 0 = -37 M 

2 


4. Trigonometric Values of Other Angles 

Our trigonometric calculations up to now have mostly used our knowledge of the trigonometric 
values of the special angles 0°, 30°, 45°, 90°, 270°, 360° etc. We have calculated and verified 
these values using a unit circle and a right triangle. However, the trigonometric values of 
other angles such as 11°, 27°, 105° etc. cannot be calculated in this way. 

To find these values we can use either a trigonometric table or (more commonly) a calculator. 
Let us look at each method in turn. 

a. Using a trigonometric table 

A trigonometric table is a list of trigonometric values for a range of angle measures. The table 
on the next page shows the sine, cosine and tangent values for angles between 0° and 90°, in 
unit increments. The values are approximated to four decimal places. 


Algebra 9 











angle 

sin 

COS 

tan 

0 

0.0000 

1.0000 

0.0000 

i 

0.0175 

0.9998 

0.0175 

2 

0.0349 

0.9994 

0.0349 

3 

0.0523 

0.9986 

0.0524 

4 

0.0698 

0.9976 

0.0699 

5 

0.0872 

0.9962 

0.0875 


6 

0.1045 

0.9945 

0.1051 

7 

0.1219 

0.9925 

0.1228 

8 

0.1392 

0.9903 

0.1405 

9 

0.1564 

0.9877 

0.1584 

10 

0.1736 

0.9848 

0.1763 


11 

0.1908 

( 0 . 9816 ) 

0.1944 

12 

0.2079 

0.9781 

0.2126 

13 

0.2250 

0.9744 

0.2309 

14 

0.2419 

0.9703 

0.2493 

15 

0.2588 

0.9659 

0.2679 


16 

0.2756 

0.9613 

0.2867 

17 

0.2924 

0.9563 

0.3057 

18 

0.3090 

0.9511 

0.3249 

19 

0.3256 

0.9455 

0.3443 

20 

0.3420 

0.9397 

0.3640 


21 

0.3584 

0.9336 

0.3839 

22 

0.3746 

0.9272 

0.4040 

23 

0.3907 

0.9205 

0.4245 

24 

0.4067 

0.9135 

0.4452 

25 

0.4226 

0.9063 

0.4663 


26 

0.4384 

0.8988 

0.4877 

27 

0.4540 

0.8910 

0.5095 

28 

0.4695 

0.8829 

0.5317 

29 

0.4848 

0.8746 

0.5543 

30 

0.5000 

0.8660 

0.5774 

31 

0.5150 

0.8572 

0.6009 

32 

0.5299 

0.8480 

0.6249 

33 

0.5446 

0.8387 

0.6494 

34 

0.5592 

0.8290 

0.6745 

35 

0.5736 

0.8192 

0.7002 


36 

0.5878 

0.8090 

0.7265 

37 

0.6018 

0.7986 

0.7536 

38 

0.6157 

0.7880 

0.7813 

39 

0.6293 

0.7771 

0.8098 

40 

0.6428 

0.7660 

0.8391 

41 

0.6561 

0.7547 

0.8693 

42 

0.6691 

0.7431 

0.9004 

43 

0.6820 

0.7314 

0.9325 

44 

0.6947 

0.7193 

0.9657 

45 

0.7071 

0.7071 

1.0000 


a angle sin cos tan 


45 

0.7071 

0.7071 

1.0000 

46 

0.7193 

0.6947 

1.0355 

47 

0.7314 

0.6820 

1.0724 

48 

0.7431 

0.6691 

1.1106 

49 

0.7547 

0.6561 

1.1504 

50 

0.7660 

0.6428 

1.1918 


51 

0.7771 

0.6293 

1.2349 

52 

0.7880 

0.6157 

1.2799 

53 

0.7986 

0.6018 

1.3270 

54 

0.8090 

0.5878 

1.3764 

55 

0.8192 

0.5736 

1.4281 


56 

0.8290 

0.5592 

1.4826 

57 

0.8387 

0.5446 

1.5399 

58 

0.8480 

0.5299 

1.6003 

59 

0.8572 

0.5150 

1.6643 

60 

0.8660 

0.5000 

1.7321 


61 

0.8746 

0.4848 

1.8040 

62 

0.8829 

0.4695 

1.8807 

63 

0.8910 

0.4540 

( 1 . 9626 ) 

64 

0.8988 

0.4384 

2.0503 

65 

0.9063 

0.4226 

2.1445 


66 

0.9135 

0.4067 

2.2460 

67 

0.9205 

0.3907 

2.3559 

68 

0.9272 

0.3746 

2.4751 

69 

0.9336 

0.3584 

2.6051 

70 

0.9397 

0.3420 

2.7475 


71 

0.9455 

0.3256 

2.9042 

72 

0.9511 

0.3090 

3.0777 

73 

0.9563 

0.2924 

3.2709 

74 

0.9613 

0.2756 

3.4874 

75 

0.9659 

0.2588 

3.7321 


76 

0.9703 

0.2419 

4.0108 

77 

0.9744 

0.2250 

4.3315 

78 

0.9781 

0.2079 

4.7046 

79 

0.9816 

0.1908 

5.1446 

80 

0.9848 

0.1736 

5.6713 


81 

0.9877 

0.1564 

6.3138 

82 

0.9903 

0.1392 

7.1154 

83 

0.9925 

0.1219 

8.1443 

84 

0.9945 

0.1045 

9.5144 


85 

0.9962 

0.0872 

11.4301 

86 

0.9976 

0.0698 

14.3007 

87 

0.9986 

0.0523 

19.0811 

88 

0.9994 

0.0349 

28.6363 

89 

0.9998 

0.0175 

57.2900 

90 

1.0000 

0.0000 

undefined 













EXAMPLE 


41 


Find the values of cos 11° and tan 63° using a trigonometric table. 


Solution In the table, we look down the angle column to find 11° and then move across to find the 
value in the cosine column. We can see that cos 11° = 0.9816. 

Similarly, we find 63° in the right-hand half of the table and look across to the value in the 
tangent column. The answer is tan 63° = 1.9626. 

Notice that we use the = sign to show that these values are approximate, as the values in the 
table are only given to four decimal places. 


EXAMPLE 


42 


Find the approximate value of sin 73.25° using a trigonometric table. 


Solution The trigonometric table only gives the trigonometric values of whole numbers. We can find 
the approximate trigonometric value of a decimal angle by assuming that the sine function 
increases linearly and using direct proportion. 

From the table, 

sin 73° = 0.9563 
sin 74° = 0.9613. 


For 1° = 60' the sine value increases by 0.9613 - 0.9563 = 0.0050. 
For 25' the proportional increase is therefore 


60' 

25' 



0.0050 

x 


x = 


25-0.0050 

60 


0 . 0021 . 


We add this value to the sine of 73° to get sin 73.25° = 0.9563 + 0.0021 = 0.9584. 


Of course, the sine function does not actually increase linearly in this way. However, its 
change over one degree is approximately linear, and the question only asks for an 
approximate value. 


EXAMPLE 


43 


cot a = 1.13 is given. Use a trigonometric table to find the approximate value of the angle a 
in degree-minute form. 


Solution 

QQQQQ 

1. The cotangent 
function is decreasing 
in every quadrant, so 

cot 41° > cot 42°. 

2. cot 41° = tan 49° 
cot 42° = tan 48° 


We cannot find the cotangent value 1.13 directly in the table. 

The value is between the values cot 41° = tan 49° = 1.1504 and cot 42° = tan 48° = 1.1106. 
Since 1.1106 < 1.13 < 1.1504, 41° < a < 42°. 















For 1° = 60' the cotangent value decreases by 1.1504 - 1.1106 = 0.0398. The decrease in 
value between 41° and a is 1.1504 - 1.13 = 0.0204. 

To get the approximate value, we assume that the cotangent function is linear in the interval 
[41°, 42°]. 

60' 0.0398 

x 0.0204 


0.0204-60 
x s-= 31 


0.0398 

We add this value to the cotangent of 41° to get cot 41°31' s 1.13. As a result, a = 41°31'. 

b. Using a calculator 

The easiest way to find a trigonometric ratio today is with the help of a secientific calculator. 

Note 

The steps shown in these examples may be slightly different on different models of calculator. 
The examples show results rounded to four decimal places, although your calculator will 
round to more than this. 


EXAMPLE 


44 Find cos 53° on a calculator. 

Solution First of all, check that the calculator is set for degree input. 


Step 

Keys pressed 

Display 

Enter 53 


53 



1 1 

Find the cosine 


|cos| 

0.6018... 


EXAMPLE 


45 


Find sin 28.25° on a calculator. 


Solution 



{ 179 


Trigonometric Identities 




































EXAMPLE 


46 Find the approximate value of the angle a in degrees if tan a = 10.07. 


Solution 


Step 

Keys pressed 

Display 

Enter 10.07 

aanoD 

10.07 

Find a 

ED HD 

84.3288... 


The abbreviation inv or arc means the inverse of the trigonometric function. We want to find 
the value of a such that tan a = 10.07, so we need to use the inverse tangent function. 


Check Yourself 14 


1. Find each trigonometric value rounded to four significant figures, 
a. sin 36° b. cos 44.16° 


c c c c c 

Significant figures are 
the minimum number of 
digits needed to write a 
given value in scientific 
notation without loss of 
accuracy. 


2. Find the angle a for each trigonometric value, rounded to the nearest degree, 
a. tan a = 0.3057° b. sec a = 1.5243° 

3. Find the angle a for each trigonometric value, in degrees rounded to two significant figures, 

a. esc a = 5 b. cot a = 1.2345 

Answers 


1. a. 0.5878 
b. 0.7174 

2. a. 17° 
b. 49° 

3. a. 11° 
b. 39° 




Algebra 9 

























EXERCISES 2.3 


A. 


Trigonometric Functions 


B. Calculating Trigonometric Values 


1. Complete the table of trigonometric functions on 
the unit circle. 



5. Complete the table. 


Trigonometric Values of Quadrantal Angles 


[ Gin 
[ ^Degree 


0 ° 


180° 


270° 


f Gin 

Radian 

sin 0 

( y ) 

cos 0 

(X) 

tan 0 

(y/x) 

' cot 0 

(x/y) 

[ sec 0 
[(1/x) 

( ) 

( ) 

tyj 

) 

[ 1 

i 

( l ) 

mi i 

undefined 

( o 

^undefinedj 

{ ) 

1 0 ) 

m 

( ) 

] I 

undefined! 1 

{ ) 

( ) 

i ° ) 

undefined 

[ o 

fundefinedl 

yj 

lyj 

t _ i 

: 

(_ 

[ i ) 


CSC 0 


2. Show that the following points he on the unit circle. 


A 


V3 


b. B 


2 

y 


3S 


6. Evaluate each expression without using a 
trigonometric table or calculator. 

a. sin 180° + cos 270° + tan 360° + cot 90° 

b. sin 90° - cos 270° - (tan 180° • cot 270°) 


3. Determine whether or not each point lies on the 
unit circle. 


a. C 


1 3 

2’ 4 


b. D 


1 1 

2 ’ 2 


7 . Find the reference angle for each angle. 

a. 12° b. 112° c. 212° d. 312° 

e. 50° f. 150° g. 250° h. 350° 


4 . Order each set of trigonometric values. 

a. x = sin 17 °,y = sin 57°, z = sin 73° 

b. x = cos 35°, y = cos 55°, z = sin 63°, 
p = cos 89° 

c. x = tan 98°, y = tan 101°, z = tan 123°, 
p = cos 172° 

Trigonometric Identities - 


8. Find the reference angle for each angle. 

a. -25° b. -140° c. -245° d. -305° 

e. -5° f. -95° g. -260° h. -320° 























































































































































9 . Find the reference angle for each angle. 


a. 1000' 
e. 2000' 


b. 3456' 
f. 6789' 


c. -3000' 

g. -1000' 


d. -7890' 
h. -2345' 


10 . Find the reference angle for each angle. 


n 

b. 

771 

1871 

c. - 

13 

d. 

2577 

11 

12 

14 

2ji 

13 

f. 

9ji 

15 

22n 
g- 1? 

h. 

3677 

19 


13 . Complete the table with + and - signs. 


Signs of the Trigonometric Values of Nonquadrantal Angles 

Quadrant, 

axis 

V _ 2 

C A 

sin0 = — 
l rj 

C \ 

COS0 = — 

l rj 

/■ 

tan0 = - 

l V 

.-. 

cote =— 

L w 

/• \ 

sec© = — 

l V 

esc 6 = — 

l y) 

i 

V 2 

V V 

o o 

+ 


" \ 

_ / 

f \ 

+ 

v. j 

r n 

v_> 

f - \ 

V_/ 

/ \ 

II 

s_> 

x<0 

y> o 
_ 2 



/ \ 

f \ 

v_2 

r a 

_ > 

r \ 

+ 

V _> 

- \ 

III 

-_ 2 

-\ 

x<0 

y <0 
v2___2 

/ \ 

\ _, 

. > 

+ 

/ \ 

+ 

/ \ 

v_2 

f \ 

V _/ 

- \ 

IV 

s_ ; 

-\ 

x>0 

y <0 
v____2 

C - 

s_ - 

r 

■. _/ 



c 

+ 

f \ 

- _/ 


11. Find the reference angle for each angle. 


77 

b. 

777 


1377 

d. 

2377 

a. — 

8 

To 

c. 

12 

~~\A 

77 

f. 

877 


1777 


2877 

6 - "6 

"9" 

g- 

12 

h. 

~l5~ 


14 . Find each trigonometric value by using a reference 


angle. 


a. sin 120° 

b. cos 240° 

c. tan 315° 

d. cot 135° 

e. sin 855° 

f. cos 3660° 

g. tan 2025° 

h. cot 1410° 


12. Find the reference angle for each angle. 


7377 

b. 

201977 

c. 

10177 

d. 

IOOI 77 

6 

9 

13 

15 

5777 

f. 

100777 

g- 

60277 

h. 

100977 


182 } 


15 . Find each trigonometric value by using a reference 


angle. 


a. 

sin (-225°) 

b. cos (-150°) 

c. 

tan (-300°) 

d. cot (-30°) 

e. 

sin (-1590°) 

f. cos (-675°) 

g- 

tan (-9045°) 

h. cot (-600°) 


Aim-lira 9 
























































































































































16. Find each trigonometric value by using a reference 


angle. 


a. sm - 


c. tan - 


e. sm 


g- tan 


5 n 
~6~ 

5n 

T 

f n ^ 
4 

f 


, 71 

b. cos — 
3 


d. cot- 

6 


V 7 


v 4y 


f. cos 
h. cot 


1 In 

r 2 n 


v 

r 7n 


17 . Find each trigonometric value by using a reference 

lOOrc 


angle. 

67n 

a. sm- 

6 

55n 


c. tan 


e. sin 


g- tan 


4 

' 83n A 
4 

f 1517T ^ 


V 


b. cos 
d. cot 

f. cos 
h. cot 


3 

607tt 


7 


202n 


89n 


18 . Evaluate the expressions. 

a. cos 45° + cos 330° + cos 150° + cos 315° 


i 5 ji . 5n n 7n 

D. cot-sm — + tan-cos — 

6 4 3 4 

c. sec 300° + tan 585° + cot 765° + esc 1230° 


19 . Evaluate each expression given that a is an acute 
angle. 

a. sin(180° + a) - cos(270° + a) + 

tan(360° + a) + cot(900° + a) 

71 71 

b. sin(7t-a)+sin(7i+a) + cot ( —-a) + cot (—+ a) 

2 2 


20 . For each trigonometric ratio in the given 

quadrant, find the other trigonometric ratios for 9. 

fo 

a. sin 9 = 0e(0°, 90°) 

2 

/o 

b. cos 9 = -—, 9 e (90°, 180°) 

2 


c. tan0 = -, 0e (180°, 270°) 


d. cot 0 = ——, 0e (270°, 360°) 


21. For each trigonometric ratio in the given 
quadrant, find the other trigonometric ratios for 0. 


a. sin 0 = 0 6 

2 

24 ' 

b. cos 0 =-, 0 6 

25 


f 371 ^ 

—, 2n 
2 

3ti ^ 


c. tan 0 = -4, 0 6 

d. cot 0 = 7, 0 6 


v 

^ 71 ^ 

2 ’ 


( Jl ^ 
0, - 


Trigonometric Identitles 


{ 183 ) — 






































22. a is an acute angle. 

T „ 3 ■ sin a + 1 2 , . . „ 

a. it -= —, what is sm a! 

4 - 5 • sin a 5 


b. If 


c. If 


cos a- 2 1 , , . „ 

-= — what is cos a! 

7-cos a+ 11 6 


tana + 5 tan a-4 


what is tan a! 


6 2 
d. (tan 45° • cot a) + (sec 60° ■ cot a) = 12 is 
given. Calculate cot a. 


26 . Write each angle in degree-minute form. Give 
your answer rounded to two decimal places in the 
minutes place. 

a. 48.5° b. 136.2° c. 213.75° d. 313.79° 


23. Each equation contains a trigonometric function. 

© 

Find the value of the cofunction of this function 
in the given quadrant. 

a. a e (0°, 90°), 3(tan a - 4) = 2tan a - 9 

b. ae (90°, 180°), 7(sina-1) = Sma ~ 1Q 

2 

c . ae (270°, 360°), 22 + esc a = _ 4 

3 + 4csc a 


24 . In the figure, 

° m(ZABC ) = 150°, 
AB = 6 and 
BC = V3. 
Calculate 



a. AC = x. b. the area of A ABC. 


27 . Write each angle in decimal degrees. Give your 
answer rounded to two decimal places, 
a. 121° 15' b. 346° 50' 

c. 198° 19' d. 23° 56' 12" 


28 . Find each trigonometric value rounded to four 
decimal places. 

a. sin 23.4° b. cos 54.25° 

c. tan 71.1° d. cot 63.55° 


25 . Find the perimeter 
® P and area A of the 
trapezoid ABCD in 
the figure. 


D 4 c 



29 . Find each trigonometric value rounded to four 
® decimal places. 

a. sin 121° 15' 

b. cos 346° 50' 

c. tan 131° 27' 

d. cot 89° 49' 


A 


10 


















J J. TRIGONOMETRIC THEOREMS 
AND FORMULAS 

A. TRIGONOMETRIC FORMULAS 

1. Sum and Difference Formulas 

In this section we will learn the relations between the sum or difference of two angles and 
their trigonometric ratios. We will prove these relations using the trigonometric identities we 
have studied. 

a. sin(x±y) 

In the figure, 

A(AABC) = A(AABH) + A(AACH). By the 

formula for the area of a triangle, 

1 . . . 1 , . 1 , , 

— -b -c • sm A = — -c •«'Smi+ — -b-n - sin y, 

2 2 2 

which we can rewrite as 

(b ■ c ■ sin A) = (c ■ h ■ sin x) + (b ■ h ■ sin y ). 

If we divide both sides by b ■ c we get 

. , h . h . 
sm A = — ■ sm x + — -sm y. 
b c 

h 

In the triangle, m(A) = x + y, cos y = — and cos 

b 

If we substitute these in (1) we obtain 

sin (x + y) = [sin x ■ cos y] + [cos x ■ sin y) 

If we replace y with -y in this equation we get 
sin (x + (-y)) = [sin x ■ cos (-y)] + [cos x ■ sin (-y)]. 

Since cos (-y) = cos y and sin (-y) = -sin y we have 

sin (x - y) = [sin x • cos y] - [cos x • sin y] 


A 




a 


h 

X = —. 

c 


EXAMPLE 


47 


Calculate sin 75°. 


Solution We can write 75° as the sum or difference of two easier angles. 


{ 185 


Trigonometric Identities 



















For example, we know the values of the trigonometric 
functions of 45° and 30°, so we can write 75° = 45°+ 30°. 
So sin 75° = sin (45° + 30°). 

By the sine of the sum of two angles, 

sin(45° + 30°) = (sin 45° ■ cos 30°) + (cos 45° • sin 30°) 

= yj2_ V3 + V2 1 
2 ' 2 2 '2 

V6 + V2 _ . V6 + V2 

=-. So sm75 =-. 

4 4 


EXAMPLE 


48 


Calculate sin 15°. 



Solution We can write 15° as 45° - 30°, 60° - 45° or any other suitable combination. 
Let us choose 60° - 45°. 


sin 15° = sin (60° - 45°) 

= (sin 60° • cos 45°) - (cos 60° • sin 45°) 

= ( 2/3 (-■—'I 

v 2 2 z 2 

_ >/6-V2 

4 


cos a = sin(90° - a) 


b. cos(x±y) 

To find cos (x + y) we will use the formula for 
the sine of the difference of two angles 
obtained in the previous section, 
cos (x + y) = sin (90° - (x + y)) 

= sin (90° - x - y) 

= sin ((90° - x) - y) (regrouping) 

= sin ((90° - x) - y) 

= sin [(90° - x) • cos y] - [cos (90° - x) • sin y\. 
Since sin (90° - x) = cos x and cos (90° - x) = sin x, 



cos (x + y) 

= [cos x • cos y] - 

[sin x 

sin y] 

y in this equation we get 



x • cos (-y)] - 

[sin x ■ sin (—z/)]. 



y and sin (-y) 

= -sin y we have 



cos (x -y) = 

[cos x • cos y] + 

[sin x 

sin y] 























EXAMPLE 


49 Calculate cos 105°. 


Solution We can write 105° as the sum or difference of two 
easier angles. Let us choose 105° = 60° + 45°. 
cos 105° = cos (60° + 45°) 

= (cos 60° ■ cos 45°) - (sin 60° ■ sin 45°) 

= l J2_ _ V3 V2 
2 ’ 2 2 ' 2 

_ >/ 2-76 
4 



EXAMPLE 


50 


Solution 1 


Show that cos (60° + 30°) ^ cos 60° + cos 30°. 

We have 60° + 30° = 90° and we know cos 90° = 0. On the other hand, 


1 

cos 60°+cos 30°= —+ — ^0. Therefore, cos (60° + 30°) & cos 60° + cos 30°. 

2 2 

Solution 2 We know that cos (x+ y) = (cos x ■ cos y ) - (sin x ■ sin y). 

So cos (60° + 30°) = (cos 60° ■ cos 30°) - (sin 60° • sin 30°), i.e. 

cos (60° + 30°) —--=0. 

2 2 2 2 

1 J 3 

However, cos 60° + cos 30 0 = — + — ^ 0. So cos (60° + 30°) * cos 60° + cos 30°. 

2 2 


c. tan(x±y) 


„ T , , „ sin0 „ , . sin(x+z/) (sin x-cos y) + (cos x -sin y) , 

We know that tan0 =-So tan (x+ y) = ) i JJ s = ; : _ ™ by 


COS0 


cos (x+ y) (cos x -cos y) - (sin x -sin y) 


our previous results. 

If we divide the numerator and denominator by cos x ■ cos y and simplify, we get 


Trigonometric Identities ■ 















(sin x • cos y) + (cos x - sin y) 



cos X 

•cos y 



(cos X 

■ cos y) - 

- (sin ; 

x -sin y) 


COS X 

•cos y 



sin x • 

cos y 

+ 

cos X 

•sin 

y 

cos x • 

cos y 

cos X 

•cos 

y 

cos x • 

cos y 

sin x - 

sin 

y 

cos x • 

cos y 

cos x ■ 

cos 

y 


sin x sin y 

cos x cos y . 

-:-:———. ihis gives us 

sin x sin y 

cos x cos y 



If we replace y with -y in this equation we get tan(x + (-y)) = 


Since tan (-y) = -tan y we have 


tan (x-y) 


tan x - tan y 
1 + (tan x-tan y) 


tan x+ tan (-y) 
l-(tan x-tan(-y)) 


EXAMPLE 


51 


Verify that tan 210° = 


Vs 

3 ' 


Solution 210° = 180° + 30° 


tan 210° = tan (180 °+ 30 °) = 


tan 180°+ tan 30° 

1 - (tan 180 ° ■ tan 30 °) 


0 + 


V3 


1 - 0 - 


V3 


V3 

3 


(by the formula above) 


EXAMPLE 


52 


Find tan (x - y) using tan x 


5 , 1 

— and tan y = —. 
2 4 


Solution tan (x-y) 


tan x - tan y 
1 + (tan x ■ tan y) 


5 _ 1 9 

2 4 _ 4 

l + 5 -i _13 

2 4 8 


18 


































d. cot(x±y) 


. 1 cos (x+ii) (cos x-cos y )-(sin x -sin y) 

cot (x+y)= -=--- — = - --— 

tan(x + y) sin (x 4- y ) (sin x -cos y) + (cos x -sin y) 


Let us divide the numerator and denominator by sin x ■ sin y and simplify: 


(cos X 

• cos y) 

- (sin 

x -sin 

y) 


sin x 

•sin y 



(sin x 

• cos y) + (cos 

x -sin 

y) 


sin x 

•sin y 



COS X ■ 

cos y 

sin x • 

sin y 


sin x ■ 

sin y 

sin x • 

sin y 


sin x • 

cos y 

-— + 

cos X 

■sin y 


sin x • 

sin y 

sin x • 

sin y 



cos x cos II , 

-— -1 

sin x sin y 

cos y cos x 
-— +- 

sin y sin x 


. So 


cot (x+ y) = 


(cot x-cot y)-l 
cot y+ cot x 


If we replace y with -y in this equation we get cot (x + (-y)) = 


cot x-cot (-y) -1 
cot (-y) + cot x 


Since cot (-y) 


Note 


cot y we have cot (x - y) 


-(cot x-cot w)-l 

—-—-, i.e. 

- cot y + cot x 


cot (x-y) 


(cot x ■ cot y) +1 
cot y - cot x 


We can also calculate these results by using the corresponding results for the tangent and the 

fact that cota = —-— (so cot(x±z/) =---). 

tan a tan (x ± y) 


EXAMPLE 


53 


Calculate cot 75°. 


Solution cos 75° = cot(45° + 30°) 

_ (cot45°-cot30°)-1 _(1 •v / 3)-l _ V§"-1 _ (V3-1)(V3-1) 
cot 45° + cot 30° 1+V3 1+V3 _ (V3 + 1)(V3-1) 

(V3-1) 2 _3-2V3 + l _4-2^ _ Q k 

(V5) 2 -(VT) 2 2 2 
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Check Yourself 15 

1. Calculate cos 15° and sin 105°. 

2. Calculate tan 195° and cot 285°. 

3. Verify the results. 



2 


1 

2 



4. Calculate tan 15° + cot 15°. 



Answers 


1. cos 15° = sin 105° = ^ + ^ 2. tan 195° = 2 - 75 , cot 285° = 73 - 2 4.4 5 -7 


1. cos 15° = sin 105' 


4 


2. Double-Angle and Half-Angle Formulas 


We now know formulas to calculate trigonometric ratios such as sin(x + y), cos(x + y), 
tan(x + y ) and cot(x + y). In this section we will consider the special case x = y and find 
formulas for the trigonometric ratios sin 2x, cos 2x, tan 2x and cot 2x. These formulas are called 

the double-angle formulas. 

a. sin 2x 

We know that sin (x + y) = (sin x • cos y ) + (cos x • sin y ). 

If x = y this formula becomes 

sin (x + x) = (sin x • cos x) + (cos x ■ sin x), i.e. 


sin 2x = 2sin x • cos x 


We can also rewrite this as sin x • cos x =-- 

2 


sin 2x 



54 Calculate sin 120° using the double-angle formula for sine. 


Solution sin 120° = sin (2 ■ 60°) 


= 2 ■ sin 60° • cos 60° (double-angle formula) 



= 2 - 71.1 


2 2 














EXAMPLE 


55 Evaluate the expressions. 

a. sin 22.5° • cos 22.5° • cos 45° b. 6sin—cos — 

8 8 


sin2x . 

-gives us 


cos 45° = — sin (2 ■ 22.5°) • cos 45° 
2 

= — sin 45° ■ cos 45° 

2 

= I. I sin (2 ■ 45°) 

2 2 

= —sin 90° = 

4 4 


b. 6sin — cos— = 3 • (2sin —cos—) = 3 • sin(2 ■ —) = 3 • sin — 
8 8 8 8 8 4 

3V2 


2 


Solution a. Using sin x ■ cos x = 
sin 22.5° ■ cos 22.5° • 


3 


,V2 

2 


EXAMPLE 


56 Simplify 


cos 6x 
cos2x 


sin 6x 
sin2x 


cos6x sin6x _ (cos6x-sin2x)-(cos2x -sin6 x) _(sin2 x-cos6x)-(sin6x-cos2x) 
cos2x sin2x cos2x-sin2x sin2x-cos2x 


Using the double-angle formula gives us s ^ n (^ x — 6x )__—sin ( 4x)—, anc j us j n g 

sin2x-cos2x cos2x-sin2x’ 


double-angle formula again gives us 


- sin 4x 


— sin 4x 
2 


EXAMPLE 


57 Simplify 


4 • cos 50° ■ sin 50 0 -cos 100 0 
sin 200° 


CA i, lf - „ w 2-(2 - cos50° - sin50°) -cos 100 0 , . inno „ . cno no 

Solution We can rewrite this as ---and use sin 100 = 2 ■ sm 50 ■ cos 50 . 

sin 200° 

1 his gives us - by the double-angle formula. 

sin 200° 

Using the double-angle formula again gives us s ^ n _ j 

sin 200° 
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b. cos 2x 

We know that cos (x + y) = cos x ■ cos y - sin x ■ sin y. 

If x = y this formula becomes 

cos (x + x) = (cos x • cos x) - (sin x • sin x), i.e. 

cos 2x = cos 2 x - sin 2 x 

We can also use the identities sin 2 x = 1 - cos 2 x and cos 2 x = 1 - sin 2 x to obtain two 
additional formulas: 

cos 2x = 2cos 2 x - 1 
cos 2x = 1 - 2sin 2 x 


EXAMPLE 


59 Calculate cos 2x given cos x = and 0 < x < —. 


Solution cos2x= 2-cos 2 x-l = 2 •(—) 2 -1 = 2 ■ —-1 

4 16 

1 

8 


EXAMPLE 


60 


Simplify the expression 


1 - cos 2x 
l + cos2x 


Solution 


l-cos2x 
l + cos2x 


1 - (1 - 2 sin 2 x) _ 1 -1 + 2 sin 2 x _ 2 sin 2 x 
l + (2cos 2 x-l) l + 2cos 2 x-l 2 cos 2 x 


= tan 2 x 


192 } 
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EXAMPLE 


61 Given cos 11° = t, write sin 68° in terms of t. 


Solution sin 68° = cos 22° 

cos 22° = cos (2 ■ 11°) = 2 ■ cos 2 11° - 1 
= sin 68° = 2f 2 - 1 


(cofunctions) 
(double-angle formula) 


c. tan 2x 

, . . . tanx + tani/ 

We know that tan (x+y)= -— 


If x 


1 - tan x ■ tan y 
y this formula becomes 


. . tan x + tan x 

tan(x + x) =-, i.e. 

1 - tan x ■ tan x 


tan 2x = 


2tan x 
1-tan 2 x 



d. cot 2x 

We know that cot (x+ y) = - 

cot x + cot y 

If x = y this formula becomes 

. . cot x • cot x -1 

cot (x + x) =-, i.e. 

cot x + cot x 


cot 2x = 


cot 2 x-1 
2cot x 
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EXAMPLE 


Given that x is an acute angle, calculate cot 2x using tan x - cot x = 2. 


Solution 


Since tan x = —-— we have —--cot x = 2, i.e. 


cot x 


cot x 


1 - cot x 2 


cot x 1 

This gives us 1 - cot 2 x = 2cot x, i.e. cot 2 x + 2cot x - 1 = 0. 

If we apply the quadratic formula we get cot x = ^ or cot x = 

Since x is an acute angle, the cotangent value must be positive. Since V6 > 2, -2 + V6 is 

, , -2 +V6 

positive and so cot x = -. 


e. Half-angle formulas 

We have just seen that sin 2x, cos 2x, tan 2x, and cot 2x can be expressed in terms of sin x, 
cos x, tan x and cot x respectively. In addition, we can apply the procedure in reverse order to 
express sin x, cos x, tan x, and cot x in terms of sin 2x, cos 2x, tan 2x and cot 2x 
respectively. For this reason, the double-angle formulas are also called half-angle formulas. 

By using the double-angle formula for the cosine function, we can obtain the half-angle 

formulas for the sine, tangent and cotangent functions as follows. 

x 

We know that cos 2x = 2 cos x - 1. If we replace x with — , then 


cos 


f 

2 -- 

2 


= 2cos 2 — -1, 


cos x = 2cos 2 —-1 i.e. 


X , 1+cosx 
cos — = ±. - 

2 V 2 


( 1 ) 


Similarly, cos 2x = 1 - 2sin 2 x. If we replace x with — then cos 


2 -- 

2 


1 - sin' —, 


X . 

• X 

11 - COS X 

— i.e. 

sm — = ± 

— 

2 

2 ^ 

2 


( 2 ) 


Using (1) and (2) we can write 

±. 


. x 
sin — 
x 9 

tan — =-— 

2 x 

cos — 


1 - cos x 


i.e. 


1 + COS X 


X 

ll-cosx 

tan — = +, 

— 

2 ^ 

1 + COS X 





































Solution cos 2x = 2cos a x - 1 so cos x = ± 


l + cos2x 


Since x is in the first quadrant, the cosine is positive. 


So cos x = 


1 + 


f O 
5 



EXAMPLE 


65 Calculate sin 22.5° using half-angle formulas. 


J j_cos 

-—. Since x is an acute angle, the sine is positive. 


1 - 


V2 


So sin (22.5°) = 


2 

V2-V2 


(cos 45°= ^ 
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EXAMPLE 


66 


3 x 

cos x = — is given. Find tan — if x is in the fourth quadrant. 
5 2 


Solution Since x is in the fourth quadrant, 270° < x < 360°. 

X X 

So 135° < — < 180°. This means that — is in the second quadrant, where the tangent function 
2 2 

is negative. 


X 11 — COS X 

By the half-angle formula, tan — = ± -— and we take the negative value. 

2 V1 + cos x 


Hence, tan — = - 
2 


1- 


5 


1 +- 


h . x 1 1 

i.e. tan —=-. — = —. 
8 2 V4 2 


EXAMPLE 


67 Find the values of sin 105° and cos 15° using half-angle formulas. 


_ , ... . iricro . 210° /l-cos210° . oino yfe. 

Solution sin 105 =sm -= - (cos 210 =--) 

2 V 2 2 

Notice that we take the positive value in the half-angle formula because the sine function is 
positive in the second quadrant. So we have 


sin 105° = 
Similarly, 
cos 15° = cos 


I 1 ( 2 } _ /2 + V3 _ V2 + V3 


30 c 


l + cos30 c 


(cos 30 °= —) 
2 


2 V 2 

We take the positive value because the cosine function is positive in the first quadrant. So 


cos 15° : 


i 


1 + 


V3 


2 

V2 + V3 


2 +V3 
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EXAMPLE 


68 


Given cot — = t, find sin x in terms of t. 
2 


X t 

Solution We can show cot — = - in a right triangle, as 
shown opposite. 

From the double-angle formula for the sine we 

have sin x = 2 ■ sin — ■ cos —. 

2 2 

So sin x = 2 ■ . ■ , 

Vp+T 4e + i 

2 1 

t 2 +r 



EXAMPLE 


69 


Solution 


X 

Given sin x = —, find cos — if x is an acute 
5 2 

angle. 

We can solve this problem using the previous 
formulas. However, let us look at an alternative 
geometric solution. 

Step 1: We sketch the triangle ABC as in the 
figure. We calculate AB = 4 using the Pythagorean Theorem. 
Step 2: We extend side AB to create DB such that AD = AC = 5. 
Step 3: We construct the right triangle DBC. 

Since AD = AC, the triangle DAC is an isosceles triangle. 



Hence, m(ZCDA ) = m(ZACD ) and m{ZCAB) = m(ZCDA) + m(ZACD). 

Therefore, m(ZCDB) = —. Moreover, BD = AD + AB = 5 + 4 = 9. 

2 

By using the Pythagorean Theorem with the triangle CDB, 

DC 2 =BC 2 + BD 2 


= 3 2 + 9 2 


DC = V9 + 81 = y/9 0 

= 3VTo. 


„ x DB 9 

So cos — = = —== 

2 DC 3^10 


3VIQ 

10 
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Check Yourself 16 

1. a is an acute angle such that sin — = —. Find sin a. 

2 5 

2 

2. a is an acute angle such that cos a = — • Find cos 2a. 

5 

X X 1 

3. cos2x-cos x-cos — -sin — =— is given. Find cos 8x. 

2 2 24 

4. If tan 84° = t, find cot 78° in terms of t. 

5. Calculate tan 15°. 

Answers 

24 17 7 2t 

L 25 2 -~25 3 -| 4 F^T 5 ' 2 -' 5 


3. Reduction Formulas 

We have already learned how to find trigonometric values by means of a reference angle. In 
addition, by using the sum and difference formulas we can derive new relations for the sum 
or difference of a variable angle and a quadrantal angle. For example, consider the value 
sm(-+y) . 


We know that sin (x + y) = (sin x • cos y) + (cos x ■ sin y). If we replace x with —, the 

r„ \ ■ ' - ~ 2 


formula becomes sin 


V 


71 

— + y 
2 




. n , n . . 

sm — • cos y + cos --sm y |. 


Evaluating the quadrantal angles gives us sin 




\ 


— + y 
2 


1 - cos y+ 0 -sin y. 


Hence, sin | — + y 

2 


= cos y. 


(1) 


Similarly, we know that cos (pc - y) = (cos x • cos y ) + (sin x ■ sin y). 


3tc 

If we replace x with —, the formula becomes cos 
2 


3it 

— y 
2 


, 37i V f . 3rc 

= | cos — • cos y + sm — -sm y 


After evaluation we obtain cos 


3ti 


■y 


■ 0 -cos y + (- 1) -sin y. 


U I 3n ' 

Hence, cos | —— y 

z 


V J 

= -sin y (2) 
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As a third example, let us find a trigonometric equivalent of tan (-a). Since tan (-a) can be 

. /r\ \ i i / \ tan x - tan y 

written as tan (2n - a) or tan (0 - a), we can apply the formula tan (x - y) — 


1 + (tan x • tan y ) 


tp i , , p i i , n , tan 0- tan y 

If we replace x with zero, the formula becomes tan (U - y) = -. (3) 

1 + tan 0 ■ tan y 


_ If 

Hence, tan (-y) = —-—— and we can write tan (-a) = -tan a. 

Result (1), (2) and (3) show how we can write the trigonometric value of the sum or 

71 371 

difference of a quadrantal angle and a variable angle (such as — + 9, - y, n+ a etc.) as a 

2 2 

trigonometric value of the single variable angle. In each case we ‘reduced’ the 
trigonometric ratio of a sum or difference to a ratio for a single angle, and for this reason 
formulas such as (1), (2) and (3) above are called reduction formulas. 

In a similar manner we can derive all of the reduction formulas by substituting quadrantal 
angles into the sum and difference formulas. 


/■ -\ 

Reduction Formulas for the First Quadrant 


V_ 


r A 

sin (0 + ot) = sin a 

v J 

sin 

V 

H 

N 

= cos a 

_ J 

f \ 

cos (0 + a) = cos a 

v J 

cos 

(!-) 

= sin a 

tan (0 + a) = tan a 

r 

tan 

V_ 

(S-) 

\ 

= cot a 

J 

/ \ 

cot (0 + a) = cot a 

v_ J 

r 

cot 

>«) 

N 

= tan a 

_ J 


r 

Reduction Formulas for the Second Quadrant 

V _ 

A 

_ 

/ \ 

sin (n- a) = sin a 

v J 

/ 

" 

f + ») 

A 

= COS (X 

J 

/ \ 

cos (n- a) = -cos a 

v y 

r 

cos 

V_ 

(l + “ 

. 

= - sin a 

' y 

/ \ 

tan (n - a) = -tan a 

v y 

y 

tan 

V _ 

(i + “! 

A 

= - cot a 

_y 

/ \ 

cot (n- a) = -cot a 

v J 

/ 

cot 

j +o ) 

A 

= - tan a 

_y 
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Remember! 


Sine and cosine are 
cofunctions. The other 
cofunction pairs are 
tangent and cotangent; 
secant and cosecant. 


f \ 

Reduction Formulas for the Third Quadrant 


V_y 


( A 

sin (n + a) = -sin a 

v y 

y 

sin 

:h 

N 

= - cos a 

_y 

/ \ 

cos (n + a) = -cos a 

v y 

r 

cos 

V 

(H 

N 

= - sin a 

/ \ 

tan (n + a) = tan a 

v y 

tan 

V_ 

(?-*) 

= cot a 

y A 

cot (n + a) = cot a 

v J 

y 

cot 

I?-) 

\ 

= tan a 

_ y 


r 

Reduction Formulas for the Fourth Quadrant 

A,_ 

A 

_y 

/ A 

sin (2n - a) or sin (0 - a) or sin (-a) = -sin a 

v y 

y 

'3n ) 

A 

= -cos a 

y 

/ \ 

cos (271 - a) or cos (0 - a) or cos (- a ) = cos a 

v y 

y 

cos 

V_ 

fin 

U + a 

A 

= sin a 

C N 

tan (2n - a) or tan (0 - a) or tan (-a) = -tan a 

V y 

y 

tan 

\ _ 

f in 
-ra 

I . 2 

A 

= -cot a 

/ \ 

cot (2n - a) or cot (0 - a) or cot (-a) = -cot a 

v y 

y 

cot 

V _ 

(in 

\J + ° 

\ 

= - tan a 


Note that reduction formulas are only really useful for problems which ask us to a reduce a 
trigonometric ratio with a variable angle such as a , 9, x, y etc. If the ratio is simply a numerical 
angle (e.g. 135°, 180° etc.) it is easier to calculate the value from the reference angle. 

Of course, it is difficult to remember all of the reduction formulas. Instead, we can derive 
them from the sum and difference formulas, or we can follow the steps below. 

1. Find the primary directed angle for the given angle and determine its quadrant. 

2. Determine the sign of the function in the corresponding quadrant. 

3. Express the angle or expression as a sum or difference with a suitable quadrantal angle. 

4. a. Use the sign from step 2. 

71 

b. If the quadrantal angle is an odd multiple of — or 90°, replace the initial function with 

^ 71 

its cofunction. If the quadrantal angle is an even multiple of — or 90°, keep the 
original function. 

c. Eliminate the quadrantal angle. 

5. Find the trigonometric value of the remaining angle. 


Algebra 9 
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EXAMPLE 


70 Reduce each trigonometric value (0 < a < ^). 


a. sin 585° 


b. cot 300° 


c. cos 


f n ^ 
— + a 
2 


d. tan (2n - a) 


Solution We will use the procedure given above. 

a. 1. 585° = 360° + 225, third quadrant 

2. In the third quadrant, the sine function is negative. 

3. sin 225° = sin (180° + 45°) 

4. a. sine is negative: sin 225° = - 

b. 180° is an even multiple of 90° so use the original function: sin 225° = -sin 

c. take away the quadrantal angle: sin 225° = -sin 45° 

5. sin225° =-sin45°=-2^- 

2 

b. 1. 300° is already a primary directed angle, fourth quadrant 

2. In the fourth quadrant, the cotangent function is negative. 

3. cot 300° = cot (270° + 30°) 

4. a. cot 300° = - (cotangent function is negative) 

b. cot 300° = -tan (270° is an odd multiple of 90°: use the cofunction) 

c. cot 300° = -tan 30° (take away the quadrantal angle) 

fo 

5. cot 300° =-tan30°= — 

3 

c. 1. primary directed angle, second quadrant 

2. In the second quadrant, the cosine function is negative. 

3. cos 


f n 

— + a 
2 


4. a. cos 
b. cos 


c. cos 


f ^ 

— + a 

. 2 

f n ' 

— + a 
2 

r n ^ 

— + a 
2 


= - sin 


= -sma 


(cosine function is negative) 


(odd multiple of — : use the cofunction) 
2 


(take away the quadrantal angle) 


5. cos 


f ^ 

— + a 
2 


= - sm a 
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Note that we used the sign of the original 
function (cosine) in the corresponding 
quadrant. We do not need to consider the 
sign of the cofunction. 

d. 1. primary directed angle, fourth quadrant 

2. In the fourth quadrant, the tangent function is negative. 

3. tan (2n - a) 

4. a. tan (2n - a) = - (tangent function is negative) 

71 

b. tan (2n - a) = -tan (even multiple of —: use the original function) 

2 

c. tan (2rt - a) = -tan a (remove the quadrantal angle) 

5. tan(2n - a) = -tan a 



EXAMPLE 


71 Simplify the expressions. 

a. cot 240° + tan 150° + cos 315° + sin 750° 


b. cos(49jt - a) + cot(-100n + a) + sin 


7171 


- + a 


+ tan 


37 it 


-- a 


Solution a. We have numerical angle measures. We can use the reference angle or the reduction 
process to evaluate each term separately. 


cot 240° = cot (180° + 60°) = cot 60° = 

tan 150° = tan (180° - 30°) = -tan 30° = 

cos 315° = cos (270° + 45°) = sin 45° = 

sin 750° = sin (2 ■ 360° + 30°) = sin 30° 
Combining these results gives us 


V3 

3 

V3 

3 

A 

2 

1 

" 2 


cot 240° + tan 150° + cos 315° + sin 750° 


>/3 _ V3 + y/2 + 1 
3 3 2 2 

sl2 +1 


Algebra 9 


2 















b. We have variable angle measures so we need to use the reduction process on each term, 
cos (49 n - a) = cos [(24 ■ 2n) + n - a] = cos (n - a) = - cos a 
cot (-IOOtc + a) = cot [(-50 ■ 2n) 4- a) = cot (0 + a) = cot a 


sm 


tan 


(Tin } 



— sin 

l 2 7 

V 


(17-271)+— + a 
2 


: sm 


3jr 
— 4- a 


377t 


-a 


= tan 




CN 

) 

371 



CO 

— 

- a 

= tan 

-a 

2 



l 2 J 


: -cos a 


= cot a 


In conclusion, - cos a + cot a - cos a + cot a = 2(cot a - cos a). 


Check Yourself 17 

Simplify the expressions. 

1. tan 1200° + cot 2010° + sin (-390°) + cos (-780°) 

2. sinf —-a]+ cos(7t- a) + tan (— + a ]+ cot(-a) 


3. sin I -—-a 1+ cos| + a 


4. sin 150° + cos 240° 4- tan 210° 4- cot 300° 

Answers 

1. 0 2. -2cot a 3. -cos a 4- sin a 4. 0 
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TRfANGUL 



Triangulation is the process of dividing a polygon in a plane into a set of triangles, 


usually with the restriction that each triangle side is shared completely by two 
adjacent triangles. 



The process is started by measuring the length of an initial baseline between two 
surveying stations. Then, using an instrument called a theodolite, a surveyor 
measures the angles between these two stations and a third station. The law of sines 


is then used to calculate the two other sides of 
the triangle formed by the three stations. The 
calculated sides are used as baselines, and the 
process is repeated over and over to create a 
network of triangles. In this method, the only 
distance measured is the initial baseline. All 
other distances are calculated using the law of 



smes. 


An expedition to Mount Everest in the 
Himalayas once used triangulation to calculate 
the height of the peak of Everest to be 8840 m. 
Today, using satellites, the same height is 
estimated to be 8848 m. The closeness of these 
two estimates shows the great accuracy of the 
triangulation method. 


a theodolite 






EXERCISES 2.4 


B. Trigonometric Formulas 

13 . Calculate the values without using a trigonometric 
table or a calculator. 

a. sin 105° b. cos 15° C. tan 75° 

d. cos 105° e. tan 165° f. cot 255° 

g. sin 195° h. cot 345° 


14 . sin x = — and cos y = — are given. Find the 
value of each expression. 


a. sin (x + y ) 
C. cos (x + y) 
e. tan (x + y) 


b. sin (x - y) 
d. cos (x - y) 
f. cot (x - y) 


17 . Express cos 3a in terms of cos a and tan 3a in 

© 

terms of tan a. 


18 . Calculate sin 2x, cos 2x and tan 2x from the 
® information given in each question. 


a. sin x = — and x e 
5 


0, - 
2 


b. cos x = — and esc x < 0 

13 


7 ( 

C. tan x =-and x e 

24 


7t 

—, Jt 
2 


d. esc x = 4 and tan x < 0 


e. cot x = — and sin x > 0 
3 


15 . x and y are acute angles such that tan x = — and 

© 4 

3 

tan y = — . Evaluate the expressions. 


a. tan (x + y) 
c. sin (x + y) 
e. cot (2x + 2 y) 


b. cos (2x + y) 
d. cos (x - 2 y) 
f. sin (x + 2 y) 


16 . Simplify the expressions. 

© 

a. sin (x + 30°) + cos (x + 60°) 

b. cos (x + y) + cos (x - y) 

C. sin (x + 30°) + sin (x - 30°) 
d. sin (x + y) - sin (x - y) 


19 . Calculate sin —, cos - and tan — from the 

‘ 2 


© 2 2 

information given in each question. 


a. sin x = — and x e 
5 


' o, ? 
2 


3 ^ 

b. cos x = — and x e 
5 


371 ^ 
* ~2~ 


c. esc x = 3 and x e 


( it 


—, n 

v2 , 


d. tan x = 1 and x e 


( 71 ^ 

0, - 


e. sec x = — and x e 
2 


371 


\ 


-, 271 


V " 7 

f. cot x = 5 and esc x < 0 
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20 . Simplify each expression. 

a. sin 105° - sin 15° b. cos 75° + cos 15' 
C. cos 105° - cos 15° 
e. sin 75° + sin 195° 


d. sin 165° + sin 15° 
f. sin 105° + sin 255° 


„ n 5n 

6- COS-COS- 

12 12 


h . 3ti . 71 

• sm-sm — 

8 8 


21 . Express each sum or difference as a product of 
trigonometric functions, 
a. sin 5x + sin 3x 
C. cos 4x - cos 6x 
e. sin 2x - sin 7x 
g. sin 1 lx + sin 9x 


b. sin x - sin 4x 
d. cos 9x + cos 2x 
f. sin 3x + sin 4x 


h x 5x 

. cos — cos- 

2 2 


22 . Verify each identity. 


© 


(Hint: 1 + cos x = cos 0° + cos x) 
a. 1 + cos x = 2cos 2 — 


C. l+sinx = 2sin 2 

d. l-sinx = 2cos 2 

V2 sin 

e. 1 + tan x = 


X 


2 


n 

X 

— 4* 

— 

4 

2 

7t 

X 

— + 

— 

4 

2 


n 


+ x 


y 


f. 1 - tan x = 
1 - tan x 


cos x 

a/ 2 sin ( — - x 

l 4 

COS X 


g 


1 + tan x 


tan 


V2 


( n ^ 

— + x 

i 4 , 

t 


sin 


h. 1 + cot x = 


n 


+ x 


sin x 


V2 sin 


i. 1 + cot x : 


--x 


sin x 



























Real number sequences are strings of numbers. They play an important role in our everyday 
lives. For example, the following sequence: 

20, 20.5, 21, 22, 23.4, 23.6, ... 

gives the temperature measured in a city at midday for five consecutive days. It looks like the 
temperature is rising, but it is not possible to exactly predict the future temperature. 

The sequence: 

64, 32, 16, 8, ... 

is the number of teams which play in each round of a tournament so that at the end of each 
game one team is eliminated and the other qualifies for the next round. Now we can easily 
predict the next numbers: 4, 2, and 1. Since there will be one champion, the sequence will 
end at 1, that is, the sequence has a finite number of terms. Sequences may be finite in 
number or infinite. 

Look at the following sequence: 

1000 , 1100 , 1210 , ... 

This is the total money owned by an investor at the end of each successive year. The capital 
increases by 10% every year. You can predict the next number in the sequence to be 1331. 
Each successive term here is 110% of, or 1.1 times, the previous term. 



Real number sequences may follow an 
easily recognizable pattern or they may 
not. Recently a great deal of mathematical 
work has concentrated on deciding 
whether certain number sequences follow 
a pattern (that is, we can predict consecutive 
terms) or whether they are random (that 
is, we cannot predict consecutive terms). 
This work forms the basis of chaos theory, 
speech recognition, weather prediction 
and financial management, which are 
just a few examples of an almost endless 
list. In this book we will consider real 
number sequences which follow a 
pattern. 


Sequences and Series 


{ 207 H 





















A. SEQUENCES 


1. Definition 



By the set of natural 
numbers we mean all 
positive integers and 
denote this set by N. 

That is, N = {1, 2, 3,...}. 


If someone asked you to list the squares of all the natural numbers, you might begin by writing 

1, 4, 9, 16, 25, 36, ... 

But you would soon realize that it is actually impossible to list all these numbers since there 
are an infinite number of them. However, we can represent this collection of numbers in 
several different ways. 



A function is a relation 
between two sets A and 
B that assigns to each 
element of set A exactly 
one element of set B. 


For example, we can also express the above list of numbers by writing 

/(l),/(2),/(3),/(4),/(5),/(6), ... 

where f(n) = n 2 . Here/(1) is the first term, /(2) is the second term, and so on. f(n) = n 2 is a 
function of n, defined in the set of natural numbers. 


Definition 


sequence 

A function which is defined in the set of natural numbers is called a sequence. 


However, we do not usually use functional notation to describe sequences. Instead, we 
denote the first term by a v the second term by a 2 , and so on. So for the above list 
a j = 1, a 2 = 4, a 3 = 9, a 4 = 16, a 5 = 25, a 6 = 36, ..., a n = n 2 , ... 

Here, is the first term, 

a 2 is the second term, 
a 3 is the third term, 


a B is the nth term, or the general term. 

Since this is just a matter of notation, we can use another letter instead of the letter a. For example, 
we can also use b n , c„, d n , etc. as the name for the general term of a sequence. 


Notation 


We denote a sequence by (aj, where a n is written inside brackets. We write the general term 
of a sequence as a n , where a n is written without brackets. For the above example, if we write 
the general term, we write a n = n 2 . 

If we want to list the terms, we write (a n ) = (1, 4, 9, 16, ..., n 2 , ...). 

Sometimes we can also use a shorthand way to write a sequence: 

(a n ) = (n 2 + 4n + 1) means the sequence (a v ) with general term a n = n 2 + An + 1. 
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Note 

An expression like a 26 is nonsense since we cannot talk about the 2.6th term of a sequence. 
Remember that a sequence is a function which is defined in the set of natural numbers, and 
2.6 is not a natural number. Clearly, expressions like a 0 , a , are also meaningless. We say that 
such terms are undefined. 


Example 


1 


Solution 


Note 


In a sequence, n should always be a natural number, but the value of a n may be any real 
number depending on the formula for the general term of the sequence. 

Write the first five terms of the sequence with general term i 


a n =-■ 

n 


Since we are looking for the first five terms, we just recalculate the general term for 

n = 1, 2, 3, 4, 5, which gives 1, —, —, —, —. 

2 3 4 5 


Example 


2 


Given the sequence with general term a n = 


An-S r . . 

—-- £md a s , a 2 , 

2 n 


a 


100 ’ 


Solution We just have to recalculate the formula for a n choosing instead of n the numbers 5, -2, and 

395 79 

—. Clearly, a_ 2 is undefined, since -2 is not a natural 


100. So a R = —, and a, nn 

5 2 200 40 

number. 


Example 


3 


Find a suitable general term b for the sequence whose first four terms are —, —, —, —. 

2 3 4 5 


Solution 


We need to find a pattern. Notice that the numerator of each fraction is equal to the term 


position and the denominator is one more than the term position, so we can write b n =-. 

n +1 


Check Yourself 1 

1. Write the first five terms of the sequence whose general term is c n = (-1)“. 

2. Find a suitable general term a n for the sequence whose first four terms are 2, 4, 6, 8. 

3. Given the sequence with general term b n = 2 n + 3, find b 5 , b 0 , and b 43 . 

Answers 

1. -1, 1, -1, 1, -1 2. In 3. 13, undefined, 89 
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2. Criteria for the Existence of a Sequence 

If there is at least one natural number which makes the general term of a sequence 
undefined, then there is no such sequence. 


Example 


4 


Solution 


272 + 1 

Is a n = - a general term of a sequence? Why? 

n-2 

No, because we cannot find a proper value for n = 2. 


Example 


5 


Is a n 


4 -n 
2n + l 


a general term of a sequence? Why? 


r— 4 — 72 

Solution Note that the expression vx is only meaningful when x > 0. So we need - >0 to be true 

2n +1 

for any natural number n. If we solve this equation for n, the solution set is (—, 4], i.e. n is 

2 

between — and 4, inclusive. When we take the natural numbers in this solution set, we get 
2 

{1, 2, 3, 4}, which means that only a v a 2 , a 3 , a 4 are defined. So a n is not the general term of 
a sequence. 


Example 


6 


Is a n 


n + 1 
2n-l 


a general term of a sequence? If yes, find a, + a 2 + a 3 . 


Solution 


--- is not meaningful only when n = — g N. Since a n is defined for any natural number, 

it is the general term of a sequence. Choosing n = 1, 2, 3 we get a 1 = 2, a 2 = 1, a 3 = 0.8. 
So flj + a 2 + a 3 = 3.8. 


Example 


7 / Given b n = 2n + 5, find the term of the sequence (b ri ) which is equal to 
a. 25 b. 17 c. 96 


Solution a. b n = 25 

2n + 5 = 25 
n = 10 
10th term 


b. b n = 17 
2n + 5 = 17 
n = 6 
6th term 


c. b n = 96 
2n + 5 = 96 

n = 45.5 g N 
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Check Yourself 2 


3 72 “h 1 

1, Is a n = - a general term of a sequence? Why? 

n + 2 

2. For which values of a is h n = \ln 2 + a general term of 


a sequence? 


3n-l 7 

3. Which term of the sequence with general term a n = -is —? 

5n + 7 12 

Answers 

1. yes, because a n is defined for all n e N 2. a e [-1, 3. 61 st 


Example 


£ How many terms of the sequence with general term a n 


n -6n -7 
3n-2 


are negative? 


Solution We are looking for the number of values of n for which a n < 0. In other words we should find 

n 2 -6n-7 


the solution set for 


3n-2 


< 0 in the set of natural numbers. Solving the inequality, 


we get — l)u(—, 7). The natural numbers in this solution set are 1, 2, 3, 4, 5, and 6. 

Therefore, six terms of this sequence are negative. 


B. TYPES OF SEQUENCE 

1. Finite and Infinite Sequences 

A sequence may contain a finite or infinite number of terms. 

For example the sequence (a n ) = (1, 4, 9, ..., n2) contains n terms, which is a finite number 
of terms. The sequence (bn) = (1,4, 9, ..., n2, ...) contains infinitely many terms. 

If a sequence contains a countable number of terms, then we say it is a finite sequence. 

If a sequence contains infinitely many terms, then we say it is an infinite sequence. 


Example 


9 


State whether the following sequences are finite or infinite, 
a. The sequence of all odd numbers. 


b. (a n ) = (-10, -5, 0, 5, 10, 15, ..., 150) 


c. 1, 1, 2, 3, 5, 8, ... 
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Solution 


a. The sequence of all odd numbers is 1, 3, 5, 7, ... 

Since there are infinitely many numbers here, the sequence is infinite. 

b. This sequence has a finite number of terms since the last term (150) is given. 

c. The sequence is infinite, as the ‘...’ notation shows that there are infinitely many 
numbers. 


Note 

In this book, if we do not say a sequence is finite, then it is an infinite sequence. 


2. Monotone Sequences 

If each term of a sequence is greater than the previous term, then the sequence is called an 

increasing sequence. 

Symbolically, (a n ) is an increasing sequence if a n+l > a n . 

If a n+1 > a n , then (aj is a nondecreasing sequence. 

If each term of a sequence is less than the previous term, then that sequence is called a 

decreasing sequence. 

Symbolically (aj is a decreasing sequence if a n+i < a n . 

If a n+1 < a n , then (aj is a nonincreasing sequence. 

In general any increasing, nondecreasing, decreasing, or nonincreasing sequence is called a 

monotone sequence. 

For example, the sequence 10, 8, 6, 4, ... is a decreasing sequence since each consecutive 
term is less than the previous one. Therefore, it is a monotone sequence. 

The sequence 1, 1, 2, 3, 5, ... is a nondecreasing sequence, because the first two terms are 
equal. It is also a monotone sequence. 

Consider the sequence 4, 1, 0, 1, 4, ... . Obviously we cannot put this sequence into any of 
the categories of sequence defined above. Therefore, it is not monotone. 


Note 

We can rewrite the above criteria for increasing and decreasing sequences in a different way: 
If a n+] - a n > 0, then we have an increasing sequence. 

If a ri+] - a n < 0, then we have a decreasing sequence. 






Example 


10 Prove that the sequence (aj with general term a n = 2n is an increasing sequence. 


Solution If a n = 2 n, then a n+1 = 2 (n + 1) = 2n + 2, and so a n+1 - a n 
Since 2 > 0, (a„) is an increasing sequence. 


2n + 2 - 2n = 2. 


Example 


11 Prove that the sequence with general term b = —-— is a decreasing sequence. 

n +1 


Solution If b n 


n +1 


then b„ 


1 


K + i-K = 


l 


l 


n + 2 
-1 


n + 2 n + 1 (77 + 1)(tz + 2) 


Since 77 is a natural number, 77 + 1 > 0 and 77 + 2 > 0. That means b 
Therefore, (Jb n ) is a decreasing sequence. 


-1 


(77 + 1 ) (77 + 2 ) 


< 0 . 


Example 


12 Given the sequence with general term a n = -n 2 + 877 - 3, 

a. find the biggest term. 

b. state whether the sequence is monotone or not. 


Solution 

CCCCC 

The peak point of a 
parabola given by 
f(x) = ax 2 + bx + c is 


2a 2a 
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a. If we think about the general term in functional y 

notation, we have f(x) = -x 2 + 8x - 3, whose graph 
is the parabola shown opposite. 

Here, note that we cannot talk about a minimum 
value. Clearly, the parabola takes its maximum value 
at its peak point and so does the sequence, provided 

that the x-coordinate at that peak point is a natural — . . 

number. The peak point of the parabola lies at 
—8 

x = — = 4. Since 4eN, the biggest term of the 
sequence is/(4) = a 4 = 13. (What would you do if 
the x-coordinate at the peak point was not a natural number?) 

b. If we look at the above parabola's values for natural values of x (the black dots), we can see 
that the sequence is increasing before x = 4 and then decreasing. Therefore, the sequence 
cannot be defined as increasing or decreasing, which means that it is not monotone. 


/(x)=-x 2 +8x-3 























Check Yourself 3 

1. State if the following sequences are finite or infinite. 

a. The sequence with general term c n = —-— . 

n + 1 

b. 3, 6, 9, 54 

c. 3, 6, 9, ... 

2. Prove that (a r ) = (2 - 5 n) is a decreasing sequence. 

3. Classify the following sequences as increasing or decreasing. 

a. (a„) = (2n + 1) b. (b n ) = (-) c. (cj = d. (d n ) = ( n 2 - 4 n) 

71 2 j 71 — o 

4. For which term(s) does the sequence (cj = ( n 2 - 5n + 7) take its minimum value? 

Hint: Consider the nearest natural x-coordinates to the minimum of the graph of 
f{x) = (x 2 - 5x + 7). 

Answers 

1. a. infinite b. finite c. infinite 3. a. increasing b. decreasing c. not a sequence d. neither 
4. n = 2 and n = 3, i.e. the second and third terms 


3. Piecewise Sequences 

If the general term of a sequence is defined by more than one formula, then it is called a 

piecewise sequence. 

For example, the sequence with general term 


n 


n + l' 


n is even 

n is odd 


is a piecewise sequence. 


Example 


13 


Write the first four terms of the piecewise sequence with general term a n 


1 

— , n is even 

n 


2 

n + 1’ 


n is odd 


Solution 


To find flj and a 3 we use — since n is odd, and to find a 2 and a 4 we use 

n 


2 

- since n is even. 

n + l 


a 


3 


1 a 2 
—, and a, = —. 

3 4 5 



So a, = 1, a, = —, 
i 2 3’ 
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Example 


14 Given the piecewise sequence with general term a n = 

a. find a 20 . 

b. find a r 

c. find the term which is equal to 0. 


n 2 -5n , n < 10 


n - 8 , ?2 > 10 


Solution a. When n = 20, a n = n - 8. So a 20 = 20 - 8 = 12. 


b. When n = 1, a n = n 2 - 5 n. So a 1 = l 2 - 5 ■ 1 = -4. 

c. If a term is equal to 0, then a n = 0. This means 


n 2 - 5n = 0 (for n < 10) or n- 8 = 0 (for n > 10) 


n(n - 5) = 0 


n = 8 ^ 10 


n = 0 g N or?z = 5 


So a. = 0. 


4. Recursively Defined Sequences 


Sometimes the terms in a sequence may depend on the other terms. Such a sequence is 
called a recursively defined sequence. 

For example, the sequence given with general term a rl + , = a n + 3 and first term a 1 = 4 is a 
recursively defined sequence. 


| !>'. Given a 1 = 4 and a n + 1 = a n + 3, 

a. find a 2 . 

b. find the general term of the sequence. 



Solution a. Note that choosing n = 2 will not help us to find a 2 since we will get an equation like 


a 3 — a 2 + 3, which needs a 3 to get a 2 . 

But if we choose n = 1, we will get a 2 = a 1 + 3. Using a l = 4, we find a 2 = 4 + 3 = 7. 

b. a 2 = a, + 3 

a 3 = a, + 3 = flj + 3 + 3 

a 4 = a 3 + 3 = aj + 3 + 3 + 3 

a 5 = a 4 + 3 = aj + 3 + 3 + 3 + 3 

a n = a, + (n - 1) ■ 3 

a n = 4 + (n — 1 ) • 3 

So the general term is a n = 3n + 1. 


Sequences and Series 


{ 215 












$ • 

e ft 

•> $ 

» © ® 

o _■» 

• • • 

< ° 
© 


\ 

<l' 




4 « 

> 


*>' 9 > ® 



Recursively defined sequences have terms which depend on 
previous ones like the falling dominoes above. 


Example 


16 


Given f Y = l,/ 2 = 1, f n = f n 2 + f n _ 1 (for n > 3), find the first six terms of the sequence. 


Solution When we consider the general term, we notice that it is not possible to calculate a term’s 
value unless we know the two previous terms. Since we are given the first and second terms, 
with the help of the general term we can find the third term. 

Choosing n = 3, the formula for general term becomes / 3 = + / 2 = 1 + 1=2. Now it is 

possible to find a 4 , and then by the same procedure a 5 and a B . 

/4=/ 2 +/a= 1 +2 = 3 

/s = /a + / 4 = 2 + 3 = 5 

/ 6 =/ 4 +/5 = 3 + 5 = 8 

The first six terms are 1, 1, 2, 3, 5, 8. 


Since recursively defined sequences have terms which depend on previous ones like a chain, 
we calculate the terms one by one to find the desired term. In the above example, unless we 
find a direct formula for the general term (is it possible?), it will take too much time and 
effort to find / 1000 . 
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The sequence in the previous example is called the 
Fibonacci sequence, named after the 13th century Italian 
mathematician Fibonacci, who used it to solve a problem 
about the breeding of rabbits. Fibonacci considered the 
following problem: 

Suppose that rabbits live forever and that every month 
each pair produces a new pair that becomes productive at 
age two months. If we start with one newborn pair, how 
many pairs of rabbits will we have in the nth month? 

As a solution, Fibonacci found the following sequence: 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ... 

This sequence also occurs in numerous other aspects of 
the natural world. 




' 



The planets in our solar system are spaced in a Fibonacci 
sequence. 

We can make a picture showing the Fibonacci numbers if we start with two small squares whose sides are each one 
unit long next to each other. Then we draw a square with side length two units (1 + 1 units) next to both of these. 
We can now draw a new square which touches the square with side one unit and the square with side two units, 
and therefore has side three units. Then we draw another square touching the two previous squares (side five 
units), and so on. We can continue adding squares around the picture, each new square having a side which is as 
long as the sum of the sides of the two previous squares. Now we can draw a spiral by connecting the quarter 
circles in each square, as shown on the next page. This is a spiral (the Fibonacci Spiral). A similar curve to this 
occurs in nature as the shape of a nautilus. 










A nautilus has the same shape as the Fibonacci spiral, 
f 

The ratio of two successive Fibonacci numbers 2 jl±1 gets closer to the number 

J n 

bigger. This number is a special number in mathematics and is known as the golden ratio. 

The ancient Greeks also considered a line segment divided into two parts such that the ratio of the shorter part of 
length one unit to the longer part is the same as the ratio of the longer part to the whole segment. 


+ -s/5 


1.618 as the value of n gets 


This leads to the equation 

X 

the golden ratio! 


x 

1+ X 


whose positive solution is x = 


1+75 

2 


. Thus, the segment shown is divided into 


A rectangle in which the ratio of one side to the other gives the golden ratio is called a golden rectangle. The Golden 
Rectangle is a unique and a very important shape in mathematics. It appears in nature and music, and is also often 
used in art and architecture. The Golden Rectangle is believed to be one of the most pleasing and beautiful shapes 
for the human eye. 




The golden ratio is frequently used in architecture. 


The ratio of the length of your arm to the length 
from the elbow down to the end of your hand is 
approximately equal to the golden ratio. 




















D 


C 


F 


To construct a golden rectangle, draw a square ABCD and then find the middle 
point M of the base AB. Draw a line from M to C. Using M as the center point, 
rotate the line MC until it overlaps AB. Name this new line ME. Draw a vertical 
up from point E until it intersects the extension of line DC and label that 
intersection as point F. The new rectangle AEFD is a golden rectangle. 

A M B E 



Example 


17 


Solution 


Given a 5 = 6 and (n + 2) ■ a n _ 1 = 3 a n (for n > 2), find a 3 . 

This time we are given the fifth term and the third term is required. This means we should 
think backwards. That is, first we should find a 4 and then a 3 . 

18 

Choosing?! = 5, the formula for general term becomes 7a 4 = 3a 5 , i.e. a 4 = —. Now it is 

9 

possible to find a 3 by choosing n = 4: 6a 3 = 3a 4 , so a 3 = —. 


Example 


18 Given a t = 1 and a n = a n _ 1 + n (for n > 2), find a 100 . 


Solution Since we are given a recursively defined sequence, it will take too much effort to find the 
hundredth term unless we find a more practical way. Let us write a few terms: 

Clearly, = 1 

n 2 = Uj + 2 

CL 3 ^ flg I 3 
a, = a, + 4 


a i00 a 99 T 

If we add each side of the equations, we get 

u 1 + rt. 1 +u 3 +u 4 + ... +u gg +GE 100 — u 1 +u 2 +u 3 + ... +Ug 8 +c?gg+ 1+2 + 3+4+ ... +99 + 100, 
which we can simplify as 
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( 1 ) 


cl i oQ — 1+2 + 3 + 4 + ... + 99 + 100 
or 

u 100 = 100 + 99 + ... + 4 + 3 + 2 + 1. (2) 

Adding equations (1) and (2) we get 

2a 100 = (1 + 100) + (2 + 99) + ... + (99 + 2) + (100 + 1) 

100 terms 

Since 2a 100 = 100 ■ 101, a 100 = 5050. 

Recursively defined sequences are frequently used in computer programming. 

Their disadvantage is that we cannot find any term directly, but their advantage is that we 
can successfully model more complicated systems as we saw for Fibonacci’s problem. 


Check Yourself 4 

f 2n + 1 


1. Given a„ 


n 2 - 1 
4 


n < 6 
6 < n < 13, 
n > 13 


find the biggest and smallest terms of the sequence. 

2. Given a 1 = 1, a 2 = — and a n = a n+1 - a Tl , (for n > 2), find a 5 . 

2 

3. Given a 1 = 1 and a n = 2a n _ 1 + 1 (for n> 2), which term of the sequence is equal to 63? 

Answers 

1. a 13 biggest, a 1 smallest 2.3.5 3.6th 


Algebra 9 









^ <5 


EXERCISES 3.1 


A. Sequences 

1. State whether each term is a general term of a 
sequence or not. 


d. 


CD 

I>- 

1 

£ 

CO 

b. 

n 

c. 

2tj + 1 

n + 2 

2n-\ 

4 

e. 

13 

f. 

( -i)"4 

71 

n~ - 4 

4 

yjn- 5 

h. 

■> Jn 2 + 2 n 

i. 

n 3 -n 


n- 2 


2. Find a suitable formula for the general terms of 
the sequences whose first few terms are given. 


a. 1, 3, 5 
c. 0, 3, 8, 15 
e. 2, 6, 12, 20, 30 


b. -1, 3, -5 

1 8 27 

d. —, - 

5 7 9 


6. For the sequence with general term 
n 2 -2 n 


a„ = 


and a„ = 5, find k. 


1-k + n 


7. Find a suitable general term (not piecewise) for 
the sequence whose first five terms are 2, 4, 6, 8, 
34. What is the sixth term? 


B. Types of Sequence 

8. For the sequence with general term 
f2n + 1 , n even 


n odd 


find a, + a,. 


9. Find a suitable general term for the sequence 
whose first six terms are 2, 1,4, 3, 6, 5. 


3. Find the stated terms for the sequence with the 
given general term. 

a. a n = 2n + 3, find the first three terms and a 37 

3?z “I - 1 

b. a = -, find the first three terms and a 33 

n + 7 

c. a„ = \Iti~ + 6 n, find the first three terms and a B 

How many terms of the sequence with general 
term a n = n 2 - 6n - 16 are negative? 

5. How many terms of the sequence with general 

© 

term a = — —— are less than — ? 

" 3rz + 5 5 


10 . Prove that the sequence with general term 

a. a n = An - 17 is increasing. 

b. b = 25 • (—)" is decreasing. 

5 


11. State whether the sequence 
monotone or not. 


b„ = 


3n-7 
n + 2 


is 


12 . Find the biggest and smallest terms (if they exist) 
® of the sequences with the following general terms. 

a. a n = 1 3n - 5 1 b. b n = -n~ + 4n + 7 

3rz -5 
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13. Find the first four terms and, if possible, the 
general term of the recursively defined sequences. 

a. a 1 = 1 , a n+1 = 2 a n 

b. b t = -3, b n+1 = 5 + b n 

c. a 1 = 3, a n = (2ra + l)a n j 


14. Write the following sequences recursively, 
a. a n = 3ra b. b n = 2" 

c- c„=8 ■(-!)" 


15. Given a sequence with a n+l = —— - and a 1 = 3, 


find a 29 . 


16. Consider a sequence with a n+1 = n+ • a n and 

© n 

a 1 = 2. Is 1980 a term of this sequence? 


Mixed Problems 


17. Given the sequences with general terms 

a n = (-2)" + 2, b n = 4 + 4", c K = 2 - (-2)”, find 
d 200S where d n = a n ■ b„ • c n + (-4) 2 ". 

18. Given the sequence with general term a n = 5" -n\, 
find 

a n -1 

fra! = ra • (ra - 1) • (ra - 2) ■... ■ 3 • 2 • 1 where raeN ) 
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19. Given the sequence with general term a n = 


(ra +1)! 

~ 3 " 


find ^±! 


20. How many terms of the sequence with general 

© 

. 3ra - 72 . , „ 

term a n =- are integers? 

ra 


21. How many terms of the sequence with general 

ra 3 + 4rr + 3ra + 1 . n 

- are integers? 

ra + 2 


term a 


22. Find the greatest integer b for which the 

jjji _ 3 

sequence with general term a n = - is 


© 


-3ra -2 


increasing. 


23. Find all values of p for which the sequence with 


© 


, . 2003ra+ p . . 

general term c =-— is increasing. 

2004 


24. The sequence (f n ) where /j =/ 2 = 1, 

f n + 2 = fn +1 + fn is known as the Fibonacci sequence. 
Prove that f*+f 2 +f* + ... +/>/„ -f n+v 
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LY G O N A L 



UMBERS 


At the beginning of this book we looked at the sequence 1, 4, 9, 16, 25, 36, ... . We 
call the numbers in this sequence square numbers. We can generate the square 
numbers by creating a sequence of nested squares like the one on the right. 
Starting from a common vertex, each square has sides one unit longer than the 
previous square. When we count the number of points in each successive 
square, we get the sequence of square numbers 

(first square = 1 point, second square = 4 points, third square = 9 points, etc.). 



Polygonal numbers are numbers which form sequences like the one above for different polygons. The Pythagoreans 
named these numbers after the polygons that defined them. 


Triangular numbers 



A 

/_\_\ 


A 

A A v 

A \ A \ \ 

AW a a A A 

10 15 


A 

A \ 

A \ \ 

A A \ \ 
A AAA A 


Square numbers 


Pentagonal numbers 


n 


• — • 


O <1 


1 

4 

9 

16 

25 



/ \ 

-A A 

-A A 
\A \ 1 

/ \ 

A 

VvA x / 



A I 

\/\. 17 

lA 111 


w 

\ / / 

\ III 

\ HII 

1 

5 

12 

22 

35 


Polygonal numbers have many interesting relationships between them. For example, the sum of any two consecutive 
triangular numbers is a square number, and eight times any triangular number plus one is always a square number. 

Can you find any more patterns? Can you find the general term for each set of polygonal numbers? 

































ARITHMETIC SEQUENCES 


A. ARITHMETIC SEQUENCES 

1. Definition 

Let’s look at the sequence 6, 10, 14, 18, ... 

Obviously the difference between each term is equal to 
4 and the sequence can be written as a n+1 = a n + 4 
where a, = 6. 

For the sequence 23, 21, 19, ... the formula will be 
a n+i = a n ~ 2 where a 1 = 23. 

In these examples, the difference between consecutive 
terms in each sequence is the same. We call sequences 
with this special property arithmetic sequences. 



Definition 


arithmetic s equence 

If a sequence (a n ) has the same difference d between its consecutive terms, then it is called 

an arithmetic sequence. 

In other words, (a n ) is arithmetic if a n+1 = a n + d such than n e N, d e R. We call d the 
common difference of the arithmetic sequence. In this book, from now on we will use 
a n to denote general term of an arithmetic sequence and d (the first letter of the Latin word 
differentia, meaning difference) for the common difference. 

If d is positive, we say the arithmetic sequence is increasing. If d is negative, we say the 
arithmetic sequence is decreasing. What can you say when d is zero? 


EXAMPLE 


19 


State whether the following sequences are arithmetic or not. If a sequence is arithmetic, find 
the common difference. 


a. 7, 10, 13, 16, ... b. 3, -2, -7, -12, ... 


c. 1, 4, 9, 16, ... 


Solution a. arithmetic, d = 3 b. arithmetic, d = -5 c. not arithmetic 


d. 6 , 6 , 6 , 6 , ... 
d. arithmetic, d = 0 


EXAMPLE 


20 State whether the sequences with the following general terms are arithmetic or not. If a 
sequence is arithmetic, find the common difference. 

j n 2 + 5n + 4 


a. a„ = An - 3 


b. a, = 2" 


c. = n -n 


n + 4 
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Solution 


a. a n+1 = 4 (n + 1) - 3 = 4n + 1, so the difference between each consecutive term is 

a n+i ~ a n = (4w + 1) - (4 n - 3) = 4, which is constant. Therefore, (a n ) is an arithmetic 
sequence and d = 4. 

b. a a+1 = 2 " +1 , so the difference between each consecutive term is a n+I - a n = 2 ,!+1 - 2 ” = 2 ", 
which is not constant. Therefore, (aj is not an arithmetic sequence. 

c. a „ +1 = (n + l ) 2 - (n + 1 ), so the difference between two consecutive terms is 
a n+ 1 - a n = [(n + l ) 2 - (n + 1 )] - (rz 2 - n) = 2 n, which is not constant. 

Therefore, (a„) is not an arithmetic sequence. 

(n + 4)(n + 1 ) 

d. By rewriting the general term we have a = - -—-Since n ± -4 (since we are 

n + 4 

talking about a sequence), we have a n = n + 1. Therefore, a n+1 = (n + 1) + 1, and the 


difference between the consecutive terms is a n+l - a n = 1, which is constant. Therefore, 


(a„) is an arithmetic sequence and d = 1 . 


With the help of the above example we can notice that if the formula for general term of a 
sequence gives us a linear function, then it is arithmetic. 


Note 

The general term of an arithmetic sequence is linear. 

2. General Term 

Since arithmetic sequences have many applications, it is 
much better to express the general term directly, instead of 
recursively. The formula is derived as follows: 

If (a n ) is arithmetic, then we only know that a n+1 = a„ + d. Let us write a few terms. 
a j = a l 
a 2 = a l + d 

a 3 = a 2 + d = (a l + d) + d = a, + 2d 
a 4 = a 3 + d = (flj + 2d) + d = a 1 + 3d 
a 5 = a j + 4 d 



Arithmetic growth is linear. 


a n = flj + (n - 1 )d 

This is the general term of an arithmetic sequence. 








GENERAL TERM FORMULA 



The general term of an arithmetic sequence (a n ) with common difference d is 

l ) d 

tmssm 21 

-3, 2, 7 are the first three terms of an arithmetic sequence (aj. Find the twentieth term. 

Solution 

We know that a 1 = -3 and d = a 3 - a 2 = a 2 - a 1 = 5. Using the general term formula, 

a n = flj + (n - 1 )d 

a 2o = -3 + (20 - 1) • 5 = 92. 


22 (aj is an arithmetic sequence with a 1 = 4, a 8 = 25. Find the common difference and a 101 


Solution 

Using the general term formula, 


a n = a i + (n - 1 )d 

a 8 = a i + 7 d 

25 = 4 + 7 d. So we have d = 3. 

a 101 = cq + (100 - 1 )d = 4 + 100 ■ 3 = 304 


23 (aj is an arithmetic sequence with a l — 3 and common difference 4. Is 59 a term of this 
sequence? 


Solution 

For 59 to be a term of the arithmetic sequence, it must satisfy the general term formula such 
that n is a natural number. 

a n = a 1 + (n - 1 )d 

59 = 3 + (n - 1) • 4 

59 = An - 1 

n = 15 

Since 15 is a natural number, 59 is the 15th term of this sequence. 


24 Find the number of terms in the arithmetic sequence 1, 4, 7, 91 


Solution 

Here we have a finite sequence. Using the general term formula, 

a n = a 1 + (n - 1 )d 

91 = 1 + (n - 1) • 3 

n = 31 

Therefore, this sequence has 31 terms. 
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Note that if we rewrite the general term formula in terms of n, we get n = — --+1, which 

d 

is the number of terms in a finite arithmetic sequence. 



EXAMPLE 


25 How many two-digit numbers are divisible by 5? 


Solution These numbers form a finite arithmetic sequence since the number of two-digit numbers is 
finite, and the difference between consecutive numbers in this sequence is constant, that is 
5. We have a 3 = 10 (the smallest two-digit number divisible by 5), and a n = 95 (the greatest 
two-digit number divisible by 5). 


EXAMPLE 


Therefore, 


a„ - a 


1 + 1 : 


95-10 


+ 1 = 18. 


d 5 

Therefore, 18 two-digit numbers are divisible by 5. 

Check Yourself 5 

1. Is the sequence with general term a n = 5n + 9 an arithmetic sequence? Why? 

2. 6, 2, -2 are the first three terms of an arithmetic sequence (a n ). Find the 30th term. 

3. (a„) is an arithmetic sequence with a, = 7, a 10 = 70. Find the common difference and a 101 . 

4. (aj is an arithmetic sequence with a l = -1 and common difference 9. Which term of this 
sequence is 89? 

5. How many three-digit numbers are divisible by 30? 

Answers 

1. yes; linear formula 2. -110 3. 7; 707 4. 11th 5. 30 

3. Advanced General Term Formula 


26 (a r ) is an arithmetic sequence with a u 


34 and common difference 3. Find a 3 . 


Solution Using the general term formula, 
a n = ci 1 + (n - 1 )d 
a n = aq + (11 - 1) • 3 
34 = Uj + 30 
Uj = 4 

a 3 = a, + 2d = 4 + 6, so a 3 = 10. 
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In this example, we calculated the first term of the sequence (cq) from a n , then used this 
value to find a 3 . However, there is a quicker way to solve this problem: in general, if we know 
the common difference and any term of an arithmetic sequence, we can find the required 
term without finding the first term. Look at the calculation: 

If we know a p and d, to find a n we can write: 
a n = a i + (n - l)d (1) 

a P = fl i + (P - (2) 

Subtracting (2) from (1), we get a n - a p = (n - p)d. 

So a n = a p + (n - p)d. 


ADVANCED GENERAL TERM FORMULA 


The general term of an arithmetic sequence (aj with common difference d is 
a n = a +(n - p)d , where a p is any term of that sequence. 

So using the advanced general term formula, we can solve the previous example as follows: 
a n = a p + (n - p)d 
a n = a 3 + (11 - 3) • 3 
34 = a 3 + 24 
a 3 = 10. 

Here it is not important which term you write in the place of a n and a . 

Note that when p = 1, the advanced general term formula becomes the general term formula 

we studied previously. 


EXAMPLE 


27 


(aj is an arithmetic sequence with a 5 = 14 and a 10 


34. Find the common difference. 


Solution Using the advanced general term formula, 
a n = a P + (n- p)d 
fl io = a s + (10 _ 5)d 
34 = 14 + 5 d 
d = 4. 


EXAMPLE 


28 


(aj is an arithmetic sequence with a 9 - a 2 = 42. Find a 10 - a 7 . 


Solution Using the advanced general term formula, 

Clg = Up + Id 

a g - a 2 = 7 d 
42 = Id 
d = 6 . 

Therefore, a 10 = a 7 + 3d 
a 10 - a 7 = 3 ■ 6 = 18. 
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EXAMPLE 


29 4, x, y, z, and 24 are five consecutive terms of an arithmetic sequence. Find x, y, and z. 


Solution 

Let a p = 4, then a p+4 = 24. Using the advanced general term formula, 
a „ + 4 = a p + (p + 4 - p)d 

24 = 4 + 4 d 

d = 5. 

Since the difference between consecutive terms is 5, 

x = 4 + 5 = 9, 

y = 9 + 5 = 14, 

z = 14 + 5 = 19. 


30 We insert five numbers in increasing order between 12 and 42 such that all the numbers 
form an arithmetic sequence. Find the third number of this sequence. 


Solution 

If we begin with two numbers and insert five numbers, the sequence has seven numbers in 
total. Let us call the first number a v the second a 2 , and so on. We can now write the 
problem differently: given an arithmetic sequence (a n ) with a i = 12, a 7 = 42, find a 3 . 

The common difference 
of an arithmetic sequence 
formed by inserting k 
terms between two real 
numbers b and c is 

k +1 

Using the general term formula, 
a 7 = a 1 + 6 d 

42 = 12 + 6 d 

d = 5 

a 3 = a 1 + 2d 
a 3 = 12 + 10 

a 3 = 22. 

mm 3i 

Given an arithmetic sequence (aj with a 8 = 10, find a 2 + a 14 . 

Solution 

This time we have just a 8 = 10 as data. Until now we have learned just one fundamental 
formula a n = a 1 + (n - 1 )d, and the advanced general term formula we derived from it. We 
cannot find a 2 or a 14 with the help of the general term formula since we need two values as 
data. However, remember that we are not asked to find a 2 or a 14 , but to find a 2 + a 14 . Let’s 
apply the advanced general term formula, keeping in mind that we just know a s : 

a 2 = a s + (2 - 8 )d (1) 

a 14 = a 8 + (14 - 8 )d. (2) 

Adding equations (1) and (2) we get 

a 2 + a u = a & ~ 6d + a 8 + 6d = 2a 8 = 20. 
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4. Middle Term Formula (Arithmetic Mean) 

The solution to the previous example shows us a practical formula. 

Let a p and a k be terms of an arithmetic sequence such that k < p. Then 

a P -k = a P ~ kd (!) 

a p + k = a p + kd ■ ( 2 ) 

Adding equations (1) and (2) we get 

a , + a = 2a , or a = —— -AtL which means that any term x in an arithmetic 

p-K p+H P 7 P 2 

sequence is half the sum of any two terms which are at equal distance from x in the sequence. 

Note that in the previous example, a 8 was at equal distance from a 2 and a 14 . (Could we solve 
the problem if we were given not a 8 but a 10 ?) 



The arithmetic mean (or 
average) of two numbers 
x and y is m: 

x + y 

m = - 

2 

Note that m is the same 
distance from x as from y 
so x, m, y form a finite 
arithmetic sequence. 


For example, all the following equalities will hold in an arithmetic sequence: 
a 2 = fll + Us since a 2 is in the middle of a 1 and a 3 


a 5 + a 7 _ a 1 + a n a 4 + a x 


(x must be 8) 


a iz + fl 2 o _ Qj must be 16) 


EXAMPLE 


32 5, x, 19 are three consecutive terms of an arithmetic sequence. Find x. 


Solution If we say a 1 = 5, a 2 


19, then using the middle term formula, 


Ul + and x = ^ + ^ = 12. Therefore, x is 12 if the sequence is arithmetic. 
2 2 


Note 

Three numbers a, b, c form an arithmetic sequence if and only if b = 
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EXAMPLE 


33 Find the general term a n for the arithmetic sequence with a 5 + a 21 = 106 and a 9 = 37. 

Solutio Using the middle term formula, Us + gzi = a 13 = So a,, = 53. 

2 2 

Using the advanced general term formula, 
a 13 = a g + 4d 
53 = 37 + 4 d 
d = 4. 

To write the general term we can choose a g or a 13 . Let us choose a g , then using the advanced 

general term formula we get 
a n = a g + (n - 9 )d 
a n = 37 + (n - 9) • 4 
a n = 4n + 1 . 

Check Yourself 6 

1. (a n ) is an arithmetic sequence with a 17 = 41 and common difference -4. Find a 3 . 

2. (aj is an arithmetic sequence with a 5 = 19, a 14 = 55. Find the common difference. 

3. Fill in the blanks to form an arithmetic sequence:_,_,_,_, 2,_,_,_, 8. 

4. Find x if x, 4, 19 form an arithmetic sequence. 

5. Find the general term a n for the arithmetic sequence with a 3 + a 19 = 98, d = 7. 

Answers 

1.97 2.4 3. -2.5,-1,0.5 and then 3.5, 5, 6.5 4 -11 5. 7n - 28 


EXAMPLE 


34 


Given an arithmetic sequence (a n ) with a 1 = 100 and a 22 as the first negative term, how many 
integer values can d take? 


Solution Let’s convert the problem into algebraic language: 
a 1 = 100 


d e Z 


^22 < ' ^ 
a 2 i > 0 


since a 22 is the first negative term. 


Since we are looking for the common difference (d), we need to express the above system of 
inequalities in terms of d: 

100 


& 

to 

to 

A 

o 

flj + 21 d < 0 

, that is 

, so < 

o 

Al 

CN 

a 1 + 20 d >0 


d<-- 


21 . 

d>- 5 

The only integer that is in the solution set for the above inequalities is -5, so d can take only 
one integer value (-5). 
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EXAMPLE 


35 Given a decreasing arithmetic sequence (a n ) with a 2 + a 4 + a 6 = 18 and a 2 ■ a 4 ■ a 6 = -168, 


find a , and d. 


Solution We are given the system | a a + a 4 + a s 18 


a 2 -a 4 -a 6 = -168 


Since we are asked to find a l and d, it is more practical to express a 2 , a 4 , a 6 in terms of a 4 and 
d. This gives us: 


Uj + d + + 3d + a 1 + 5d = 18 


, so 


3aj + 9d = 18 


( 1 ) 


(aj+ci) • (aj + 3d) • (aj + 5d) =-168 [(aj+d) -(aj + 3d) -(aj +5d) =-16 8. (2) 

From equation (1), a l = 6 - 3d. 

Equation (2) becomes: 

(6 - 2d) ■ 6 • (6 + 2d) = -168 
-4d 2 + 64 = 0 
d = ±4. 

Since (a n ) is a decreasing arithmetic sequence, we take d = -4. 

Finally, substituting d = - 4 in equation (1) gives us = 18. 

So the answer is a 1 = 18 and d = -4. 


B. SUM OF THE TERMS OF AN ARITHMETIC SEQUENCE 

1. Sum of the First n Terms 

Let us consider an arithmetic sequence whose first few terms are 3, 7, 11, 15, 19. 

The sum of the first term of this sequence is obviously 3. The sum of the first two terms is 
10, the sum of the first three terms is 21, and so on. To write this in a more formal way, let 

us use S n to denote the sum of the first n terms, i.e., S n = cq + a 2 + ... + a n . Now we can 

write: 

Sj = 3 

5 2 = 3 + 7 = 10 

5 3 = 3 + 7 + 11 = 21 

5 4 = 3 + 7 + 11 + 15 = 36 

S R = 3 + 7 + 11 + 15 + 19 = 55. 
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EXAMPLE 


36 Given the arithmetic sequence with general term a n = 3n + 1, find the sum of first three terms. 


Solution S 3 = a 1 + a 2 + a 3 = 4 + 7 + 10 = 21. 

How could we find S 100 in the above example? Calculating terms and finding their sums takes 
time and effort for large sums. Since arithmetic sequences are of special interest and 
importance, we need a more efficient way of calculating the sums of arithmetic sequences. 
The following theorem meets our needs: 


Theorem 


The sum of the of first n terms of an arithmetic sequence (aj is S n = 


a, + a 

1 n 


Proof S n = a 1 + a 2 + ... + a n _ 1 + a n or 

S „ = a n + a n- 1 + + a 2 + a v 

Adding these equations side by side, 

2 S„ = (flj + a n ) + (a 2 + a n _j) + ... + (a n _ 1 + a 2 ) + (a„ + a t ) 

2 S n = (u 3 + ) + (ttj + d + u 7 , — d) + ...4* (u n — d + u 3 + d) + (u 77 + 

2S„ = (ffl 1 + ffl B ) + (ffl 1 + ffl K ) + ... + (a 1 + ti„) + (ffli+ a„) 

n times 

2S„ =(a 1 + a B )-n 

S a±i. n 
n 2 


EXAMPLE 


37 Given an arithmetic sequence with a i = 2 and a 6 = 17, find S 6 


Solution Using the sum formula, 

S 6 = ai+Cle -6 = (2 + 17)-3 = 57. 


EXAMPLE 


38 Given an arithmetic sequence with a 1 = -14 and d = 5, find S 2 


Solution Using the sum formula, 


S 27 = Ul -27 requires a 27 = a, + 26d = -14 + 26 ■ 5 = 116. 
Therefore, S„, = ~ 14 + 116 .27 = 1377. 


2 






















EXAMPLE 


39 Given an arithmetic sequence with a l = 56 and a u = -14, find S 15 . 


Solution Using the sum formula, 

S 15 = Ul + a * 5 -15, so we need to find a 15 . Let us calculate using a n : 
2 

a u = aj+ 10 d 

-14 = 56 + 10 d, so d = -7 and 
a 15 = a t + 14 d = 56 + 14 • (-7) = -42. 

_ 49 

Therefore, S,= =-—-15 = 105. 

15 g 


EXAMPLE 


40 If -5 + ... + 49 = 616 is the sum of the terms of a finite arithmetic sequence, how many 
terms are there in the sequence? 


Solution Let us convert the problem into algebraic language: 

flj = -5, a f = 49, and S p = 616, and we need to find p. 
Using the sum formula, 


a x + a 


-5 + 49 


S„ = — - - ■ p, that is, 616 = ^ ■ p, so p = 28. So 28 numbers were added. 


Since a n = a i + (n - 1 )d, we can also rewrite the sum formula as follows: 



EXAMPLE 


41 Given an arithmetic sequence with a l = -7 and S 15 = -90, find d. 


Solution By using the alternative formula for the sum of first n terms, we have 

S 15 = ^(-THC 15 - 1 )-* . 15 , that is, - 90 = ~ U+Md -15, so d= 

15 2 2 7 
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EXAMPLE 


42 Given an arithmetic sequence with d = 4 and S 9 = -189, find a r 


Solution Using the alternative sum formula, 

2a 1 + (n - 1) • d 

S = — i - n, and so 


2a 1 + (9 -1) • 4 


■9 


2a, + 32 

-189 = —--9, so a x = -37. 


Check Yourself 7 

1. Given an arithmetic sequence with = 4 and a 10 = 15, find S 10 . 

2. Given an arithmetic sequence with a 13 = 26 and d = -2, find S 13 . 

3. Given an arithmetic sequence with a i = 9 and S 8 = 121, find d. 

4. Find the sum of all the multiples of 3 between 20 and 50. 

Answers 

1. 95 2. 494 3 1.75 4. 345 


EXAMPLE 


43 


(a r ) is a sequence of consecutive integers with first term 3 and sum 52. How many terms are 
there in this sequence? 


Solution 


Here a 1 = 3, d = 1, S n = 52, n = ?. 

Using the alternative sum formula, 

2a, + (n - 1) ■ d 
S =- n 

n ^ 

52 = 6 + ( rc- 1) - 1 -n 
2 

n 2 +5n- 104 = 0. 

Solving the quadratic equation we get n = 8 or n = -13. Since there cannot be -13 
numbers, the answer is 8. 


EXAMPLE 


44 


(aj is an arithmetic sequence with S n - S 10 = 43 and S 15 - S 14 = 87. Find d. 


Solution Note that the difference between S n and S 10 is just a n . Therefore, a n = 43 and a 15 = 87. 

a i5 = a n + 

87 = 43 + 4 d 

d = 11 . 
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EXAMPLE 


45 


Solution 


(a n ) is an arithmetic sequence with S 12 = 30 and S 8 = 4. Find a 3 . 

Since we are looking for a term of the sequence, it is best to choose a 1 and d as our new 
variables. 


a, + a 


fs i9 =30 

1 12 -12-30 

rtj + a l + lid = 5 

\ , that is 

2 , so \ 

which means < 

lS 8 =4 

a i +a s . 8 — 4 

flj + a i + Id = 1 ] 


2 


= -3 
d = 1 


Therefore, a 3 = a i + 2d = -1. 


EXAMPLE 


46 


Find the general term of the arithmetic sequence (a r ) if the sum of the first n terms is 3 n 2 - 4 n. 


Solution S„ = Ul + Un ■ n, so 3 n 2 -4 n= ai +a " ■ n. 
n 2 2 

Since n^O, 3n-4= Ul +a ” , so a n = 6n-8- a v 


Choosing n = 1, we get a 1 = 6 • 1 - 8 - a v So a l 
Therefore, the general term is a n = 6n - 7. 

2. Applied Problems 


-i. 


EXAMPLE 


47 


The population of a city increased by 4200 in the year 2004. The rate of population growth is 
expected to decrease by 20 people per year. What is the city’s expected total population 
growth between 2004 and 2014 inclusive? 


Solution Note that the rate of population growth in the city is decreasing. Here, symbolically we have: 
a l = 4200 (the population growth in the first year that is to be included in the total) 
d = -20 (the difference between the population growth for consecutive years) 

S H = ? (the total population growth in eleven years from 2004 to 2014 inclusive) 

2.4200 + 10.(-20) 

2 2 

So the expected total population growth is 45,100 people. 


EXAMPLE 


48 


Every hour an antique clock chimes as many times as the hour. How many times does it chime 
between 8:00 a.m. and 7:00 p.m. inclusive? 


Solution Note that the number of chimes in the given time interval will not form an arithmetic 
sequence since after noon it will restart from 1. But until noon and after noon we have two 
independent finite arithmetic sequences. Therefore, let us define two sequences and deal 
with them independently. 
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First consider the sequence up to noon. 


flj = 8 (first chime before noon) 

d = 1 (amount of increase between consecutive chimes) 
a p = 12 (last chime at noon) 

S p = ? (sum until noon) 

a p = a 1 + (p - 1 )d, so 12 = 8 + (p - 1) • 1. So p = 5. 


a, + a„ 


■p, so S 5 = 


8 + 12 


■5=50. 


Now consider the sequence after noon. 


a/ = 1 (first chime after noon) 

d' = 1 (amount of increase between consecutive chimes) 
a' = 7 (last chime after noon) 

S' — ? (sum after noon) 

a' = a/ + (q - 1 )d', so 7 = 1 + (q - 1) ■ 1. So q = 7. 


s; = 


a i +a c 


/ 1 + 7 

■q, so S 7 =-- -7 = 28 



Now S p + S' = ? (total number of chimes). 

S p + S' = 50 + 28 = 78. Therefore, the clock chimes 78 times. 


Obviously, direct calculation would be a much faster way to find the correct answer in this 
problem, but the idea used here will be necessary in more complicated problems. 


EXAMPLE 


49 


A farmer picks 120 tomatoes on the first day of the harvest, and each day after, he picks 40 
more tomatoes than the previous day. How many days will it take for the farmer to pick a total 
of 3000 tomatoes? 


Solution 


We can describe this situation with the help of 

arithmetic sequence notation: 

a, = 120, d = 40, S„ = 3000, n = ? 

2 a. + (n - 1) ■ d 

X — _1___l_ . -v? 


3000 = 


2 ■ 120 + (a-1) -40 
2 


rr + 5n -150 = 0. 


n 




Solving the quadratic equation gives n = -15 or 
n = 10. Since we cannot talk about a negative 
number of days, the answer is ten days. 
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EXAMPLE 


50 For a period of 42 days, each day a mailbox received four more letters than the previous day. 
The total number of letters received during the first 24 days of the period is equal to the total 
number received during the last 18 days of the period. How many letters were received during 
the entire period? 


Solution Obviously d = 4 and we are looking for S 42 . We can express the number of letters received 
during the first 24 days by S 24 . But note that the number of letters received during the last 
18 days of the period is not S 18 . In fact, the number of letters received during the last 18 days 
is equal to the difference between the number of letters received during the entire period and 
the number of letters received during the first 24 days, so: 

^24 ^42 ~ ^24 t)r 2 ’ S 24 ^42* 

Using the alternative sum formula, 

2 . 2 a i +23rf . 24 = 2fl i + 41rf . 42 
2 2 

(2 a x + 92) • 24 = (2 a x +164) -21 


aj = 206 . 

Using the alternative sum formula once more, 

2-206 + 41.4 

42 2 2 

So during the entire period, the mailbox received 12 096 letters. 


Check Yourself 8 

1. Starting from 10 inclusive, is it possible to have a sum of 360 by adding a sequence of 
consecutive even numbers? 

2. (a n ) is an arithmetic sequence with S 10 = 75 and S 6 = 9. Find S 4 . 

3. Find the common difference of an arithmetic sequence if the sum of the first n terms of 
the sequence is given by the formula n 2 - 2n. 

4. A free-falling object drops 9.8 meters further during each second than it did during the 
previous second. If an object falls 4.9 meters during the first second of its descent, how 
far will it fall in five seconds? 

Answers 

1. yes 2. -6 3. 2 4. 122.5 meters 
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EXAMPLE 


51 a v a 2 , a 21 form an arithmetic sequence. The sum of the odd-numbered terms is 15 more 

than sum of the even-numbered terms and a, n = 3a„. Find a 10 . 


Solution Since we are talking about two different sums, we’ll divide this sequence into two different 
finite sequences. 

Let b n denote the odd-numbered terms with common difference 2d, so ( b n ) = (cq, a 3 , ..., a 21 ), 
and let S * denote the sum of first n terms of this sequence. Note that for this sequence 
n = 11. 

Let c n denote the even-numbered terms with common difference 2d, so (cj = (a 2 , a 4 , ..., a 20 ), 
and let S n c denote the sum of first n terms of this sequence. Note that for this sequence 
n = 10. 

Here, note that both ( b n ) and (cj are arithmetic sequences, and both have the same 
common difference which is twice the common difference of (aj. 


h i 

T 


K 

t 


... b 


b n 

t 


I 

c, 


I 


I 


Now, let us write what we are given in a system of two variables since we have two equations: 
f^n -Si 0 =15 


I ^20 3(Iq 


, that is 

(aj + (aj +20 d) 


.n-VtSa.. 10 = 15 


2 2 
^ + 19d = 3 - (aj + 8 d) 


■yy (a l + d) + (a 1 + d + 18d) 1Q _ 15 


flj + 19d = 3 ■(a 1 + 8 d) 


^ + lOd = 15 


2Uj + 5d = 0 


a x = -5 


so 


We need a 12 , and a 12 


d = 2 

= flj + lid. So a. 


17. 


EXAMPLE 


52 Find the sum of all the three-digit numbers which are not divisible by 13. 


Solution First of all we should realize that all the three-digit numbers which are not divisible by 13 do not 
form an arithmetic sequence, so we cannot use any sum formula. It will also take a long time to 
find and add the numbers. Therefore, let us look for a different way to express this sum. 


239 }- 
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Note that all the three-digit numbers form an arithmetic sequence, and all the three-digit 
numbers that are divisible by 13 form another arithmetic sequence, which means we can 
calculate these sums. Realizing that the sum we are asked to find is the difference between the 
sum of all three-digit numbers and the sum of all three-digit numbers that are divisible by 13, 
we are ready to formulize the solution. 

Let S n denote the sum of all three-digit numbers, so 
a, =100, d = 1, a n =999, S n = ?. 

a n = a l + (n -1 )d, that is 999 = 100 + n- 1, and so n = 900. 


a 1 +a n 

— -- ■ n, so \ 


100 + 999 
2 


■900 = 494550. 


Now let S' denote the sum of all three-digit numbers which are divisible by 13. So, 
b 1 = 104 (the first three-digit number that is divisible by 13), b n = 988 (why?), S r ' = ?. 
b n = b l + (n - 1) • d, so 988 = 104 + (n - 1) ■ 13 and n = 69. 


S 


n 


bi + b 
2 


■ n, so 


104 + 988 
2 


■69 = 37674. 


We are looking for S 900 - S 69 ' = 494550 - 37674 = 456 876. This is the sum of all the 
three-digit numbers which are not divisible by 13. 
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EXERCISES 3.2 


A. Arithmetic Sequences 

1. State whether the following sequences are 
arithmetic or not. 

a. (aj = ( n 2 ) b. (72, 72, 72, ...) c. (aj = (4rz+7) 


6. In an arithmetic sequence the first term is -1 and 
the common difference is 3. Is 27 a term of this 
sequence? 


2. Find the formula for the general term a n of the 
arithmetic sequence with the given common 
difference and first term. 

a. d = 2, a 1 = 3 b. d = 73, a i = 1 

3 

c. d = 0, a, = 0 d. d = - — , a, = -3 

2 1 

e. d = -1, Oj = 0 f. d = 7, a 1 = 72 
g. d = b + 3, a 1 = 2b + 7 

3. Find the common difference and the general 
term a n of the arithmetic sequence with the given 
terms. 

a. a 1 = 3, a 2 = 5 b. = 4, a 4 = 10 
c. a 5 = 72, a 8 = 672 d. a 12 = -12, a 24 = -24 
e. a 5 = 8, a 37 = 8 f. a 6 = 6, a 20 = -34 

g. a 3 = 1, a 5 = 2 

h. a 2 = 2x - y, a 8 = x + 2y 

4. Find the general term of the arithmetic sequence 
using the given data. 

a. a n + 1 = a„ + 7, a, = -2 

b. a 17 = 41, d = 4 


7. Given that the following sequences are arithmetic, 
find the missing value. 


a. 


Cl 12 + O-20 _ 7 
2 


b. a B 


a 4 +? 
2 


8. For which values of b do the following numbers 
form a finite arithmetic sequence? 


1 


-) 


a ' (an) V fc(i-fc)’ 1-/7 

b. (aj = (5 + 2b, 15 + b, 31 - b) 

c. (a n ) = [(a + l) 3 , (a 3 + 3a + b), (a - l) 3 ] 


9. The sum of the fifth and eighth terms of an 
arithmetic sequence is 24, and the tenth term is 12. 
Find the 20th term of the sequence. 


10 . Find the sum of the third and fifteenth terms of 
an arithmetic sequence if its ninth term is 34. 


5. Fill in the blanks to form an arithmetic sequence. 

a. _, _, _, 3, _, _, _, 32. 

b. 13, , , ..., , 45 


11. The sum of the third and fifth terms of an 
arithmetic sequence is 20, and the product of the 
fourth term and the sixth term is 200. Find the 
third term of this sequence. 
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B. Sum of the Terms of an Arithmetic 
Sequence 

12 . For each arithmetic sequence (a n ) find the 
missing value. 

a. flj = -5, a 8 = 18, S 8 = ? 

b. a 1 = -3, a 7 = 27, S 40 = ? 

c. a, = 7, S 16 = 332, d = ? 

d. d = ~, S 34 = 1173, a, = ? 

e. a, = 2, a B+1 = a„ - 2, S 23 = ? 

£ a, = -, d = -, S =1700, p = ? 

1 2 2 p 

g. S 100 = 10000, a 100 = 199, a 10 = ? 

h. a n = -5?i - 10, S 7 = ? 

i. a 1 = 5, a p = 20, S p = 250, p = ? 

j. S 60 = 3840, a; = 5, a 61 = ? 

k. cl^ — 3, Ujq — u 7 = —6, S 20 = ? 

l. a, = 1, S 22 - S 18 = 238, a 7 = ? 

m. d = 5, S 16 - S 10 = 308, a, = ? 

n. S 7 = 4 • S 5 , a 20 = 54, a, = ? 

o. d = 4, a 9 + 10 = 3a 4 , S 16 = ? 

p. a 1 -d = 7, af - d 2 = 91, S 10 = ? 

13. Is it possible that sum of the first few terms of the 
arithmetic sequence (-1, 1, 3, 5, ...) is 575? 


14. Given an arithmetic sequence (a n ) with 

G 

a 5 + a 8 = 27, find S 12 . 


15. The general term of an arithmetic sequence is 
a n = In - 3. Find S 50 . 


16. The sum of the first n terms of an arithmetic 
sequence can be formulized as S n = 4 n 2 - 3 n. 
Find the first three terms of the sequence. 


17. The sum of the first n terms of an arithmetic 
sequence can be formulized as S„ = 2 an 2 . Find d. 


18. The sum of the first six terms of an arithmetic 
sequence is 9. The sum of the first twelve 
terms is 90. Find the sum of the thirteenth and 
seventeenth terms of this sequence. 


19. The sum of the first twelve terms of an arithmetic 
sequence is 522. The sum of the first sixteen 
terms is 880. Find the common difference of this 
sequence. 


20. In an arithmetic sequence the sum of the first six 
odd-numbered terms (a v a 3 , a 5 , a 7 , a g , and a u ) is 
60. Find the sum of the first eleven terms. 


21 . In an arithmetic sequence the difference between 
*** the sum of the first nine terms and the sum of the 
first seven terms is 20. Find the sum of the first 
sixteen terms. 
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22. The sum of the squares of the fifth and eleventh 
® terms of an arithmetic sequence is 3, and the 

product of the second and fourteenth terms is 1. 
Find the product of the first and fifteenth terms 
of this sequence. 

23. (aj is an increasing arithmetic sequence such 
® that the sum of the first three terms is 27 and the 

sum of their squares is 275. Find the general term 
of the sequence. 

24. Insert 43 numbers between 3 and 25 to get an 
arithmetic sequence. What is the sum of all the 
terms? 

25. A person accepts a position with a company and 
will receive a salary of $27,500 for the first year. 
The person is guaranteed a raise of $1500 per 
year for the first five years. 

a. Determine the person’s salary during the sixth 
year of employment. 

b. Determine the total amount of money earned by 
the person during six full years of employment. 

26. Air auditorium has 30 rows of seats with 20 seats 
in the first row, 24 seats in the second row, 28 
seats in the third row, and so on. Find the total 
number of seats in the anditorium. 



27. A brick patio is roughly in the shape of a trapezoid. 
The patio has 20 rows of bricks. The first row has 
14 bricks, and the twentieth row has 33 bricks. 
How many bricks are there in the patio? 

28. A grocery worker needs to stack 30 cases of 
canned fruit, each containing 24 cans. He 
decides to display the cans by stacking them in a 
triangle where each row above the bottom row 
contains one less can. Is it possible to use all the 
cans and end up with a top row of only one can? 

29. A runner begins running 5 km in a week. In each 
subsequent week, he increases the distance he 
runs by 1.5 km. 

a. How far will he run in the twenty-second week? 

b. What is the total distance the man will have 
covered from the beginning of the first week to 
the end of the twenty-second week? 

30. A man climbing up a mountain climbs 800 m in 
the first hour and 25 m less than the previous 
hour in each subsequent hour. In how many 
hours can he climb 5700 m? 

31. A well-drilling company charges $15 for drilling 
the first meter of a well, $15.25 for drilling the 
second meter, and so on. How much does it cost 
to drill a 100 m well? 

32. Three numbers form a finite arithmetic sequence. 
® The sum of the numbers is 3, and sum of their 

cubes is 4. Find the numbers. 

- Algebra 9 


~ ( 243 } 










Mixed Problems 


39. ( Pythagoras’ problem ) Find the formula for the 
sum of the first n odd natural numbers. 


33. The numbers a 2 , b 2 , and c 2 form an arithmetic 

GO 111 

sequence. Show that-,-,-also form 

b + c c + a a + b 

an arithmetic sequence. 

34. Solve for x. 

(x + 1) + (x + 4) + (x + 7) + ... + (x + 28) = 155. 

35. Prove that if a n _ 3 + a„ 2 + a n _ 1 = Gn - 3 then 
® (a„) is an arithmetic sequence. 

36. Let (a n ) and (b n ) be two arithmetic sequences 
® with a 1 = 3, b 1 = 7, a 50 + b 50 = 190. Find the 

sum of the first fifty terms of these sequences 
combined. 

37. Two finite arithmetic sequences contain the same 
® ® number of terms. The ratio of the last term of the 

first sequence to the first term of the second 
sequence is 4. The ratio of the last term of the 
second sequence to the first term of the first 
sequence is also 4. The ratio of the sum of the 
first sequence to the sum of second sequence is 
2. Find the ratio of the common difference of the 
first sequence to the common difference of the 
second sequence. 

38. ( Problem from the 18 th century BC ) Divide ten 
shoes of bread between ten people so that the 
second person receives 1/8 of a slice more than 
the first person, the third person receives 1/8 of a 
slice more than the second person, and so on. 



40. In an arithmetic sequence the sum of the first m 
® terms is equal to the sum of the first n terms. 

Prove that the sum of first m + n terms is equal 
to zero. 

41. S„ is the sum of the first n terms of an arithmetic 
® sequence (a n ). Show that 

S k + 3 -3S„ + 2 + 3S„ + 1 -S„ = 0. 


42. Find the sum of ah the three-digit numbers that 
® ® are not divisible by 5 or 3. 

43. (a r ) is an arithmetic sequence with first terms 15, 
34. (b n ) is an arithmetic sequence with first terms 
7,15. Find the sum of the first thirty numbers that 
are common to both sequences. 

44. Solve 

GO 

x — 1 x-2 i x-3 x-4 i x-576 _l 

2 2 2 2 ■ 11 2 o’ 

X X X X X 

45. For p = 1,2, ..., 10 let T p be the sum of the first 
®® forty terms of the arithmetic sequence with 

first term p and common difference 2p - 1. Find 
T + + T 

46. Let ABCD be a trapezoid such that AD [| BC and 
AD = a, BC = c. We divide non-parallel sides into 
n + 1 equal segments n > 1, by using points M v 
M a , ..., M n e [AB] and N,, N 2 , ..., N n g [DC]. Find 
MjNj + MjV 2 + ... + M n N n in terms of a, c, and n. 
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A magic square is an arrangement of natural numbers in a square matrix so that the sum of the 
numbers in each column, row, and diagonal is the same number (the magic number). The 
number of cells on one side of the square is called the order of the magic square. 

Here is one of the earliest known magic squares: 


4 

9 

2 

CO 

5 

7 

00 

1 

CD 


It is a third order magic square constructed by using the numbers 1, 2, 3, ..., 9. Notice that the numbers in each 
row, column, and diagonal add up to the number 15, and 1, 2, 3, ...,9 form an arithmetic sequence. This magic 
square was possibly constructed in 2200 B.C. in China. It is known as the Lo-Shu magic square. 



The famous Lo-Shu is the oldest known magic square in the 
world. According to the legend, the figure above was found on 
the back of a turtle which came from the river Lo. The word 
‘Shu’ means ‘book’, so ‘Lo-Shu’ means ‘The book of the river Lo’. 


Below is another magic square, this time of order four. Note that its elements are from the finite arithmetic 
sequence 7, 10, 13, 16, ..., 52, and the magic number is 118. 


52 

13 

10 

43 

19 

34 

37 

28 

31 

22 

25 

40 

16 

49 

46 

7 


* 



























What kind of relation exists between the sequence and the magic number? Given any finite arithmetic sequence 
of n 2 terms is it always possible to construct a magic square? If the numbers do not form an arithmetic sequence, 
is it possible to construct a magic square? 


Try constructing your own magic square of order three using the numbers 4,8,12, ...,36. 

There are many unsolved puzzles concerning magic squares. The puzzle of Yang-Hui, which was solved in the 
year 2000, was one of them. According to the legend the 13th century Chinese mathematician Yang-Hui gave 
the emperor Sung his last magic square as a gift. This is Yang-Hui’s square: 


1+1 


1668 

198 

1248 

618 

1038 

1458 

828 

1878 

408 


1669 199 1249 
619 1039 1459 
829 1879 409 


The special property of Yang-Hui's square was that the square had elements of a finite arithmetic sequence with 
common difference 210 such that when 1 was added to each cell it would become another magic square with all 
elements prime numbers. But the emperor wanted the magic square to also give prime numbers when 1 was 
subtracted from each cell. He promised some land along the river to the mathematician if it was completed. 
Unfortunately, the life of Yang-Hui wasn’t long enough to solve this puzzle. Below is the solution to the problem, 
calculated 725 years later: 


372839669 

241608569 

267854789 

372839670 

241608570 

267854790 

372839671 241608571 267854791 

189116129 

294101009 

399085889 

H 189116130 

294101010 

399085890 |+1 

189116131 294101011 399085891 

320347229 

346593449 

215362349 

320347230 

346593450 

215362350 

320347231 346593451 215362351 




















GEOMETRIC SEQUENCES 


A. GEOMETRIC SEQUENCES 

1. Definition 

In the previous section, we learned about 
arithmetic sequences, i.e. sequences whose 
consecutive terms have a common difference. 
In this chapter we will look at another type of 
sequence, called a geometric sequence. 
Geometric sequences play an important role in 
mathematics. 



Definition 


A sequence is called geometric if the ratio between each consecutive term is common. For 
example, look at the sequence 3, 6, 12, 24, 48, ... 

Obviously the ratio of each term to the previous term is equal to 2, so we can formulize the 
sequence as b n+i = b n ■ 2. The consecutive terms of the sequence have a common ratio (2), 
so this sequence is geometric. 

For the sequence 625, 125, 25, 5, 1, ... the formula will be b +1 = b ■ — . The common ratio 

1 5 

in this sequence is —. 

geometric sequence _ 

If a sequence ( b n ) has the same ratio q between its consecutive terms, then it is called a 

geometric sequence. 


In other words, (b n ) is geometric if b n+l = b n ■ q such that n e N, q e R. q is called the 
common ratio of the sequence. In this book, from now on we will use b n to denote the 
general term of a geometric sequence, and q to denote the common ratio. 

If q > 1, the geometric sequence is increasing when b 1 > 0 and decreasing when b l < 0. 

If 0 < q < 1, geometric sequence is increasing when b 1 < 0 and decreasing when b i > 0. 

If q < 0, then the sequence is not monotone. 

What can you say if q = 1? What about <7 = 0? 


EXAMPLE 


53 


State whether the following sequences are geometric or not. If a sequence is geometric, find 
the common ratio. 


a. 1, 2, 4, 8, ... b. 3, 3, 3, 3, ... 
a. geometric, q = 2 b. geometric, q = 1 

Solution 


c. 1, 4, 9, 16, ... 
c. not geometric 


d. 5,-1,-,-—,... 

5 25 

d. geometric, l 
^ = _ 5 
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EXAMPLE 


54 


State whether the sequences with the given general terms are geometric or not. If a sequence 
is geometric, find the common ratio. 


a. b 

Solution a. b 


b. b„ 


rr + 3 


c. b= 3 • 2" 


d. h 


3n + 5 


b 3 n+1 

K + 1 — 3" +1 , so the ratio between each consecutive term is s±L = -= 3 , which is 

b„ 


constant. So (bj is a geometric sequence and q = 3. 
b. b n+l = (n + l) 2 + 3, so the ratio between each consecutive term is 


3" 


J n +1 _ 


(n +1) 2 + 3 _ n 2 + 2n + 4 


n 2 + 3 


n 1 +3 


which is not constant. So (b r ) is not a geometric sequence. 


c. 

d. 


b 3-2" +4 

b„,, = 3 • 2" +4 , so the ratio between each consecutive term is —— =-- = 2, which is 

b n 3-2" +3 


constant. So ( b n ) is a geometric sequence and q = 2. 

Since the general term has a linear form, this is an arithmetic sequence. It is not geometric. 


With the help of the above example we can see that if the formula for the general term of a 
sequence gives us an exponential function with a linear exponent (a function with only one 
exponent variable), then it is geometric. 

Note 

The general term of a geometric sequence is exponential. 

1 2 4 8 16 

Geometric growth is exponential. 

2. General Term 

We have seen that for a geometric sequence, b n+l = b n - q. This formula is defined recursively. 
If we want to make faster calculations, we need to express the general term of a geometric 
sequence more directly. The formula is derived as follows: 

If (b n ) is geometric, then we only know that b tl+] = b n ■ q. Let us write a few terms. 

hi = k 
K = b] -q 

h 3 =h 2 -q = (b 1 -q)-q=b 1 -q' 2 
b 4 =b 3 -q = (b 1 -q 2 )-q = b 1 -q 3 
b B =b 1 - q 4 



k=brq"-' 

This is the general term of a geometric sequence. 











GENERAL TERM FORMULA 


The general term of a geometric sequence ( b n ) with common ratio q is 

K = b 1 -q n - 1 


EXAMPLE 


55 If 100, 50, 25 are the first three terms of a geometric sequence (b n ), find the sixth term. 


lyl) l 2 

Solution We can calculate the common ratio as q = — = — = so b, = 100, q — 

Kb, 2’ 1 2 

i 1 e i 25 

Using the general term formula, b n = b, ■ q" , so fo 6 =100-(—) = —. 


EXAMPLE 


56 (b n ) is a geometric sequence with b, = —, q = 3. Find b 4 . 


Solution Using the general term formula, 

b n = b, ■ q n ~ l . Therefore, b 4 = ^ -3 4 ' 1 = 9. 


EXAMPLE 


57 (P n ) is a geometric sequence with b, =-15, q = —. Find the 

5 

general term. 


Solution Using the general term formula, b n = b, ■ q n 


Therefore, b = -15 


( | y-i / | ^ j y 


v 5 y 


= -15 • 


1 


1 


= -75 • 


v 5 y 



How can you relate this building 
to a geometric sequence ? 


EXAMPLE 


58 Consider the geometric sequence (bj with b, = ^ and q = 3. Is 243 a term of this 


sequence? 

Solution Using the general term formula, 
b n =b j • q”- 1 and so b n = i -3"” 1 . 

Now 243 = — ■ —, and so 3" = 3 tS . Therefore, n= 8. 

9 3 

Since 8 is a natural number, 243 is the eighth term of this sequence. 
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EXAMPLE 


59 In a monotone geometric sequence b 1 -b 5 = 12, — = 3. Find fo 2 . 


Solution ^- = 3, that is ' q 3 = 3. So<? = ±-^. 




b, ■ q 


S' 


MS 


Since the sequence is monotone, we take q = ^=. 

S 

b 1 ■ b 5 = 12 , that is b 1 ■ b t ■ q 4 = 12 . 

I ?, 2 • — = 12, that is fo. = 6V3. So b 2 = b, ■ q = 6 S ■ —= 6 . 

1 9 V3 

Why? Would the answer change if the sequence was not monotone? Why? 

Check Yourself 9 

1. Is the sequence with general term b n = i-4 n+3 a geometric sequence? Why? 

3 3 3 

2. —, — , — are the first three terms of a geometric sequence (b n ). Find the eighth term. 

3. (b n ) is a non-monotone geometric sequence with b 1 = i, b 7 = 16. Find the common ratio 
of the sequence and b 4 . 

4. (b v ) with is a geometric sequence with b l = -3, q = -2. Is -96 a term of this sequence? 

Answers 

1. yes, because the general term formula is exponential 2. 24 3. q = -2; = -2 4. no 


3. Advanced General Term Formula 


EXAMPLE 


60 ( b n ) is a geometric sequence with b 4 = 56, <7 = - —. Find b g . 

2 


Solution b 4 = b 1 ■ q 3 , that is 56 = b x ■ (- —) 3 . So b 1 = -448. 


bg = ^ ■ q 8 = —448 -(--) 8 


In this example, we calculated the first term of the sequence (Jb 4 ) from b 4 , then used this 
value to find b g . However, there is a quicker way to solve this problem: in general, if we know 
the common ratio and any term of a geometric sequence, we can find the required term 
without finding the first term. Look at the calculation: 
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If we know b p and q, to express b n we can write: 


K = K ■ 9*” 1 (!) 

( 2 ) 


Making a side-by-side division of (1) by (2), we get — = 

h 


So b„ 




q 


n-p 


ADVANCED GENERAL TERM FORMULA 


The general term of a geometric sequence (b r ) with common ratio q is b n = b p • q n v , 
where b p is any term of the sequence. 


So using the advanced general term formula, we can solve the previous example as follows: 


K=K-q n - p 

b 9 =b 4 -q 5 = 56.(-i) 5 =-l. 


Here, it is not important which term you write in the place of b n and b p . 

Note that when p = 1, the advanced general term formula becomes the general term formula 
we studied previously. 


EXAMPLE 


61 ( b n ) is a geometric sequence with b. = —, b 8 = 4“ 4 . Find the common ratio. 

32 


Solution We have h = — = 2~ s and b R = 4^ =2 8 . 

5 32 

Using the advanced general term formula, 

K = \ -q n p 

b 8 = b 5 - q 3 
2 -8 = 2^ ■ q 3 , so q = 

4. Common Ratio Formula 



Let us formulize the procedure in the last example, which helps us to find the common ratio 
of a geometric sequence with any two terms b p and b r such that p > r. 

b 

Applying the advanced general term formula, b = b r ■ p p ~ r , so — = q v ~ r . 

b r 

If p - r is even, q = ±p 



If p - r is odd, q = 



(Why did we define p > r ?) 
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COMMON RATIO FORMULA 


The common ratio of a geometric sequence (b n ) with terms b and b r is 


±p- r |— ,if p-r is even 
b r 


p- r l— ,ifp-risodd 


where p> r. 


EXAMPLE 


62 Given a monotone geometric sequence (bj with b 3 = 9, b 5 = 16, find the common ratio. 


Solution Using the common ratio formula, 

fbT 4 4 

q = ±5-31-1 = +—. Since the sequence is monotone, q = —. Otherwise, one term would be 
]j b 3 3 3 

negative and the next would be positive, and that would give a sequence which is neither 

increasing nor decreasing. Note that if we did not know that the sequence was monotone, 

then there would be two possible answers. 


EXAMPLE 


( b n ) is a non-monotone geometric sequence with b 9 =2 ,b 4 = —. Which term is —? 

9 81 


Solution Since the sequence is not monotone, the common ratio is negative. Using the common ratio 

[b~ [b~ 2 32 

formula, q = -4-2/—! = - —L = - . If — is a term, then 
\jb 2 ]Jb 2 3 81 

09 9 99 

b = b 9 - q p ~ 2 , that is — =2 • (—) p “ 2 , so (—) 4 = (—) p “ 2 , which means p = 6. 


81 


32 

Since 6 is a natural number, — is the sixth term. 

81 


EXAMPLE 


5. Middle Term Formula (Geometric Mean) 

64 Given a geometric sequence (bj with b 8 = 10, find b 2 ■ b u . 


Solution This time we have just one value as data. Since the formulas we have learned up to now 
depend on more than one data value, it is impossible to find b 2 or b 14 . However, we are not 
asked to find b 2 or b 14 , but to find b 2 ■ b i4 . 



252 > 


Algebra 9 

















Let us apply the advanced general term formula, keeping in mind that we just know b 8 : 

K = K- q 2 - 8 (i) 

b M = b 8 ■ ( 2 ) 

Multiplying (1) by (2), we get 
b 2 -b u = bl = 10 2 = 100 . 


The solution to the previous example gives us a practical formula. 

Let b p and b k be two terms of a geometric sequence such that k < p. Then, 

V* = K ■ y k (D 

h p + f t = b p ■ q k . (2) 

Multiplying (1) and (2) we get 

b p _ k ' bp+k = bp 2 or b p = ±^jb p ^ k ■ b p+k , which means that the square of any term x in a geometric 
sequence is equal to the product of any two terms that are at equal distance from x in the 
sequence. In the previous example note that b 8 was at equal distance from of b 2 and b u . 
(Could we solve the problem if we were given b 8 instead of b 10 ?) 


MIDDLE TERM FORMULA (Geometric Mean) 


In a geometric sequence b p = b p _ k • b p + k where k < p. 


c c c c c 

The geometric mean of 
two numbers x and y is 
m if m = i Ixy. 

Note that m is the same 
distance from x as from 
y, so x, m, y form a finite 
geometric sequence. 


For example, all the following equalities will hold in a geometric sequence. 
b 2 = b 1 - b 3 since b 2 is in the middle of b 1 and b 3 . 
b-f = b 5 ■ b g = b 1 ■ b 13 = b 2 ■ b x (x must be 12 ) 
b w' Ko = h y (il must be 15) 


EXAMPLE 


65 


, x, 9 are three consecutive terms of a geometric sequence. Find x. 


Solution If we say b 1 = 1, b 2 = x, b 3 = 9, then using the middle term formula, 

b 2 = b j ■ b 3 , i.e. x 2 = 1 ■ 9. Therefore, x is 3 or -3 if the sequence is geometric. 

Note 

Three numbers a, b, c form consecutive terms of a geometric sequence if and only if 
b 2 = a ■ c. 
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EXAMPLE 


66 Find the common ratio q for the geometric sequence (b r ) with b l = 32 and b 2 - b g = 2. 


Solution Using the middle term formula, we get b 2 - b g = b\ 5 , which is nonsense! 

Realizing that we are given b v let’s write another nonsense equation: b 3 ■ b 10 = b a5 . 
We know that there is no b 55 but we have b 2 ■ b g and b 1 ■ b w which are equal. That is, 

b 1 -b 10 =b 2 -b g , so 32 -b 10 = 2. Therefore, b 10 = —. 

16 

Now using the general term formula, 

b, n = b, ■ o ’, so —= 32 -q 9 . Therefore, q=—■ 

1° i 16 2 



Check Yourself 10 


1. (bj is a geometric sequence with b 4 = 12 and q= Find b 7 . 

2. (b rl ) is a geometric sequence with b 7 = 9 and b w = 72. Find the common ratio. 

5 

3. (bj is a geometric sequence with b a = — and b 8 - 10. Find b 10 . 

4. Fill in the blanks if the following numbers form a geometric sequence: -2,_,_,_, 

Answers 

1.1 2.2 3.40 4. - 6 , -18, -54 or 6 , -18, 54 

9 


EXAMPLE 


67 


Given a monotone geometric sequence (b r; ) with b i + b 5 = 30, b 3 + b 7 = 120, find b v 


Solution We must express these two equations in terms of two variables, say b and q. 

f b 1 + b 5 = 30 f b l + b 1 ■ q 4 = 30 f b 4 ■ (1 + q 4 ) = 30 (1) 

[b 3 + b 7 = 120 { b, ■ q 2 + b, ■ q 6 = 120 l b, ■ q 1 ■ (1 + q 4 ) = 120 (2) 

Dividing equation (2) by equation (1), we get 
q- - 4, so q = ±2. 

Since the sequence is monotone, q = 2. 

30 

Using equation (1): b 1 -(l + 2 4 ) = 30, so b x = —. 
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EXAMPLE 


Three numbers form a geometric sequence. If we increase the second number by 2, we get 
an arithmetic sequence. After this, if we increase the third number by 9, we get a geometric 
sequence again. Find the three initial numbers. 


Solution Since we are given three numbers, let us solve this problem with the help of the middle term 
formulas for arithmetic and geometric sequences. Naming these numbers a, b, and c 
respectively, we have: 

a, b, c geometric sequence 

a, b + 2 , c arithmetic sequence 

a, b + 2, c + 9 geometric sequence 

So we have the following system of three equations with three unknowns: 


b L = ac 


b + 2 = 


a + c 


, that is 


(b + 2 ) 2 =a(c+9) 


Using (3) in (1), b 2 = 


b 2 = ac ( 1 ) 

2b+ 4 = a+ c (2) 

b 2 + 4b + 4 = ac + 9a (3) 


4b+ 4 


9 


■c, so c = 


9 b 2 


4b+ 4 


( 4 ) 


4b+ 4 9 h 2 

Using (3) and (4) in (2), 2b + 4 = —-—+ ^ + 4 ’ so ^5b 2 - 184b - 128 = 0. 

10 

Solving the quadratic equation, we get b =-or b = 8 . Substituting these numbers in (3) 

25 

and (4) we find a and c respectively. 
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Geometric growth is exponential! 


So the system will have 


a = — 

25 

, 16 

b =-or 

25 

_ 64 
C_ 25 


a = 4 

b = 8 as possible solution sets, 
c = 16 
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EXAMPLE 


69 Find four numbers forming a geometric sequence such that the second term is 35 less than 
the first term and the third term is 560 more than the fourth term. 

Solution For convenience, let us denote the terms by a, b, c, d, and the common ratio as usual by q. 
Our data now looks like the following: 

ib = a - 35 

jc = d + 560. 

We have to reduce the number of variables to two using the fact that we have a geometric 
sequence. 



35 

( 1 ) 

aq = a - 35 

a = - 

i -q 

, SO 



aq 2 = aq 3 + 560 

35 2 35 3 , ccn 

- q =- q +560 

1 -q 1 -q 

(2) 


Solving equation (2), we get q = ±4. 

If<? = ^, then a = 7, b=- 28, c=112, d= ^ 448. 


If q = 4, then a = 



560 

3 ’ 


2240 


Both of these sets of values are possible solution sets for the problem. 


B. SUM OF THE TERMS OF A GEOMETRIC SEQUENCE 


1. Sum of the First n Terms 

Let us consider the geometric sequence with first few terms 1, 2, 4, 8, 16. 

The sum of the first term of this sequence is obviously 1. The sum of the first two terms is 
3, the sum of the first three terms is 7, and so on. To write this in a more formal way, let us 
use S n to denote the sum of the first n terms, i.e. S n = b 1 + b 2 + ... + b... Now, 

S. = 1 

s 2 = 1 + 2 = 3 
S 3 =l + 2 + 4 = 7 
S, = 1 + 2 + 4 + 8 = 15 


EXAMPLE 


70 


Given the geometric sequence with general term b n = 3 • (-2)", find the sum of first three 
terms. 


Solution S 3 = bj + b. 2 + b 3 = —6 + 12 - 24 = -18 















How could we find S 100 in the previous example? Calculating terms and finding their sums 
takes time and effort for large sums. As geometric sequences grow very fast, we need a more 
efficient way of calculating these sums. The following theorem meets our needs: 


Theorem 


1 _ Q n 

The sum of the first n terms of a geometric sequence (bj is S = b, ■ -—, q * 1. 

” 1 -q 


Proof S„ -b : + b 2 +b 3 +..■ + b n _ 1 + b n 

S n = + b 1 ■ q + b 1 -q 2 + ...+ b t -q'‘~ 2 + b 1 ■q ” _1 (1) 

q-S n = b 1 -q + b 1 -q 2 +b 1 -q 3 +... + b 1 ■q n " 1 +b 1 -q n (2) 

Subtracting (2) from (1), we get 
S„ - q ■ S„ =b 1 -b 1 ■q n 

i -q n 


s„=V- 


1-9 


EXAMPLE 


71 Given a geometric sequence with b 1 = — and q = 3, find S 6 . 

81 


Solution Using the sum formula, 


c , 1 ~q n c 1 1-3 364 

" 1 1 -q 6 81 1-3 81 


EXAMPLE 


72 Given a geometric sequence with S 6 = 3640 and q = 3, find b v 


Solution Using the sum formula, 


S 6 = b l ■ - ——, so 3640 = ■ -——, and so b 1 = 10. 

1 -q 1-3 


EXAMPLE 


73 Given a geometric sequence with q = —, b p = 5 and S p = 1820, find b v 


Solution Using the sum formula, 


s P = V 


b } - 5 • 


1 


-»> b i'g P _ fc i Vi _ fc i sol82 0 =-—A. Therefore, Z?, = 1215. 

1-9 j_l 

3 


1 -^ 1 -q 1-q 
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EXAMPLE 


74 Given a geometric sequence with fe, = 3 and S 3 = —, find q. 


Solution Using the sum formula, 


ccccc 

x 3 -y 3 = ( x-y ) (x 2 + xy + y 2 ) 
x 3 +y 3 =(x+y)(x i -xy+y 2 ) 




i -q 


, and so — 
1 -q 3 


19 _ 3 .(!-<3')( 1 + <?+ <? 2 ) 


i -q 


. Therefore, -— = 1+ q+ q 2 . 
9 


5 2 

Solving the quadratic equation, we get q = or q = 


Check Yourself 11 

1. Given a geometric sequence with b l — l and q = -2, find S 7 . 

2. Given a geometric sequence with S 9 = 513 and q = -2, find fc 5 . 

3. Given a geometric sequence with q = 2, b 1 = 7, and S p = 896, find p. 

4. Given a geometric sequence with b 1 = 192 and S 3 = 252, find g. 

Answers 

1. 43 2. 48 3. 8 4. __ 0 r - 

4 4 


EXAMPLE 


Given a monotone geometric sequence with b 4 -b^ = -, b B - b 4 = ■ 

32 


45 

512 


, find b t and q. 


Solution Let us write the given equations in terms of b 4 and q. 


, 3 . 45 

V9 -'>,'9 = -^ 


, 5,3 45 

b,-q -b,-q = - 

1 1 512 


, SO 


4 ^ 

h -q-(q 2 -l) = -— ( 1 ) 

^•g 3 -(g s -i) = -^ (2) 


, i .i 


Dividing (2) by (1), we get q- = —, so q = ±—. 

16 4 


Since the sequence is monotone, we take Q — 

Using this information in equation (1) we get b l = 6 . 
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EXAMPLE 


76 Given a geometric sequence with S 7 = 14 and S 14 = 18, find b 15 + ... + b 21 . 


Solution Clearly, b 15 + ... + b 2l = S 21 - S 14 . 

However, we are given S 7 and S 14 , so we need to find a way of expressing S 21 in terms of the 
given data. 


c , 1 (l-<? 7 )(l+<? 7 + ^ 14 ) 

^21 i 

1 - q 1 - q 


Sl4 = ■ 


S 7 = V 


1 -g 14 

1-9 

l-9 ? 


b ! ■ 


(i- g 7 )(i + 9 7 ) 

1-9 


1-9 

Dividing (1) by (3) we get, 

^=l+9 7 + 9 14 . 

S 7 

Dividing (2) by (3) we get, 

^ = l + 9 7 , 

S 7 


so g 




14 


7 


Subtracting (5) from (4) we get, 


^21 ^14 _ 14 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


9 > so S 21 - S 14 = (</) -S 7 = —-14 = 


8 

7' 


EXAMPLE 


77 (b n ) is a geometric sequence such that the sum of the first three terms is 91, and the terms 
b i + 25, b 2 + 27, b 3 + 1 form an arithmetic sequence. Find b v 


Solution Using the sum formula, 


S 3 =\ ■ ] -^- = b 1 . ^ 9)( 1+ 9 + 9) ; so fc (1 + 9+ 9 3 ) = 91. (1) 

1-9 (1-9) 

Using the middle term formula for arithmetic sequences, 

b. + 25 + fc, +1 b, + 25 + b. • ~ +1 

b 9 + 27 = —- 5 -, so b. -(7+27 = U-t—1-. 

2 , 1 _] 2 


t 


since b 2 is 
a term of a 
geometric sequence 


Now we have, fcj -(g 2 -2q+ 1) = 28. 
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Dividing (1) by (2) we get, 


l+q + q 2 _ 13 


q-2q + l 


—, so 3 q~ - 10q + 3 = 0. 


This quadratic equation gives two solutions: q — — or q = 3. 

If q = -i, then using equation (1) or (2) we get b l = 63. 

If q = 3, then using equation (1) or (2) we get b 1 = 7. 

Both of these are possible values for b 1 . 


2. Applied Problems 


EXAMPLE 


78 


Solution 


After the accelerator pedal of a car is released, the driver 
of the car waits five seconds before applying the brakes. 
During each second after the first, the car covers 0.9 
times the distance it covered during the preceding 
second. If the car moved 20 m during the first second, how 
far does it move before the brakes are applied? 

Here we have, 



b j = 20 (distance covered in the first second) 

q = 0.9 (the ratio of distance covered to the distance covered in the preceding second) 
S 5 = ? (total distance covered in five seconds) 


Using the sum formula, 

1 -n 5 1-0 9 5 

S 5 =b 1 - -—— = 20 ■ 1 
5 1 1 -q 1-0.9 


81.902. 


Therefore, before the brakes are applied the car moves 81.902 m. 


EXAMPLE 


79 


How many ancestors from parents through great-great-great grandparents do three unrelated 
people have? 


Solution Let’s try to formulize the problem. Each person has two parents, a mother and a father, and 
these people are distinct because the people in the problem are unrelated. These parents are 
the closest generation to the original people; we can call them the first generation. Now, each 
person in the first generation also has two different parents, which we can call the second 
generation. If we continue like this, we can see that there are five generations, and each 
generation contains twice the number of people of the previous generation. This is a 
geometric sequence, and we can write, 

b j = 6 (total number of parents of the three unrelated people) 
q = 2 (the ratio between the number of people in successive generations) 

S 5 = ? (the total number of ancestors in five generations). 
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Using the sum formula, 

1 - 9 5 

S, = 6 • -—— = 186. 

5 1-2 

So the three unrelated people will have 186 ancestors from parents through great-great-great 
grandparents. 


EXAMPLE 


A set of five weights has a total mass of 930 g. If the weights are arranged in order from the 
lightest to the heaviest, the second weight has twice the mass of the first, and so on. What is 
the mass of the heaviest weight? 


Solution Let us formulize the problem: 

S 5 = 930, <? = 2, b 5 = ?. 

Using the sum formula, 

= b , •-——, then 930 = b . •-——, so b, = 30. 

5 1 l-<? 1 1-2 1 

Using the general term formula, b 5 = b 1 ■ q 4 = 30 • 2 4 

Therefore, the heaviest weight has a mass of 480 g. 



480. 


EXAMPLE 


81 


2 

A ball is dropped from a height of 81 cm. Each time it bounces, it returns to ^ of its previous 

height. What is the total distance the ball has traveled in the air when it hits the ground for the 
fifth time? 


Solution 


2 

Choosing b 1 — 81, q = —, S 5 = ? won’t give us the answer 

that is required. To understand why, let us look at the 
distance that the ball travels using the diagram opposite. 

We can see that except the first 81 cm, each length is 
covered twice. So if we define a geometric sequence which 
2 

has 81 ■ — as the first term, we can formulize our answer 
3 



as, 


Total distance = 81 + 


4 . 

first fall 


, 2 , ■ 
l— T“ l 

rise and fall 


81 ■- ■ 

3 

I_I 

i 

b x in the figure 


1 - 


1 - 


sum formula for the first four terms 


341 cm. 
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Check Yourself 12 


1. Given a monotone geometric sequence with b 4 -b 2 =-and b 6 - b 4 = -, find b 1 

32 512 

and q. 

3 

2. A tree loses 384 leaves during the first week of fall and — as many leaves in each 
successive week. At the end of seven weeks all the leaves have fallen. How many leaves 
did the tree have at the start of fall? 

Answers 

1. foj = 6, q = — 2. 12 354 leaves 


C. INFINITE SUM OF A GEOMETRIC SEQUENCE ( OPTIONAL ) 


1. Infinite Sum Formula 


In geometric sequences with common ratio between -1 and -1, each successive term in the 
sequence gets closer to zero. We can easily see this in the following examples: 

when q =—, (&„) = ( 1, —, —, —, —, ...), 

2 2 4 8 16 


when q = -—, (b ) = (3, - —, ——, 
30 10 300 


9000 




In both examples, the terms get closer to zero as n increases. In the second example the 
approach is more rapid than in the first, and the sequence alternates between positive and 
negative numbers. 

A simple investigation with a few more examples will quickly reveal that for geometric 
sequences with common ratio -1 < q < 1, as n increases the total sum of the terms (SJ 
eventually settles down to a constant value. In other words, we can find the infinite sum of 
a geometric sequence with common ratio -1 < q < 1. 


EXAMPLE 


82 


, 1 1 1 
Find 1 + —+ —+ —4-... 

2 4 8 


Solution 


Clearly each term of this sum is a term of the geometric sequence with b t — 1 and q= — 
We are looking for the infinite sum, i.e. S M . 
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Using the sum formula, 


-u . WL = i._ 


i- 




S = b, ■ 


1 l-<? 


1 - 




Here, (^-)“ = ^ ^ = 0, since 1 has no significance next to 2“ 


We now have an equation which helps us to calculate the infinite sum of a geometric 
sequence. 


Theorem 


The infinite sum of a geometric sequence (b n ) with common ratio \q\ < 1 is denoted by S, 


and is given by the formula S = —— . 

i -q 


Proof 


= bi ■ 


1-g" 

1-q 


by the general sum formula. If we choose n —» », 


since I q |<1 


S = V 


1 - 0 
1-q 


K 

1-q 


Note 

Remember that the total sum of terms only settles at a constant value if -1 < q < 1. 
If \q | > 1, then the geometric sequence has no infinite sum. 


EXAMPLE 


83 Find 100 + 50 + 25 + ... 


Solution 


Here =100 and q = —. Using the infinite sum formula, S = = 200. 

2 1 -- 


EXAMPLE 


84 Find -5 + 10 - 20 + ... 


Solution Here, q = -2. Therefore, there is no infinite sum. (-2 < -1). 

2. Repeating Decimals 

When we use a calculator, at the end of division we often have rational numbers with 
repeating decimals, i.e. decimals with a repeating sequence of one or more digits in the 
fraction part. We can use our knowledge of the infinite sum of a geometric sequence to write 
repeating decimals as fractions. 
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Note 

We can write a repeating decimal such as 0.66666... as 0.6 or 0.(6). In this book, we use the 
first notation. 


EXAMPLE 


85 Write the number 0.72 


as a fraction. 


Solution Let us try to see the geometric sequence in this question. 

0.72 = 0.727272... 

= 0.72 + 0.0072 + 0.000072 + ... 

= 0.72 + 0.72 ■ 0.01 + 0.72 • 0.0001 + ... 

= 0.72 + 0.72 ■ 0.01 + 0.72 ■ (0.01 ) 2 + ... 

Now we can see that each term of this sum is a term of the geometric sequence with 

b j = 0.72, q = 0.01 and we are looking for the infinite sum, that is S. 

Using the infinite sum formula, 

£ _ 0.72 _ 72 _ 8 
1-0.01 99 11' 


EXAMPLE 


86 Write the number 2.15 


as a fraction. 


Solution We cannot express this number as the infinite sum of a geometric sequence. This number 
should be written so that the nonrepeating part is not included inside the sequence. 

2.15 = 2.1555... 

= 2.1 + 0.05 + 0.005 + 0.0005 + ... 


nonrepeating 

part 


infinite sum of a geometric sequence 

= 2.1 + 0.05 + 0.05 ■ 0.1 + 0.05 ■ (0.1 ) 2 + 


(b, = 0.05, q = 0.1) 


Therefore, 2.15 = 2.1+ _^_= M+ JL= 2 —. 

1-0.1 10 90 45 45 


3. Equations with Infinitely Many Terms 


EXAMPLE 


87 Solve 2 + 2x + 2x 2 


+ ... = -. 


Solution In this problem our traditional methods of solving equations will not help since we cannot 
see completely which equation we have. Let us try to see an infinite sum of a geometric 
sequence in this equation. 
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I 


4 


2 + 2 • x + 2 -x +... = ■ 


Here, we should note that this equation will have a solution if and only if \q\ < 1, that is 

|x| < 1. If | x | >1, there is no infinite sum. 

Now, using the infinite sum formula, 

_ b, . A 2 2 

S = ——, that is — =-, so x = —. 

I-q x 1-x 3 


Since 


< 1, the only solution of this non-standard equation is x = 


EXAMPLE 


88 Solve 2x +1 
Solution Now we have 


9 o A c; 13 

+ X' - X + X - X + ... = -. 


2 x + l+ x 2 + (-x 3 ) + x 4 + (-x b ) +...= — 

6 


i_i i_ 

t t 


_i i_i i_ 

t T 


(q= - x , lx |< 1) 


Note that since there is no way to express 2x + 1 in the infinite sum, we exclude it from the 
geometric sequence. 

Now, using the infinite sum formula, 


2 x +1 + 


X 13 1*1 ^ „ 9 r-T 

-=—, which means 18x~ + 5x-7 = 0. 

1 - (-x) 6 


7 1 

Solving the quadratic equation gives x = — or x = —, both of which satisfy the condition 

9 2 

ii ic • 7 1 

x < 1. So our answer is x = — or x = —. 

9 2 


Check Yourself 13 

1. Can we find— + — + —+... ? Why? 
2 4 8 


0 T 9 * j 9 9 9 

2. Find-—— 

10 10 2 10 3 


3. Write 0.06 as a fraction. 


4. Solve x +x 1 + x 5 +... = — 
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Answers 

1. no, because q > 1 2. 3. — 4. — 

11 15 3 


4. Applied Problems 


EXAMPLE 


89 


A ball is dropped from a height of 50 cm. Each time it bounces, it returns to of its 
previous height. How far will the ball travel in the air before coming to rest? 


Solution This example is very similar to Example 81. The only 
difference is that we are not looking for a finite sum, 
such as S 5 . Since we are sure that the ball will stop 
(i q < 1), the required distance, say S, can be expressed 
as follows: 


S = 50 + 2 

I_I I_I 

T T 

first fall, not part (the ball covers each 
of a geometric distance twice, as in 
sequence the diagram) 


y- = 100 cm. 

3 


So the ball will travel 100 cm before coming to rest. 



EXAMPLE 


90 


Consider an equilateral triangle made from paper. We take our scissors and cut off smaller 
equilateral triangles from the original triangle using the following principle: connect the 
middle points of the sides of every triangle you see. Cut out and throw away the middle 
triangle you make. Repeat the process with every new triangle you see. How much of the 
original area will remain if we don’t stop cutting? 


Solution Let us look at a diagram of the problem, where x shows the area of the triangle we throw away 
each time: 




After cutting the first triangle, we throw away one new triangle. After cutting the second 
triangle we throw away three new triangles, and so on. 
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Now let a be the sidelength of our equilateral triangle. If we say S is the area of the triangle 
at the beginning, and S' is the sum of the subtracted areas we have, 


a 2 V3 


(formula for area of an equilateral triangle with sidelength a) 


S'- 


sidelength of 
the triangle 
that we cut 


(“) 2 -V3 (-J) 2 -V3 d) 2 -V3 


we cut out 
one triangle 
in the first phase 


J V3 


- + 3 - 


- + 9 - 




16 


2 V3 


1 - 


Clearly, S - S' = 0. Therefore, no area will remain if we don’t stop cutting. 


THE SIERPINSKI PYRAMID 


The problem we have just looked at is similar to the 
construction of a special structure in mathematics 
called a Sierpinski Pyramid. A Sierpinski Pyramid 
begins with a single tetrahedron, i.e. a pyramid whose 
sides are all identical equilateral 
triangles. Each tetrahedron is 
placed on its triangular base, 
then raised and set so that its 
bottom three vertices meet the 
top of three other tetrahedrons. 

Together these four tetrahedrons 
create the form of a larger 
tetrahedron. This can be treated 
as a single unit, and become part 
of an even greater tetrahedron. 

This process of combining four 
tetrahedrons to create a larger 
one demonstrates the beauty of 
math, but it also has another 
purpose: it shows exponential 
growth. 


In this case the growth would be in terms of 4 to the 
power x. The original tetrahedron is described as level 
zero because it is 4 to the power 0 which is equal to 1. 
The next grouping is described as level one because it 
is 4 to the power 1, which is equal to 
four tetrahedrons. 

As the process of building more and 
more levels continues, the number 
of tetrahedrons on each level 
increases by a power of four: 

Level 2: 4 to the power 2 (4 2 ) 

Level 3: 4 to the power 3 (4 3 ) 

Level 4: 4 to the power 4 (4 4 ) 

Level 5: 4 to the power 5 (4 5 ) 

Level 6: 4 to the power 6 (4 6 ) 

tetrahedrons, i.e. 

4096 individual tetrahedrons. 



In the picture there is a Sierpinski 
Pyramid with 4096 tetrahedrons. 














EXERCISES 3.3 


A. Geometric Sequences 

1. State whether the following sequences are 
geometric or not. 

a. (2,-5,^, ...) b. 0 K)=(r ~- 3 ) 
c. (b n ) = (2 n + 7) 

2 . Find the general term of the geometric sequence 
with the given qualities. 


7 . The thirteenth and seventeenth terms of a 
geometric sequence are and 48 respectively. 
Find the product of the fourteenth and sixteenth 
terms. 

8 . The sixth and eighth terms of a geometric 

Vn +3 . n-1 

sequence are —=- and -= 

Vrc+l 25rz-75+ 50 Vti 
respectively. Find the seventh term. 


a. b 1 = 5, q = 2 

c. b, = 1000 , q = — 

e. b 1 = 4 , b 4 = 32 

g. b 3 = 32, h 6 = | 
i. b 1 = 2 , b B = 8^2 


b. b, = -3, q = — 

1 2 

d. b 1 = V3, q = J 3 


f. ^=3, b 5 = — 
1 5 27 


h. b 5 = 5, b 25 = 5 


9 . The sum of the first two terms of a monotone 


geometric sequence is 15. The first term exceeds 
25 

the common ratio by —. Find the fourth term of 
3 

this sequence. 


10 . Given a non-monotone geometric sequence with 

— = — and b,, + b 3 = 216, find b,. 

b 6 4 3 5 ’ 


3 . Fill in the blanks to form a geometric sequence. 

a. 3-2V2, _, 3 + 2-J2 

b. _ , _,36, _ ,4 

4 . Find the general term of the geometric sequence 
with b 4 = b 2 + 24 and b 2 + b 3 = 6 . 

5 . Write the first four terms of the non-monotone 
geometric sequence that is formed by inserting 
nine terms between -3 and -729. 

6 . Given a geometric sequence with 

b 6 = 4b 4 and b 3 ■ b 6 — 1152, find b v 


11 . Can the numbers 10, 11, 12 be terms (not 
necessarily consecutive) of a geometric sequence? 

B. Sum of the Terms of a Geometric 
Sequence 

12 . For each geometric sequence (b r ) find the missing 
value. 

a. =-| )<? = -2,S 7 = ? 

b. b 2 = 6 ,b 7 = 192, S n = ? 

c. b 2 = 1, b 5 ■ b 2 = 64 ■ V b 5 , S 5 = ? 

d. S 3 = 111, q 3 = 4, S 6 = ? 

13 . The general term of a geometric sequence is 
K = 3 ■ 2". Find S 10 . 
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14. The general term of a geometric sequence is 


f <\ 


v3 , 


. Find the formula for S . 


15. Find the common ratio of a geometric sequence if 
S ±= 5 
S 2 4 


16. The sum of the first four terms of a geometric 
sequence is 20 and the sum of the next four 
terms is 320. Find the sum of the first twelve 
terms. 


17. A chain letter is sent to five people. Each of the 
five people mails the letter to five other people, 
and the process is repeated. What is the total 
number of people who have received the letter 
after four mailings? 

18. You want to paint the wood around four windows 
in your house. You think that you can paint each 
window in 90% of the time it took to paint the 
previous window. If it takes you thirty minutes to 
paint the first window, how long will it take to 
paint all four windows? 


20. Show that (66_^) 2 + 88^8 = 4^4. 

OO n digits n digits 2 n digits 


C. Infinite Sum of a Geometric 
Sequence (Optional) 

21. For each geometric sequence (b n ) find the missing 
value. 

a. q = —, S = 12, b. = ? b. h=-,S = -,q = ? 
2 1 2 2 

c. S = 5b v q = ? 


22 . Find the infinite sums. 


a. 54 + 18 + 6 + ... 

c. 7 + 3 + - + ... 

7 


b. 3 _i+2_ . 

2 3 


,111 

d. -+ —... 

12 6 3 


23. Write each repeating decimal as fraction. 

a. 0.21 b. 5.142 c. -3.202 d. 2.065 


Ck A T-y- 1 A 1 1 1 1 1 

24. Find-+-+-+... 

G 2 3 4 9 8 27 


19. A computer solved several 
® problems in succession. 

The time it took the 
computer to solve each 
successive problem formed 
a geometric sequence. 

How many problems did 
the computer solve if it 
took 63.5 minutes to solve all the problems except 
the first, 127 minutes to solve all the problems 
except the last, and 31.5 minutes to solve all the 
problems except for the first two? 


25. (b r ) is a geometric sequence with infinite sum 
243 and S 5 = 275. Write the first four terms of 
this sequence. 

26. A square has sides of length 1 m. A man marks 
the midpoints on each side of the square and 
joins them to create a second square, inside the 
first square. He then repeats the process to create 
a third square inside the second, and so on. If the 
man never stops, find: 

a. the sum of the perimeters of all the squares. 

b. the sum of the areas of all the squares. 
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27. The bob of a pendulum swings through an arc 
30 cm long on its first swing. Each successive 

4 

swing is — of the length of the preceding one. 

5 

Find the total distance that the bob travels before 
it stops. 


28 . 

© 


Let AP 1 B be a right triangle 
where ZAPfi = 90°. The line 
PjP 2 is drawn from P v and 
another is drawn in triangle 
BP jP 2 , and so on. Find the sum 
of the length of all drawn litres 

(P,P a + P 2 P 3 + P3P4 + •■•) if AP, 



3 and BP t = 4. 


29 . 

© 


(b n ) is a geometric sequence with infinite sum, 
3 and b 3 + b 2 +... = Find b 1 and q. 


30 . 

© 


Solve 1 + 


+ 1 

+ 

' x +1 ' 

lx-lj 

x-1 J 



+ ... 



31 . Solve x 2 + + ... = 0.125 if 1 + — + — + ... <1. 

O 4 16 


32. Given |x| < 1 , simphfy 1 + 2x 4 - 3x 2 + 4x 3 + ... 

© 


Mixed Problems : - 


33. 5x - y, 2x + 3 y, x + 2 y form an arithmetic 
sequence. (y + l) 2 , xy + 1, (x - l) 2 form a 
geometric sequence. Find x and y. 

34. The first, the third, and the fifth term of a geometric 
sequence are equal to the first, the fourth, and 
the sixteenth term of a certain arithmetic 
sequence respectively. Find the fourth term of the 
arithmetic sequence if its first term is 5. 


35 . 


36 . 

© 


37. 

© 


38 . 

© 


39 . 


40 . 

41 . 


42 . 

o© 


43 . 

o© 


Three numbers form an arithmetic sequence. If 
we add 8 to the first number, we get a geometric 
sequence with the sum of terms equal to 26. Find 
the three numbers. 

(a n ) is an arithmetic sequence with non-zero 
common difference. a 1 ■ a 2 , a 2 ■ a 3 , a 3 ■ a l form a 
geometric sequence. Find the common ratio of 
the sequence. 

x, y, z form an arithmetic sequence and y, z, t 
form a geometric sequence such that x + t = 21 , 
z + y = 18. Find x, y, z, t. 

Prove that the product of the first n terms of a 

n 

geometric sequence (b n ) is (b t -b n ) 2 . 

A teacher wrote the numbers -2,7 on the blackboard 
and told the students that these are the first two 
terms of a sequence. He asked the students to find 
the third term. Since he didn’t mention the type of 
the sequence, some students thought the sequence 
was arithmetic while some thought it was geometric. 
Find the positive difference between the two 
possible answers to the teacher’s problem. 

The arithmetic mean of 2 and a number is two less 
than twice their geometric mean. Find the number. 

The numbers x, y, z form a geometric sequence 
such that x + y + z = 26. If x + 1, y + 6 , z + 3 
form an arithmetic sequence, find x, y, z. 

If —-—, —, —-— form an arithmetic sequence, 
b-a 2b b-c 

show that a, b, c form a geometric sequence. 

Find Vll... 11 - 22...22 • 
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At each stage of the process, the length of one of the original sides of the triangle increases by a factor of 
4 

—. Considering that we measure this length three times for each snowflake (as each snowflake has three sides), 


this leads to a geometric sequence of the form 3 L 


. Since q > 1, the sequence grows without bound. Thus, 


the perimeter of the Koch snowflake is infinite. 


A Koch snowflake is another mathematical construction. We make a Koch snowflake by making progressive 
additions to an equilateral triangle. We divide the triangle’s sides into thirds, and then create a new triangle on 
each middle third. Then we repeat the process over and over. Thus, each snowflake shows more complexity, but 
every new triangle in the design looks exactly like the initial one. 

Now imagine drawing a circle around the original figure. Notice that no matter how large the perimeter gets, the 
area of the figure remains inside the circle. In the Koch Snowflake, an infinite perimeter encloses a finite area. 
Although it sounds impossible, we can prove it as follows: 

Calculating the perimeter of the Koch Snowflake: 

To simplify the problem, let us describe what happens to one side of the triangle as the procedure is repeated. 
Suppose that the original length of one side is L. Then we go through the following steps: 

Step 1: v- 7 one segment of length L. 


Step 2: 


L 4 

-7 four segments, each of length —. The total length of the side is now —L. 


Step 3: 


Step n: 


f 4) 

f 4^ 


f 4 l 

, 3 , 

, 3 ; 

L = 

A 


four times four segments, each of length 


Total length 


1 k 

.3 '3. 


. The total length of the side is now 


T 


NO WF LARI 




























A 




OX 








Calculating the area of the Koch Snowflake: 

Suppose that the area of the original triangle is A. 
Step 1: Total area is A. 


Step 3: Total area is A(1 + — + 3 • 4 ■ — ■ -) 

9 9 9 




Step 2: Total area is A + 3 


fA 

II 



> 1 

+ 

i—i 

Jj 


l 9 ) 


Step 4: Total area is 



A(l + -+3 -4 • - ■ - + 3 ■ 16 • - - • -) 
9 9 9 9 9 9 



Step n: Total area is A(l + — + 3 • 4 • (/) 2 + 3 • 4 2 • (/) 3 +...+ 3 -4" 2 • (/)” J ) 

9 9 9 9 

3 4 

Note that after — each term in this sum is times the previous one. Therefore we can calculate the sum of all the 
9 9 


areas added using the formula for the sum of an infinite geometric sequence: Area = A 


\ 


1 +- 


1 - 


9 


8A 
5 ' 


This is the area of the entire snowflake, which means that even if we repeat this procedure without end, the total 

area will never be more than XI 

5 

If we combine our calculations of the perimeter and area of the snowflake, we have proved that an infinite 
perimeter borders a finite area. 

Below is another kind of snowflake. What can you say about its area and perimeter? 






Try producing your own snowflakes. 












Which terms 

can be 

the general term of 

sequence? 

I. 71 

II. 3 

III. 77- + 277 + 3 

77-2 

IV. s/7-n 

V. 3" 

VI. 77 " 

A) I, II, III, IV 


B) II, III, IV VI 

C) I, II, III, VI 


D) II, III, V, VI 


E) III, IV V, VI 


2. Which of the following can be the general term of 
the sequence with the first four terms 3, 5, 7, 9? 

A) 2n - 1 B) 2 n C) 2n + 1 

D) n + 1 E) n 2 + 2 


3. Given = 2, and a n+l = 
find a n . 

A) 27 B) 25 


2«„+5 

2 


for 77 > 1, 


C) 22 


D) 


27 

2 


E) 


25 

2 




5 . How many terms of 

term a = + S are less than — ? 

" n + 9 3 


A) 0 


B) 1 


C) 2 


D) 3 


E) 4 


6. Given a n = ( 


Q79 ^ 

-) and a- = 3, find k. 

n + k- 3 


A) 3 



B) 5 




7 . How many of the following sequences are 
decreasing? 


I. (a ) = (—7-^) 
n + 2 


II. (b„) = (n - 3) 2 


III. (cj = (- 1”) 


IV. (0 = H-) 

71 + 1 


377 + 2 


A) 1 B) 2 C) 3 D) 4 


E) 5 


4 . How many terms of the sequence with general 
77 2 -277 + 36 


term 


are natural numbers? 


A) 5 B) 6 C) 7 D) 8 E) 9 


8. What is the minimum value in the sequence 

formed by a = n + ^ )? 

” v 3t7-7 

A) -1 B) -3 C) -2 D) -7 E) -8 
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9. Which one of the following is the general term of 
an arithmetic sequence? 

A) n 2 + 2 n B) An + 5 C) n 3 

D) 2" + 3 E) 5" 


13. ( a n ) is an arithmetic sequence such that 
a 3 + a 4 = 23 and a 5 + a 4 = 37. Find a 8 . 

A) 49 B) 47 C) 45 D) 44 E) 43 


1 5 

10. If —, a, b, c, — are consecutive terms of an 
3 8 

arithmetic sequence, find a + b + c. 


A) — B) — C) — D) — E) — 

24 24 16 16 49 


14. (a J is a finite arithmetic sequence with first term 

1 i 

—, last term —, and sum 9. How many terms 

2 16 

are there in this sequence? 

A) 9 B) 16 C) 32 D) 48 E) 64 


11 . (a„) is an arithmetic sequence with a u = 8 and 
a 20 = 35. Find a 3 . 

A) -3 B) -6 C) -16 D) -22 E) -28 


15. x - 2, x + 8, 3x + 2 form an arithmetic sequence. 
Find x. 

A) 12 B) 11 C) 10 D) 9 E) 8 


12. (aj is arithmetic sequence with a 1 = 7 and 
common difference Find the general term. 


A) 3n + 4 


B) 


n + 7 


C) 


n- 4 


D) 


n + 4 


E) 


n + 20 


16. (aj is an arithmetic sequence with 

S 4 = 3(S 4 - S 7 ) and a 4 = 1. Find the common 
difference. 


A) 


2 _ 

51 


D) 


13 

~51 


B) 


13 

51 


E) 


15 

5l 


C) 


2 _ 

51 


3 


3 











1. The sum of the first three terms of an arithmetic 
sequence is 33 and the sum of the first 33 terms 
is 3333. Find the sum of the first ten terms. 

A) 320 B) 330 C) 360 D) 630 E) 660 


5 . (, b n ) is a geometric sequence with fourth term 


1 

8 


and tenth term —. Find the seventh term. 
32 


fill 

A) — B) — C) - D) — 

32 16 8 4 


E) 


1 

2 


2. (a„) is an arithmetic sequence such that 
S 13 =195 and a 13 - a 1 = 24. Find a r 

A) 2 B) 3 C) 4 D) 5 E) 6 


6 . 


(b TI ) is a geometric sequence with first term 
and common ratio T Find the general term. 


1 

7 




D) 


7 

2 - 2 " 



C) 


2 

7-2” 


3 . How many of the following sequences are 
geometric? 

I. OO = (2") II. OO = (4 3 ”) 

IH-OO = ((Ji ” l)( n - 2) ■ ... ■ 2 ■ 1) 

IV. 0O = (2rc + 1) V. (O = (5-3"- 1 ) 

A) 0 B) 1 C) 2 D) 3 E) 4 


7 . OO i s a geometric sequence such that b 3 - b 4 = — 

and b 6 -b s = Which one of the following can 
be the common ratio? 

A) 1 B) | C) 1 D) | E) 2 


3 1 

4 . — , a, b, c, - form an arithmetic sequence. 

7 35 


c 

9 4 9 3 1 

A) - B) - C) -- D) - E) - 

3 3 3 4 2 


8 . Seven numbers are inserted between 16 and — 

16 

to form a monotone geometric sequence. Find 
the fourth term of this sequence. 

A) 4 B) 2 C) - D) — E) — 

2 4 8 
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625 125 25 
~32~’ HP ~8~ 


are the first three terms of a 


geometric sequence. Find the eighth term. 


125 

PT 


25 „ 16 8 

16 ' ’ 25 " 625 



13 . A ball is dropped from a height of 10 m. Every 
time it hits the ground, it bounces back to half of 
its previous height. What is the total distance that 
the ball has traveled when it stops? 

A) 15 m B) 20 m C) 30 m D) 40 m E) 60 m 


10 . A ball is dropped from a height of 243 m. Every 

time it hits the ground, it bounces back to — of 

3 

its previous height. What is the height of the ball 
at the peak of its tenth bounce? 

-m —m —m —m —m 

9 27 81 243 486 


11. In the figure the largest 
square has sides of length 
six units. Each subsequent 
square connects the 
midpoints of the sides of 
the previous square. What 
is the perimeter of the ninth square in the 
diagram? 

- 3 372 672 

2 2 


14 . In the figure the largest square 
has sides of length six units. 

Each subsequent square 
connects the midpoints of the 
sides of the previous square. 

The process continues 
infinitely. Find the difference between the total 
perimeter of all the squares and the total area of 
all the squares, as a numerical value. 

A) 24(2 + 72) B) 24(2 - 72) C) 24(72 - 1) 
D) 24(72 + 1) E) 24(2 - 72) 

15 . In the figure the largest 
semicircle has radius 
4 cm. A semicircle is 
drawn inside this 
semicircle with the same center but half the 
radius. If this process is repeated without end, 
what is the total area of all the semicircles? 

A) — cm 2 B) — cm 2 C) 32n cm 2 
3 3 

cm 2 64n cm 2 





12 . The numbers x - 3, 3, y + 5 form both an 
arithmetic and a geometric sequence. Find x - y. 

A) 0 B) 2 C)4 D) 8 E) 16 


^ , 1 1 1 1 1 1 

16 . Find-+-+-+ ... 

3 2 9 4 27 8 


A) -1 


-- 

2 


C) 0 


- 

2 


E) 1 
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3 4 5 

1. Given y > x > 0, simplify x 2 + ^r + ... 

y y y 


5. (a n ) is a sequence such that 

a n +1 + a n' 71 ~ 3 = (n - 3) ■ a n , and a 2 = 7. Find a 4 . 


A) 



B) x 2 



C) 0 


D) 


x 2 + x 3 

4 3 

y -y x 


E) 


x 2 + - 


-y 3 x 


A) 39 B) 57 C) 75 D) 93 E) 107 


2. In the figure the right 
sides of the largest 
triangle have lengths 
three units and four 
units respectively. 

Each subsequent 

triangle joins the midpoints of the sides of the 
previous triangle. This process continues infinitely. 
What is the total area of all the triangles? 

A) 16 B) 12 C) 10 D) 8 E) 4 



3. Which one of the following is the fraction form of 
0.13 ? 


9 13 1 11 13 

A) — B) — C) — D) — E) — 

15 90 75 90 99 


6. 5 - V5, x, 5 + V5 form a monotone geometric 
sequence. Find the common ratio. 


A) 2 + V5 B) ^±1 


10^5-10 

5 +^ 


10 - 10 ^ 

5-S 


E) 2-V5 


7 . (b n ) is a geometric sequence with first term 4 and 
eighth term 25. Find the product of the first eight 
terms. 

A) 10 6 B) 10 7 C) 10 8 D) 10 10 E) 10 12 


4 . How many terms of the sequence 
are negative? 


term a 


2rz-13 
3n + 7 


A) 9 B) 8 C) 7 D) 6 E) 5 


8 . Twelve numbers are inserted between 16 and 81 
to form an arithmetic sequence. What is the sum 
of the twelve numbers? 

A) 682 B) 679 C) 582 D) 579 E) 485 
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9 . Given an arithmetic sequence with 
S„ = n(2n + 7), find the general term. 

A) 4rz + 3 B) 4n + 5 C) 5n - 4 

D) 4 n - 13 E) 5 n + 13 


10. (cj is an arithmetic sequence with c a = b and 
c b = a. The sum of the first seven terms is 7. 
Find c 3 . 

A) -3 B) -1 C) 0 D) 2 E) 4 


11. ( b t ) is a geometric sequence with third term a 
and sixth term 16a 5 . Find the first term. 

4 3 _8 _5 4 5 

A) 2 5 -a 2 B) 2~®•a 5 C) 2~ 3 -a 2 

3 _5 8 _5 

D) 2® - a ^ E) 2“®-a“2 


12. a terms are inserted between 1 + a and a 3 + 1 to 
form an arithmetic sequence. Find the common 
difference of the sequence. 

A) a 2 + a B) a 2 - a C) -a 2 - 1 

D ) a 2 - 1 


13 . (a n ) is an increasing arithmetic sequence with 
positive terms. The sum of a 6 , a 7 and a 8 is 36 and 
the sum of the squares of these terms is 450. Find 
the nineteenth term. 

A) 39 B) 42 C) 48 D) 49 E) 54 


14 . The roots of the equation 3x 3 + 9x 2 + 2x - a = 0 
form an arithmetic sequence. Find a. 

A) -4 B) -2 C) -1 D) 2 E) 4 


15 . Solve 1 + x + x 2 + ... = x + 3. 

A) y/3 B) -V3 - 1 C)V3-1 

D) 2 - V3 E) V3 - 2 


16 . The interior angles of a quadrilateral form a 
geometric sequence such that the first term is 
four times the third term. Find the greatest angle. 


E) a - 1 


A) 196° B) 192° C) 186° D) 182° E) 176' 
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Objectives 


CLOCK ARITHMETIC AND MODULA 


After studying this section you will be able to: 

1. Understand the concept of clock arithmetic (also called modular arithmetic). 

2. Understand the concept of modulus. 

3. Calculate modular sums and products. 

4. Solve modular equations. 

5. Find the remainder if a power of a number is divided by another number. 

6. Use modular arithmetic to solve some applied problems. 


A. CLOCK ARITHMETIC AND MODULA 


Definition 


1. Clock Arithmetic 

Up to now in our study of math we have mostly looked at operations on mathematical sets 
which have an infinite number of elements. The set of natural numbers (N = {1, 2, 3, ...}) 
and the set of integers (Z = {...-1,0, 1,2, ...}) are two examples of infinite sets. 

In this chapter we will look at operations on sets with a finite number of elements. For example, 
to show the time we use the numbers from 1 to 12 (or 0 to 23) to show hours, and the numbers 
from 1 to 60 to show the minutes. 

clock)ahthrnetie 

Arithmetic with time is called clock arithmetic. 



a.m.(ante meridien) = in 
the morning 

p.m. (post meridien) = in 
the afternoon / evening 
These abbreviations come 
from Latin. ‘Meridien’ 
means midday, ‘ante’ 
means before and ‘post’ 
means after. 


A traditional clock face has twelve numbers. It shows clock arithmetic in the twelve-hour clock 
system. In this system, four hours after nine o’clock is one o’clock. 

Some digital clock use twenty-four numbers, from 0 to 23. This is the twenty-four-hour clock 
system. In this system, four hours after 9:00 is 13:00. 

When we talk about time with the twelve-hour clock, we use the abbreviation a.m. (ante meridien) 
to express the time before midday and p.m. (post meridien) to express the time after midday. 
For example, when we say the time is 8 a.m., we mean that it is eight o’clock in the morning. 
If we say the time is 8 p.m., we mean that it is eight o’clock in the evening. 8 p.m. means that 
it is 20:00. 


Note that we do not usually say ‘twenty-one o’clock’ or ‘nineteen o’clock’, etc. in English. 
Instead, we say ‘eleven o’clock at night’ (or ‘eleven p.m.’) and ‘seven o’clock in the evening’ (or 
‘seven p.m.’), etc. In some formal situations (for example, in a railway station announcement, 
or talking to a pilot on a plane), people say ‘twenty-one hundred hours’ or ‘nineteen hundred 
hours’, etc. 
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EXAMPLE 


Express the following times in the twelve-hour system. 

a. seven o’clock in the morning 

b. five o’clock in the afternoon 

c. eleven o’clock at night 


Solution 


a. seven o’clock in the morning is 7 a.m. 

b. five o’clock in the afternoon is 5 p.m. 

c. eleven o’clock at night is 11 p.m. 


Check Yourself 1 

1. Write each time in the twelve-hour system, 
a. five o’clock in the morning 

c. six o’clock in the afternoon 

2. Write each time in the twelve-hour system, 

a. 5:00 b. 19:00 c. 21:00 


b. ten o’clock in the morning 

d. twelve o’clock at night 

d 13:00 e. 12:00 f. 00:00 


3. Write the times in the twenty-four-hour system. 

a. 3 p.m. b. 8 a.m. c. 10 p.m. d. 11 p.m. e. 5 a.m. 

Answers 



now 


1. a. 5 a.m. b. 10 a.m. c. 6 p.m. d. 12 p.m. 2. a. 5 a.m. b. 7 p.m. c. 9 p.m. d 1 p.m. 
e 12 a.m. f. 12 p.m. 3. a. 15:00 b. 8:00 c. 22:00 d. 23:00 e. 5:00 

2. The Concept of Modulus 

An ordinary clock shows the set of numbers {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} on its face. 
In the twelve-hour clock arithmetic system, we use 0 instead of 12, so the set of numbers for 
this system is {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}. 



nine hours later 


If the time is six o’clock now, what time will it be nine hours later? To find the sum of 6 and 9 
in twelve-hour clock arithmetic, we first add the numbers: 6 + 9 = 15. But we need a number 


in the set {0, 1, ... 12}, so we divide the result by 12: 15 
is the hour shown on the clock. 12 


12 . The remainder is 3, and this 


1 


03 


Here the number 12 is called the modulus in the clock arithmetic system. We say that 15 is 

equivalent to 3 modulo 12 in this system. 


Modular Arithmetic 
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Definition 


Let a, b, G Z, m G Z + (m > 1) such that 
a = m ■ b + k (0 < k < m). 

Then we can write 

a = k (mod m ) 

and say a is equivalent (or congruent) to k, modulo m. Often we abbreviate ‘modulo’ to ‘mod’. 
For example, 

13 = I (mod 12) (‘thirteen is congruent to 1 mod 12’) because 13 = 12 ■ 1 + 1 
23 = 11 (mod 12) because 23 = 12-1 + 11 

12 = 0 (mod 12) because 12 = 12 • 1 + 0 

32 = 8 (mod 12) because 32 = 12 • 2 + 8. 

The same principles apply when we are working with other modula. 


a 

m 

b ■ m 

^ a = m ■ b + k 

k 

or a = k (mod m ) 


EXAMPLE 


2 


Find the number x. 


a. 12 

Solution a. 12 

b. 14 

c. 22 

d. 29 


x (mod 5) b. 14 = x (mod 6) c. 22 = x (mod 7) 

2 (mod 5) because 12 = 5 ■ 2 + 2 

2 (mod 6) because 14 = 6 ■ 2 + 2 

1 (mod 7) because 22 = 7 ■ 3 + 1 

5 (mod 8) because 29 = 8 ■ 3 + 5 


d. 29 = x (mod 8) 


3. Clock Addition 

We now know how to write a number in modular notation. How can we write a sum? For this 
purpase we define a new addition operation which is called clock addition or modular addi¬ 
tion. It is shown by ©. 

For example, 10 © 4 = 2 (mod 12). We say this as ‘ten plus 4 is congruent to 2 modulo 12’. 
Look at some more examples of modular addition: 

11 © 7 = 6 (mod 12) 

8 © 5 = 1 (mod 12) 

9 © 3 = 0 (mod 12). 

We can show all the possible results of addition for a certain modulus in a table and then find 
results easily by using it. 
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THE MODULO 12 ADDITION TABLE 


The table on the left shows all the possible 
results for modulo 12 addition. For example, 
we can use this table to find 7 © 9 (mod 12), 
as follows: 

Find 7 in the left column and 9 across the 
top. The intersection of the row headed 7 and 
the column headed 9 gives the number 4. 
Thus, 7 0 9 = 4 (mod 12). 

Now decide: is modular addition commutative? 
Use the table to check your answer for 
modulo 12. 


EXAMPLE 


3 


Use the modulo 12 addition table to find each sum. 


a. 8 © 11 b. 3 © 2 c. 6 © 7 

d. 6 © 10 e. 11 © 1 f. 10 © 0 


Solution a. 8 © 11 = 7 (mod 12) 
c. 6 © 7 = 1 (mod 12) 
e. 11 © 1 = 0 (mod 12) 


b. 3 © 2 = 5 (mod 12) 
d. 6 © 10 = 4 (mod 12) 
f. 10 © 0 = 10 (mod 12) 



2 + 5 = 1 (mod 6) 


We have seen clock addition for modulo 12. Now think of a clock which has only six hours. The 
clock would look like the one on the left. The set of numerals for the six-hour clock system is {0, 
1,2, 3, 4,5}. 

For example, in the six-hour clock system, five hours after two o’clock is one o’clock: 


We can make an addition table for 
Check these results in the table: 

2 © 5 = 1 (mod 6) 

3 © 5 = 2 (mod 6) 

4 © 3 = 1 (mod 6) 

4 © 4 = 2 (mod 6) 

0 © 0 = 0 (mod 6) 

3 © 2 = 5 (mod 6). 

Modular Arithmetic - 


2 © 5 = 1 (mod 6). 
iix-hour clock arithmetic. 
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Check Yourself 2 

1. Find the number x. 


a. 15 = x (mod 12) 

d. 28 = x (mod 12) 
2. Find the number x. 

a. 13 = x (mod 5) 

d. 23 = x (mod 6) 

g. 6 = x (mod 4) 


b. 18 = x (mod 12) 

e. 24 = x (mod 12) 

b. 17 = x (mod 5) 

e. 15 = x (mod 7) 

h. 11 = x (mod 8) 


c. 12 = x (mod 12) 

f. 7 = x (mod 12) 

c. 12 = x (mod 6) 

f. 29 = x (mod 7) 

i. 17 = x (mod 3) 


Answers 

1. a. 3 b. 6 c. 0 d. 4 e. 0 f. 7 2. a. 3 b. 2 c. 0 d. 5 e. 1 f. 1 g. 2 h. 3 i. 2 


B. OPERATIONS IN MODULAR ARITHMETIC 

1. Modular Addition 

In the previous section we learned how to add two numbers using modular (or clock) addition. 
Let us summarize the result: 

To add of two natural numbers with respect to a modulus n, we divide their sum by n and 
write the remainder as a result. The remainder can be any natural number from 0 to n - 1. 

For example, 12 © 8 = 6 (mod 7), since 12 + 8 = 20 and 20 7 

14 \2 

remainder <— 6. 


EXAMPLE 


4 


Solution 


Find x in each modular sum. 
a. 7 © 11 = x (mod 8) 
c. 12 © 5 = x (mod 9) 

a. 7 © 11 = 18 = 2 (mod 8): 


18 8 

16 \2~ 

2 —> remainder 
x = 2 
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b. 16 © 8 = x (mod 5) 

d. 42 © 23 = x (mod 12) 

b. 16 © 8 = 24 = 4 (mod 5): 
24 5 

_20 [T 

4 —» remainder 
x = 4 
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c. 12 0 5 = 17 = 8 (mod 9): 


d. 42 © 23 = 65 s 5 (mod 12): 


17 

9 



65 12 
60 ~5~ 


8 —» remainder 5 —> remainder 

x = 8 x = 5 

We can add more than two numbers with respect to a given modulus in the same way. 
For example, 1005018 = 33 si (mod 8), and 
20 © 8 © 12 © 15 s 55 s 6 (mod 7). 


Sometimes it is easier to break up the sum into smaller sums: 
20 © 8 © 12 © 15 = ? (mod 7) 


0 © 6 = 6 (mod 7). 

(mod 7) (mod 7) 


If we are adding large numbers, sometimes it is easier to write each addend in modular 
notation, and then add the results. 


Rule 


For all a, b, c, d G Z and m £ Z + , 

if a = b (mod m ) and c = d (mod m ) then a + c = b + d (mod m ) 

For example, 128 © 241 = ? (mod 7). Write each addend in modulo 7: 

128 = 2 (mod 7) ) 

y 2 © 3 = 5 (mod 7). 

241 = 3 (mod 7) J 

Alternatively, we can write 128 + 241 = 369 and then calculate 369 = 5 (mod 7). 


EXAMPLE 


5 


Find the smallest natural number x in this sum. 

8©x © 19 e 2 (mod 6) 


Solution 8®x©19e27©xe 2 (mod 6) 
x © 27 = 2 (mod 6) 

x © 3 = 2 (mod 6) since 27 s 3 (mod 6) 
i©3e2 + 6e8 (mod 6) 
x = 5 (mod 6) 
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EXAMPLE 


6 


Use the table to find each modular sum. 


Solution 


a. 

3 © 4 



b. 

4 © 3 

c. 

(4 © 3) i 

© 5 


d. 

4 © (3 © 5) 

e. 

3 © 3 



f. 

1 © 5 

a. 

3 © 4 = 

1 (mod 

6) 



b. 

4 © 3 = 

1 (mod 

6) 



c. 

(4 © 3) i 

©5 = 1 

© 5 

= 0 (mod 6) 

d. 

4 © (3 © 5) =4 

©2 

= 0 (mod 6) 

e. 

3 © 3 = 

0 (mod 

6) 



f. 

1 © 5 = 

0 (mod 

6) 
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Check Yourself 3 

1. Find each sum. 

a. 12 © 7 = ? (mod 5) b. 28 © 17 = ? (mod 9) 

c. 21 © 8 © 12 = ? (mod 7) d. 19 © 32 © 42 © 25 = ? (mod 8) 


2. Find the smallest natural number which can be used instead of x in each modular sum. 
a. 15 © x = 0 (mod 8) b. 35 © x = 6 (mod 7) 

c. 21 © x © 8 = 10 (mod 11) d. x © 22 © 9 = 5 (mod 6) 


e. 8 © 6 © x = 1 (mod 12) 


Answers 

1. a. 4 b. 0 c. 6 d. 6 2. a. 1 b. 6 c. 3 d. 4 e 11 

2. Modular Multiplication 

We can multiply two numbers with respect to a given modulus by using the same method we 
used for modular addition, since multiplication is a short way of adding the same numbers. 
For example, 3 <8> 4 = ? (mod 5), 4 + 4 + 4 = 12^2 (mod 5). 


Rule 


To find the product of two natural numbers with respect to a modulus m, we divide their real 
product by m and write the remainder as the result. 

For example, 7 ® 6 = ? (mod 10) 42 10 

7 ■ 6 = 42, and 42 = 2 (mod 10). _40 4 

So 7 ® 6 = 2 (mod 10) 


2 —+ remainder 




























Usually, if we are working with large numbers it is easier to convert each number to modulo 
from first before finding the product. 


For all a, b, c, d G Z and m G Z + , 

if a = b (mod m) and c = d (mod m ) then a ■ c = b ■ d (mod m ). 


45 ® 32 = ? (mod 6) 
45 = 3 (mod 6) 

32 = 2 (mod 6) 


45<8>32 = 3®2 = 0 (mod 6) 


EXAMPLE 


j Find the products. 

a. 5 ® 4 = ? (mod 3) 
c. 8 ® 9 <8> 14 = ? (mod 10) 

Solution a. 5 <8> 4 = 20 = 2 (mod 3) 

c. 8 ® 9 ® 14 = 72 ® 14 = ? (mod 10) 
72 = 2 (mod 10) 

14 = 4 (mod 10) 

d. 242 ® 345 = ? (mod 9) 

242 — 8 (mod 9) 

345 — 3 (mod 9) 


b. 15 ® 12 = ? (mod 5) 
d. 242 ® 345 = ? (mod 9) 

b. 15 ® 12 = 180 =6 = 0 (mod 5) 


72®14 = 2®4 = 8 (mod 10) 


243 ® 345 s8®3s24 = 6 (mod 9) 


EXAMPLE 


Perform the operations. 

a. 5 ® 7 = ? (mod 6) 
d. 11 ® 1 = ? (mod 5) 

Solution a. 5 = 5 (mod 6) 

7 = 1 (mod 6) 

b. 7 = 1 (mod 6) 

5 = 5 (mod 6) 

c. 3®5©3®7s 15 0 21 = 36 = 4 (mod 8) 

d. 11 ® 1 = 11 = 1 (mod 5) 

e. 17 ® 0 = 0 (mod 7) 


b. 7 ® 5 = ? (mod 6) 
e. 17 ® 0 = ? (mod 7) 

5®7 = 5®1=5 (mod 6) 

7®5 = 1®5 = 5 (mod 6) 


c. 3®503®7 = ? (mod 8) 
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Check Yourself 4 


1. Find the result of each operation, 
a. 6 ® 7 = ? (mod 5) 
c. 6 ® 4 ® 7 = ? (mod 9) 
e. 5 ® (7 ® 8) = ? (mod 6) 
g. (45 © 12) ® (28 0 7) = ? (mod 5) 

Answers 


b. 5 ® 13 = ? (mod 8) 
d. 1977 = ? (mod 11) 
f. 5®7©9®8 e? (mod 6) 
h. 21 ® 3 0 (15 0 3) = ? (mod 7) 


1. a. 2 b. 1 c. 6 d. 8 e. 3 f. 5 g. 0 h. 4 

3. Solving Modular Equations 


To find the solution set of an equation with respect to a modulus we test each possible 
remainder in the equation and take the values which satisfy the equation. Sometimes there 
can be more than one solution in the solution set of a modular equation. 


EXAMPLE 


9 


Solve 2x © 3 = 4 (mod 5). 


Solution In modulo 5, any integer will be congruent to one of the integers 0, 1,2, 3, 4. So we test these 
values in the equation. 

If x = 0, is2 • 0 © 3 = 4 (mod 5)? No 
If x = 1, is 2 • 1 © 3 = 4 (mod 5)? No 

If x = 2, is 2 • 2 © 3 = 4 (mod 5)? No 

If x = 3, is 2 • 3 © 3 = 4 (mod 5)? Yes 

If x = 4, is 2 • 4 © 3 = 4 (mod 5)? No 

So 3 is the only solution of the equation. 


EXAMPLE 


10 


Solve 4x = 1 (mod 9). 


Solution 4x = 1 (mod 9), try 0, 1, 2, 3, 4, 5, 6, 7, 8 instead of x. 
If x = 0,4-0^1 (mod 9) 

If x = 1,4 • 1 ^1 (mod 9) 

If x = 2,4-2^1 (mod 9) 

Ifx = 3,4-3 ^1 (mod 9) 

If x = 4, 4-4^1 (mod 9) 

If x = 5,4-5^1 (mod 9) 

Ifx = 6,4-6 ^1 (mod 9) 

Ifx = 7,4 • 7 = 1 (mod 9) 

So the only solution is 7. 
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Activity _ 

— 

International Standard Book Numbers (ISBNs) 

The ISBN system is a system for numbering books to identify them 
uniquely. In the ISBN system, every book published is given a ten-digit 
number which is called its ISBN number. 

For example, 975-8619-69-1 is an ISBN number 
The first three digits (975) are the country code. The next four 
digits (8619) identify the publisher, and 69 identifies the particular 
book. The final digit (1) is a check digit. This check digit allows us 
to check if the previous numbers are a valid ISBN number 
Calculating the check digit is a two-step process: 

Step one: Start on the left and multipy the digits of the ISBN number 
by 10, 9, 8, 7, 6, 5, 4, 3 and 2 respectively. Then add these products. 

(9 ■ 10) + (7 • 9) + (5 • 8) + (8 • 7) + (6 • 6) + (1 • 5) + (9 • 4) + (6 • 3) + (9 • 2) = 362. 

Step two: Write the result in modula 11: 

362 + x = 0 (mod 11) 
x = 1, so the check digit is 1. 

Which of the following ISBN numbers have correct check numbers? 

1. 975-8619-52-7 

2. 1-56884-046-3 

3. 1-55953-200-9 

4. 0-521-62598-x (x means 10 in the ISBN system) 

v_/ 


^ ^ ■» O. 

ISBN 975-6389-71-0 



Check Yourself 5 

1. Find x in each equation, 
a. x + 3 = 2 (mod 5) 
c. x + 1 = 5 (mod 8) 

e. lx = 0 (mod 12) 
g. 6x = 1 (mod 12) 
i. 5x - 1 = 3 (mod 6) 

Check 

1. a. 4 b. 4 c. 4 d. 8 e. {0, 6} f. 4 

Modular Arithmetic - 


b. x + 5 = 0 (mod 9) 
d. x + 7 = 6 (mod 9) 

f. 3x = 4 (mod 8) 
h. 2x + 4 = 6 (mod 10) 


g. 0 h. {1, 6} i. 2 
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4. Other Operations in Modular Arithmetic 

Let a, b, c, d G Z and m G Z + . If a = b (mod m ) and c = d (mod m) then the following 
statements are true. 

a. a + c = (b + d) (mod m ) b. a - c = (b - d) (mod m ) 

c. a • c = (b ■ d) (mod m ) d. • a = (n ■ b) (mod m ) (n G Z + ) 

e. a" — b" (mod m) (n G Z + ) 


EXAMPLE 


b. 17 - 15 = x (mod 7) 
e. (15) 4 e x (mod 7) 


17 + 15 = 3 + 1 = 4 (mod 7) 


11 Find x in each equation. 

a. 17+15 = x (mod 7) 

d. 4 ■ 15 = x (mod 7) 

Solution a. 17 = 3 (mod 7) 

15 = 1 (mod 7) 

b. 17-15 = 3-1=2 (mod 7) 

c. 17 ■ 15 = 3 • 1 = 3 (mod 7) 

d. 4-15 = 4-1=4 (mod 7) 

e. (15) 4 = l 4 = l(mod 7) (any power of 1 is also 1 in any modula) 

To find the remainder when a number a" is divided by m, follow the steps: 


c. 17 ■ 15 = x (mod 7) 


1. Find x such that a x = 1 (mod m). 

2. Divide n by x and find the remainder. 


a n = a*'* + y = (a x )' • a lJ = l 1 • a a = a lJ (mod m) 


EXAMPLE 


12 Find x in each equation, 
a. 4 13 = x (mod 3) 

Solution a. 4 = 1 (mod 3) 

4 13 = 1 13 = 1 (mod 3) 
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b. 4 17 = x (mod 5) 


c. 7 25 = x (mod 5) 
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b. To find the remainder when 4 1 ' is divided by 5: 


4 1 = 4 (mod 5) 

4 2 = 1 (mod 5) 


17 



1 => 17 = 2 ■ 8 + 1 


4 2 ' 8 +1 = (4 2 ) 8 • 4 1 s l 8 • 4 1 = 4 (mod 5) 
c. 7 1 = 2 (mod 5) 

7 2 s 4 (mod 5) (7 2 s T ■ T = 2 ■ 2 = 4 (mod 5)) 

7 3 = 3 (mod 5) (7 3 = 7 2 ■ T = 4 • 2 s 3 (mod 5)) 

T = 1 (mod 5) (7 4 = 7 3 ■ T = 3 • 2 = 1 (mod 5)) 

7 25 s (7 4 ) 6 ■ 7 1 s l 6 • 2 1 s 1 ■ 2 = 2 (mod 5) 

since 25 4 

_24 

T => 25 = 4 • 6 + 1. 


EXAMPLE 


13 


Find the units digit of 27 29 . 


Solution 


To find the units digit of 27 29 , we have to find the remainder when it is divided by 10. 
27 1 = 7 (mod 10) 

IT = 9 (mod 10) (27 2 = 27 • 27 = 7 • 7 = 9 (mod 10)) 

27 3 = 3 (mod 10) (27 3 = 27 2 • 27 = 9 • 7 = 3 (mod 10)) 

27 4 = 1 (mod 10) (27 4 s 27 3 • 27 = 3 • 7 = 1 (mod 10)) 

So 27 29 = (27 4 ) 7 • 27 1 = 1 • 27 = 7 (mod 10) since 29 
Thus, the units digit of 27 29 is 7. _ ^8 

r 


EXAMPLE 


14 


Solve for x. 


T 1 + 5 55 = x (mod 8) 


Solution 7 1 = 7 (mod 8) 

7 2 = 1 (mod 8) 

7 77 = (7 2 ) 38 • T = 1 • 7 s 7 (mod 8) 
So 7 77 + 5 55 = 7 + 5 = 4 (mod 8). 


5 1 = 5 (mod 8) 

5 2 = 1 (mod 8) 

(5 2 ) 27 ■ 5 1 = 1 ■ 5 s 5 (mod 8) 
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Check Yourself 6 

1. Find x in each equation. 

a. 6 35 - x (mod 8) b. 7 21 — x (mod 9) c. 25 17 - x (mod 6) 

d. 3 28 + 4 • 3 35 — x (mod 5) 

2. Find the remainder when 7 76 is divided by 8. 

3. Find the remainder when 14 100 is divided by 9. 

4. Find the units digit of (123) 123 . 

5. Find the last two digits of (125) 75 . (Hint : Use modulo 100). 

6. Find the last two digits of 7 2003 . 

7. Find the last digit of 

i 1996 + 2 1996 + 3 1996 + ... + 1996 1 " 6 . 

8. Find the remainder when 

( 3 27 + 4 28 + g28 + 12 2 7) dMded by 5 

Answers 

1. a. 0 b. 1 c. 1 d. 4 2. 1 3. 4 4. 7 5. 25 6. 43 7. 2 8. 2 

5. Applications of Modular Arithmetic 

If today is Friday, which day of the week will it be in 125 days’ time? 

If January 1, 1999 was a Friday, what day of the week will it be on January 1, 2003? 
To solve the questions above we use modular arithmetic. Look at the examples. 


EXAMPLE 


15 If today is Friday, which day of the week will it be in 25 days’ time? 


Solution If today is Friday, then in seven days the day will be Friday 
again since the names of the days repeat in seven days. 

So we can use modula 7 to add and subtract the days Thursday 
of the week. The set of remainders for modula 7 
arithmetic is {0, 1, 2, 3, 4, 5, 6}. 

When we divide 25 by 7 the remainder is 4: 

25 = 4 (mod 7). 

Four days after Friday is Tuesday. 

So in 25 days’ time it will be Tuesday. 


Wednesday 


Friday 



Saturday 


Sunday 


Tuesday 


Monday 
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EXAMPLE 


16 Serdar celebrated his birthday on a Wednesday in 2002. Which day of the week was his 
birthday in 2005? 


Solution 2005 is three years after 2002. 

In three years there are 3 • 365 = 1095 days, and 1095 = 3 (mod 7). 

So Serkan’s birthday in 2005 will be three days after Wednesday, which is Saturday. 


EXAMPLE 


17 


A patient takes a pill once every six hours. If he took his first pill at six o’clock in the morning, 
at what time will he take his twenty-sixth pill? 


Solution When the patient has taken his first pill, he will have 25 pills left. The patient takes a pill 
once every six hours, so he will take his twenty-sixth pill after 150 hours (25 -6 = 150 hours). 

6 hours 6 hours 6 hours 

_A__A_ _A_ 

/•-N S’ - -N /"- ~-v 

first pill second pill third pill 25 th pill 26 th pill 

We will use modulo 24 to find the time since there are 24 hours in a day. 

6 © 150 = ? (mod 24) (he took his first pill at 6 o’clock) 

156 = 12 (mod 24) 

Thus, the patient will take his twenty-sixth pill at 12 o’clock midday. 


Check Yourself 7 

1. If today is Monday, which day of the week will it be in 76 days’ time? 

2. Eighteen workers are doing a job. Each worker is on duty once every 18 days. If Ali was 
first on duty on Sunday, which day of the week will he be on duty for the thirty-sixth time? 

3. A boy feeds his pigeons once every eight hours. He first fed the pigeons at nine o’clock in 
the morning. At what time will he feed his pigeons for the fiftieth time? 

4. If January 1, 1994 was a Friday, which day of the week was January 1, 2000? 
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Answers 

1. Sunday 2. Sunday 3. at 5 o’clock 4. Friday 
















BINARY OPERATIONS 



After studying this section you will be able to: 

1. Define the concept of binary operation, and calculate the results of binary operations. 

2. Construct and use a binary operation table. 

3. Describe the properties of a binary operation, and use these properties to solve problems. 


A. BASIC CONCEPT 


1. Binary Operations 



A binary operation is an operation which takes two elements of a set and maps them to only 
one element of the set. 

For example, multiplication and addition are binary operations on the set of integers, since 
when we multiply two integers, we find only one integer as the product. So multiplication 
maps two integers to only one integer. 

We show regular multiplication with the product symbol: x or Some other very common 
operation symbols are +, - and h- . If we define a new binary operation, we need to use a new 
operation symbol. Some examples of symbols we could use are A, -ft, □, ©, ®, O, etc. 

For example, let us define a binary operation A on the set of natural numbers as 
x Ay = x + y + 3. We can read this as ‘x delta y is equal to x plus y plus 3.’ 

Now let us calculate 4 A 5 and 10 A 2: 

4 A 5 = 4 + 5 + 3 = 12 and 10 A 2 = 10 + 2 + 3 = 15. 

18 The binary operation o on the set of integers is defined as follows. For x, y £ Z, 



x o y = 2x + 3y - 4. 


Find the following. 


b. 5 o 6 


d. 9 o 4 


a. 2 o 1 


c. -1 o 3 


Solution xoy = 2x + 3y-4 

a. 2 o 1 = (2 • 2) + (3 • 1) - 4 = 3. So 2 o 1 = 3. 

b. 5 o 6 = (2 • 5) + (3 • 6) - 4 = 10 + 18 - 4 = 24. So 5 o 6 = 24. 

c. -1 o 3 = (2 • (-1)) + (3 • 3) - 4 = -2 + 6 - 4 = -8 + 6 = -2. So -1 o 3 = -2. 

d. 9 o 4 = (2 • 9) + (3 • 4) - 4 = 18 + 12 - 4 = 26. So 9 o 4 = 26. 
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EXAMPLE 


19 An operation -ft is defined on the set A = {0, 1, 2, 3, 4, 5} such that for x, y G A, 
x i/ = 2x + 4i/ (mod 6). Perform the operations. 

a. 2 ☆ 4 b. 5 ☆ 0 

Solution a. x liV y = 2x + 4z/ (mod 6) b. 5 ☆ 0 = (2 • 5 + 4 • 0) (mod 6) 

2'&4 = (2-2 + 4-4) (mod 6) 5^0 = 10 = 4 (mod 6) 

2*4e4+16 = 20s 2 (mod 6) 


2. Using an Operation Table 

We can show some operations using a table. 

For example, consider the operation □ on the set A = {0, 1, 2, 3, 4} such that for a, b G A, 
a □ b = (a + b) (mod 5). 


The table for the operation □ is shown opposite. We can use it to find the results of □ for 


different values. 

0 □ 1 = (0 + 1) (mod 5) = 1 (mod 5) 

2 □ 3 = (2 + 3) (mod 5) = 0 (mod 5) 

3 □ 4 = (3 + 4) (mod 5) = 2 (mod 5) 


□ 

0 

1 

2 

3 

4 

0 

0 

1 

2 

3 

4 

1 

1 

2 

3 

4 

0 

2 

2 

3 

4 

0 

1 

3 

3 

4 

0 

1 

2 

4 

4 

0 

1 

2 

3 


EXAMPLE 


20 


Construct a table for the operation <8> on the set B = {0, 1, 2, 3, 4, 5} defined by 
x €> y =2 x • y (mod 6) for x, y G B. 


Solution x <8> y = 2x • y (mod 6) 

1 ® 2 = 2 • 1 • 2 (mod 6) = 4 (mod 6) 
3€>4 = 2- 3- 4 = 24 = 0 (mod 6) 

0 ® 5 = 2 • 0 • 5 (mod 6)s0 (mod 6) 
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If we continue the calculations we can construct the 
table for the operation <8> (shown opposite). 






































EXAMPLE 


21 The table shows the results of the operation ft defined 
on the set A = {a, b, c, d, e}. 

Find the following by using the table, 
a. a ft c b. dfte c. b ft a 

Solution a . a ft c = a b. d ft e = c c. b ft a = e 


ft 

a 

b 

c 

d 

e 

a 

d 

e 

a 

b 

c 

b 

e 

a 

b 

c 

d 

c 

a 

b 

c 

d 

e 

d 

b 

c 

d 

e 

a 

e 

c 

d 

e 

a 

b 


Check Yourself 8 

1. An operation A is defined on N such that for 

a, b G N, aAb = 3a + b- l. Find each result. 

a. 0 A 2 b. 7 A 7 c. 15 A 20 d 1 A 100 

2. A binary operation □ is defined on the set 

C = {0, 1, 2, 3, 4, 5, 6, 7} such that for x, y E C, 
x □ y = (x + 2y + 5) (mod 8). 

Find each result. 

a. 4 □ 5 b. 3 □ 2 c. 6 □ 7 d. 0 □ 1 

3. Construct a table for the operation O on the set A = {0, 1, 2, 3, 4, 5} defined by 
x O y = (2x + 5 y) (mod 6) for x, y G A. 

4 . The table below shows the results of the operation ft 
defined on the set B = {K, A, L, E, M}. Find the result of 
each operation by using the table. 

a.KikL b. Aft M c .Eft A d K ft M 

5. The operation A is defined as a A b = (a + b) a for a, b £ 

Z + . Find 3 A 4. 


ft 

K 

A 

L 

E 

M 

K 

M 

K 

A 

L 

E 

A 

K 

A 

L 

E 

M 

L 

A 

L 

E 

M 

K 

E 

L 

E 

M 

K 

A 

M 

E 

M 

K 

A 

L 


O 

0 

1 

2 

3 

4 

5 

0 

0 

5 

4 

3 

2 

1 

1 

2 

1 

0 

5 

4 

3 

2 

4 

3 

2 

1 

0 

5 

3 

0 

5 

4 

3 

2 

1 

4 

2 

1 

0 

5 

4 

3 

5 

4 

3 

2 

1 

0 

5 


Answers 

1. a. 1 b. 27 c. 64 d. 102 2. a. 3 b. 4 c. 1 d. 7 3. 

4. a. A b. M c. E d. E 5. 343 








































B. PROPERTIES OF BINARY OPERATIONS 

Let A be a binary operation on a set A. 


Property 


EXAMPLE 



clo s ure p roperty 

If x A y G A for all x, y G A then A is closed under the operation A. 


A = {a, b, c, d} and the operation A is shown in the table. 
Is A closed under the operation A ? 


A 

a 

b 

c 

d 

a 

b 

c 

d 

a 

b 

c 

d 

a 

b 

c 

d 

a 

b 

c 

d 

a 

b 

c 

d 


Solution 


Property 


EXAMPLE 



We can see that all the entries in the table are elements of A. So x A y G A for all x, y G A 
and therefore A is closed under A. 

commutative property 

If x A y = y A x for all x, y G A then A is commutative under the operation A. 
xky=x + y+ x- yis given. Is the operation k commutative? 


Solution By the definition, ii x k y = y k x then the operation k is commutative. 
xky=x + y+ x- y 

ykx = y + x + y-x.By the commutative property of addition and multiplication, this 
is the same as x + y + x ■ y. 

So x k y = y k x, and k is commutative. 


EXAMPLE 


24 


Solution 


A = {a, b, c, d, ej and the operation k is shown in the 
table. Is A commutative under the operation k? 


k 

a 

b 

c 

d 

e 

a 

d 

e 

a 

b 

c 

b 

e 

a 

b 

c 

d 

c 

a 

b 

c 

d 

e 

d 

b 

c 

d 

e 

a 

e 

c 

d 

e 

a 

b 


If xky = y k x then the operation k is commutative. Therefore, the entries in an operation 
table for a commutative operation will be symmetric with respect to the diagonal from top left 
to bottom right (called the main diagonal.) 


k 

a 

b 

c 

d 

e 

a 


e 

a 

b 

c 

b 

e 


b 

c 

d 

c 

a 

b 


d 

e 

d 

b 

c 

d 


a 

e 

c 

d 

e 

a 

X 


The table for k is symmetric with respect to the main diagonal. 
So k is commutative. 
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Property 


EXAMPLE 



Solution 


Property 


EXAMPLE 



Solution 

C C C C C 

• If there is an identity 
element in a set then 
the element is unique. 

• An operation does not 
always have an identity 
element. 


Property 


EXAMPLE 


27 


associative property— - - - - - - - — - - - - 

If x A (y A z) = (x A y) A z for all x, y, z £ A then A is associative under the operation A. 

The operation □ on the set of integers Z is defined by 
xOy=x+y+ 1. 

Is the operation □ associative in Z? 

x □ (y □ z) = x □ (y + z + 1) 

= x + (i/ + z + l) + l 

= x + y + z + 2 and 
(x □ y) □ z = (x + y + 1) □ z 

= (x + y + l)+z+l 
= x + y + z + 2 

So x □ (y □ z) = (x □ y) □ z, and therefore □ is associative in Z. 

identity eleme nt 

If x A e = e A x = x for all x G A then e is called the identity element in A for A. 

For all a, b E.R the operation A is defined as aAb = a+ b- 2 ab. Find the identity element for 
A in R. 

Let e be the identity element for A. 
aAe = a + e- 2 ae = a 
e(l - 2a) = 0 
e = 0 

Check: 0Aa = 0 + a- 2- 0- a = a. So zero is the identity element. 

Inverse elemen t— - - — 

Let e be the identity element for A in A. For all a G A if a A cT 1 = e and n 4 Aa = e then a 1 
is called the inverse element of a for A. 

The operation A is defined in R as a A b = 2 a + 2b - ab -2. Find inverse of 5 for A. 


Solution 


Let us begin by finding the identity element e for A. 

a Ae = a => 2a + 2e - ae - 2 = a 

=> 2e - ae = 2 - a 

=> e(2 - a) =2 - a 

2- a 

=> e = - 

2- a 

=> e = 1. So the identity element is 1. 
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Now let x be the inverse of 5. Then 


• lixky=yAx = y 
then y is called the 
null element for D. 


5 A x 


• If there is a null 
element it is unique. 


e => 5 + x - 2 
=> -9x = -2 
2 

=> x = —. 

9 


• The null element does 
not have an inverse. 


So the inverse of 5 is 


2 

9 


5 • x - 2 = 1 


for A in R. 


EXAMPLE 


28 


The operation k is defined on the set A = {a, 

a. Is this operation a binary operation? 
c. Is k commutative? 

e. Find the inverse of the elements c and e. 


b, c, d, e} as in the table, 
b. Is A closed under k? 
d. Find the identity element of A in ik. 

f. Find (a ☆ b) k d. 


g. Find (b k c 1 ) k(a k e 1 ) 


Solution a. Yes, it is a binary operation since k maps every possible pair of elements in A to another 
element of A. 

b. All the numbers in the table are elements of A, so for all x, y G A, x iky G A and therefore 
A is closed under k. 


c. The table is symmetric with respect to the main diagonal. This means that the equation 
x 'ky = x 'ky is true for all x and y in A. So k is commutative. 


main column 



d. The entries in the row and column for the element a in the table are the same as the 
entries in the main row and the main column. Therefore the operation k with a does not 
change the original element. So a is the identity element in A for k . 

e. d is the inverse of c since c k d = a (and a is the identity element). 
b is the inverse of e since e 'kb = a. 


f. (a'kb)'kd = 2kd = e 

g. (b k cf 1 ) lk(a -k e _1 ) = (b k d) 'k (a 'k b) 

= e kb = a. 
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EXAMPLE 


29 The operation • is defined on the set of integers asa»fe=a + b + 3. 
Find the inverse of 2 for •. 

Solution Let e be the identity element for •. 
a»e = a=>a + e + 3 = a 
=> e = —3 

a • a' = e => 2 • 2 _1 = -3 

=> 2 + 2- 1 + 3 = -3 
2- 1 = -8 


EXAMPLE 


30 


The operations and A are defined on the set of integers as 
x -ft y = x y 
x A y — x + y. 

Find a if a (a A 1) =81. 


Solution a A 1 = a + 1 

a^(aAl)=fliV(fl+ 1) 
a (a + 1) = a“ +1 = 81 
a° +1 = 3 4 
a= 3 

Check Yourself 9 

1. The operation >Y is delined on the set A = {0, 1, 2, 3, 4} as shown in the table, 

a. Is the set A closed under ■&? b. Is the operation commutative? 

c. Find the identity element. d. Find the inverse of 2 and 4. 

e. Find x if (3 x) ik 4 = 0. f. Find (3 ☆ 1 _1 ) ☆ 4 

2. An operation □ on the set of real numbers is defined a.sx\3y=x + 2y+ 1. 

Find (1 □ 2) □ 3. 

3. An operation • on the set of integers is defined as x • y = x - y + 5. 
a • b = 9 and b • 2 = 1 are given. What is a ■ b? 

4. The operation A is defined asx A y = x + y + 3 xy + 5 on the set of integers. Find the 
identity element for A. 

5. The operation ☆ is defined on R as — — = 2a + 3b. Find 2 ☆ 3. 

a b 


Answers 

1. a. Yes b. Yes c. 2 d. 2 and 0 e. 2 f. 2 2. 13 3.-4 4. there is no identity element 5. 2 
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EXERCISES 4.1 


1. Find the number x. 
a. 23 = x (mod 12) 
c. 45 = x (mod 6) 
e. 125 = x (mod 7) 
g. 1278 — x (mod 4) 


b. 

d. 

f. 

h. 


33 = x (mod 12) 
27 = x (mod 5) 
39 = x (mod 8) 
336 — x (mod 9) 


5. Solve the equations. 

a. x © 1 = 3 (mod 4) b. 
c. x © 3 = 7 (mod 8) d. 
e. 2x = 4 (mod 6) f. 
g. 3x © 2 = 1 (mod 4) h. 
i. 2x © 4 = 3 (mod 5) j. 
k. x 2 = 1 (mod 8) 1. 


5 © x = 2 (mod 6) 
x © 9 = 3 (mod 12) 
5x = 3 (mod 4) 

3x © 4 = 1 (mod 5) 
x 0 1 = -4 (mod 7) 
x 2 © 3 = 0 (mod 6) 


2. Find each modular sum. 

a. (15 + 7) = x (mod 12) 

b. (35 + 23) — x (mod 6) 

c. (23 + 43 + 18) = x (mod 5) 

d. 13 + 15 + 18 + 9 = x (mod 7) 


3. Find the smallest natural number n which satisfies 
each modular equation. 

a. (23 + n) = 0 (mod 8) 

b. 42 + n = 3 (mod 7) 

c. n + 12 + 13 = 5 (mod 12) 

d. 6 + 9 + ?i s 7 (mod 9) 


6. Find x in each statement. 

a. 5 11 - x (mod 6) b. 8 888 — x (mod 9) 

c. 15 143 — x (mod 9) d. 4 49 = x (mod 10) 

e. 3 33 = x (mod 9) f. 3 300 — x (mod 5) 

g. 3 62 + 4 25 = x (mod 6) 

h. 5 25 • 2 26 = x (mod 9) 

i. 9 88 = x (mod 7) 

j. (2" + 3" + 4" + 5") = x (mod 3) 


7. Find the units digit of 12 12 . 


4. Find each modular product. 

a. (7 ■ 8) = x (mod 6) 

b. (9 ■ 13) — x (mod 7) 

c. 8 ■ 9 ■ 10 = x (mod 11) 

d. (4 + 3) • 5 = x (mod 4) 

e. 4-5 + 3- 5sx (mod 4) 

f. (3 3 + 2 a ) • 4 3 = x (mod 5) 


8. Find the last digit of 2004 2004 . 


9. Find the remainder when 9 18 divided by 5. 


10 . Find the remainder when 1995 1 " 6 is divided by 9. 
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11. Find the remainder when 16 1991 is divided by 7. 


12. Find the units digit of 4 676 . 


13. What is 3 2 ' - 2 45 , modulo 13? 


14. Find the last digit of (((7 7 ) 7 ) 7 ...) 7 


1001 times 


15. Find x if 3 41 + 9 100 = x (mod 13) 


16. Ali is ill. His doctor has given him twelve pills, 
and Ali must take one pill every five hours. If Ali 
takes his first pill at 5 p.m., at what time will he 
take his last pill? 


17. Betul was born on Friday September 4, 1998. 
Which day of the week was Betul’s birthday in 
2003? 


18. If today is Monday, which day of the week will it 
be in 125 days’ time? 


19. May 30, 1999 was a Sunday. Which day of the 
week was May 30 in 2003? 


20. For all a, b £ Z + , 

a'Cfb = a 2 + b 2 + 2ab is given. 
Find x if x Cf 3 = 25. 


21. For all a, b E Z + , 

a • b = a + b - (a A b), 
a A b = b a are given. 
Find 9 • 1. 


22. For all a, b £ Z + 

a'&b=a + b-ab is given. 
Find the inverse of 8 for >Y. 


23. A = {0, 1, 2, 3, 4} and for all a, b E A, 

a iY b = (the smaller number of a and b). Find 
the identity element for iY. 


24. The operation iY is 
defined on the set 
A = {1, 2, 3, 4, 5} 
as shown in the 
table. 

a. Find the identity element for A in iY. 

b. Find the inverse of 3 and 5. 

c. Find x if [(2 ☆ x) ☆ 4] ☆ 1 = 3. 

d. Find 2 ☆ (3 ☆ 1) _1 . 


iY 

1 

2 

3 

4 

5 

1 

3 

4 

5 

1 

2 

2 

4 

5 

1 

2 

3 

3 

5 

1 

2 

3 

4 

4 

1 

2 

3 

4 

5 

5 

2 

3 1 

4 

5 

1 
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1. 3 64 si (mod 5) is given. What is x? 


1. 3 64 = x (mod 5) is given. What is x? 

A) 1 B) 2 C) 3 D) 4 

6. x is a two-digit integer. What is the greatest 
possible value of x if 7 T = 1 (mod 5)? 

A) 36 B) 44 C) 88 D) 96 

2. What time will it be in 121 hours’ time if it is 

three o’clock now? 

7. What is the units digit of the result of 

33222 + 444 333 _ 555 444 ? 

A) 3:00 B) 4:00 C) 5:00 D) 6:00 

A) 3 B) 5 C) 2 D) 8 

3. If today is Wednesday, which day of the week will 
it be in 365 days? 

8 . k is a natural number. Find the remainder when 
65 12k + 5 is divided by 9. 

A) Thursday B) Friday 

C) Tuesday D) Wednesday 

A) 2 B) 4 C) 6 D) 7 

4. Find x if 3 90 • 9 30 = x (mod 4). 

9. Nuran was born on Monday April 12, 1997. Which 
day of the week was her birthday seven years 
later? 

A) 1 B) 2 C) 3 D) 0 

A) Friday B) Saturday 

C) Sunday D) Tuesday 

5. Find x if 3 65 + 4 21 = x (mod 6 ). 

10. Find (1 ♦ 2) * 3 if x *■ y = x 2 + 2xy + y 2 . 

A) 1 B) 2 C) 3 D) 5 

A) 144 B) 121 C) 81 D) 64 

Chapter Review Test 4a - 
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11. Which one of the following satisfies 
3x 2 + 7s2 (mod 8)? 

A) 0 B) {1, 3} 

C) {1, 4} D) {1,3,4} 


15. The operations A and □ are defined on the set of 
real numbers as 

x A y = x y - y x and x □ y = 2 xy . 

Find 3 A (2 □ 1). 

A) 13 B) 15 C) 16 D) 17 


12. The operation * is 
defined in the table 
on the right. 

Find (b *■ d) * (a * c). 


A) a B) b C) c D ) d 


* 

a 

b 

c 

d 

a 

c 

d 

a 

b 

b 

d 

a 

b 

c 

c 

a 

b 

c 

d 

d 

b 

c 

d 

a 


16. Given a Ab = a + b -ab and a □ b = (a A b) A 1, 
find 1 □ 2. 

A) 1 B) 2 C) 3 D) 4 


13. x+y = x + y- 3 xy is given. 

Find a if a * 1 = 2 # 3. 

A) 4 B) 5 C) 6 D) 7 


17. The operation * is defined on the set of integers 
a.sx + y= x + y + 3. Find the inverse of 3 for *. 

A) -9 B) -7 C) -6 D) -3 


14. x Ay = x 2 - 2 xy + y 2 and 

x * y = x 3 + 3 x 2 y + 3 xy' 2 + y 3 are given. 

What is (2 A 3) * 4? 

A) 36 B) 48 C) 56 D) 125 


18. The operation ☆ is 
defined on the set 
A = {M, A, T, H, S} 
as shown in the 
table. 


☆ 

M 

A 

T 

H 

S 

M 

H 

S 

M 

A 

T 

A 

S 

M 

A 

T 

H 

T 

M 

A 

T 

H 

S 

H 

A 

T 

H 

S 

M 

S 

T 

H 

S 

M 

A 


Find the identity element for W in A. 


A) M B) A C) T D) H 
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BASIC CONCEPTS AND DEFINITIONS 


Definition 


experiment, outcome, sample space, event, simple event 

An experiment is an activity or a process which has observable results. For example, rolling a 
die is an experiment. 

The possible results of an experiment are called outcomes. The outcomes of rolling a die once are 
1,2, 3, 4, 5, or 6. 

The set of all possible outcomes of an experiment is called the sample space for the experiment. 
The sample space for rolling a die once is {1, 2, 3, 4, 5, 6). 

An event is a subset of (or a part of) a sample space. For example, the event of an odd number 
being rolled on a die is {1, 3, 5). 

If the sample space of an experiment with n outcomes is S = {e v e 2 , e 3 , e 4 , ... , ej then the 
events {<?,}, {e 2 }, {e 3 }, ..., {e n } which consist of exactly one outcome are called simple events. 


EXAMPLE 


1 


Solution 


What is the sample space for the experiment of 
tossing a coin? 

There are two possible outcomes: tossing heads 
and tossing tails. So the sample space is {heads, 
tails}, or simply {H, T}. 



EXAMPLE 


2 


Write the sample space for tossing a coin three 
times. 



Solution The sample space is {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}. 


EXAMPLE 


3 


The sample space for an experiment is {1, 2, 3, 4, 5, 6, 7, 8, 9}. Write the event that the result 
is a prime number. 


Solution The event is {2, 3, 5, 7}. 





















Definition 


union and intersection of events, complement of an event 

The union of two events A and B is the set of all outcomes which are in A and/or B. It is 
denoted by A u B. 

The intersection of two events A and B is the set of all outcomes in both A and B. It is 
denoted by A n B. 

The complement of an event A is the set of all outcomes in the sample space that are not in 
the event A. It is denoted by A' (or A c ). 



AuB 

(union of A and B) 


AnB 

(intersection of A and B) 


A' 

(complement of A) 


EXAMPLE 


4 


Consider the events A = {1, 2, 3, 4} and B = {4, 5, 6} in the experiment of rolling a die. 
Write the events A u B, A n B and A'. 


Solution The sample space for this experiment is {1, 2, 3, 4, 5, 6}. Therefore, 

A u B = {1, 2, 3, 4, 5, 6} (the set of all outcomes in events A and/or B ); 

A n B = {4} (the set of all common outcomes in A and B ); 

A' = {5, 6} (the set of all outcomes in the sample space that are not in event A). 


Definition 


mu tually e xclu s iv e events - - - 

Two events which cannot occur at the same time are called mutually exclusive events. In 
other words, if two events have no outcome in common then they are mutually exclusive 
events. 



A and B are mutually exclusive events. 
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For example, consider the sample space for rolling a 
die. The event that the number rolled is even and the 
event that the number rolled is odd are two mutual¬ 
ly exclusive events, since E = {2, 4, 6} and 
0 = {1, 3, 5} have no outcome in common. 

Now we are ready to define the concept of probability of 
an event. 



Definition 


probability of an event 

Let E be an event in a sample space S in which all the outcomes are equally likely to occur. 

n(E) 

Then the probability of event E is P(E) = ——where n(E) is the number of outcomes in 

n(S) 

event E and ra(S) is the number of outcomes in the sample space S. 


EXAMPLE 


5 


A coin is tossed. What is the probability of 
obtaining a tail? 


Solution 


The sample space for this experiment is {H, T} 
and the event is {T}, so n(S) = 2 and n(E) = 1. 

n(E) 1 

So the desired probability is P(E) = J 

ra(S) 2 



EXAMPLE 


6 


I roll a die. What is the probability that the 
number rolled is odd? 


Solution The sample space is S = {1, 2, 3, 4, 5, 6} and the 

event that the number is odd is E = {1, 3, 5). 

So the probability is P(E) = = — = J_ 

?z(S) 6 2 


m* 



EXAMPLE 


7 


Solution 


A coin is tossed three times. What is the 
probability of getting only one head? 

The sample space is 

S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} and the desired event is 

E ={HTT, THT, TTH}. So the probability is P(E) = -. 

8 
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EXAMPLE 


£ The integers 1 through 15 are written on separate cards. You are asked to pick a card at 
random. What is the probability that you pick a prime number? 

Solution There are fifteen numbers in the sample space. The primes in the set are 2, 3, 5, 7, 11 and 

6 2 

13. So the desired probability is — = —. 

15 5 


Remark 


Since the number of outcomes in an event is always less than or equal to the number of 
outcomes in the sample space, j s a i wa y S less than or equal to 1. 

n(S) 

Also, the smallest possible number of outcomes in an event is zero. So the smallest possible 
n(E) 0 

probability ratio is -=-= 0 ■ 

n(S) n(S) 

In conclusion, the probability of an event always lies between 0 and 1, i.e. 0 < P(E) < 1. 


EXAMPLE 


9 


A child is throwing darts at the board shown 
in the figure. The radii of the circles on the 
board are 3 cm, 6 cm and 9 cm respectively. 
What is the probability that the child’s dart 
lands in the red circle, given that it hits the 
board? 




Solution 


Probability 


We know from geometry that the area of a circle with radius r is jtr 2 . Hence the area of the 
red circle is rc3 2 = 9tt cm 2 and the area of the pentire board is Jt9 2 = 8In cm 2 . 


We can consider the area of each region as the number of outcomes in the related event. 

n(red) 9 n 1 


So the probability that the dart lands in the red circle is P(red) = 


rz(board) 8l7r 9 


As the probability of an event gets closer to 1, the event is more likely to occur. As it gets 

closer to zero, the event is less likely to occur. In the previous example, the probability is close 

to zero so the event is not very likely. However, note that ^ does not tell us anything about 

what will actually happen as the child is throwing the darts. The child will not necessarily hit 

the red circle once every nine darts. He might hit it three times with nine darts, or not at all. 

But if the child played for a long time and we looked at the ratio of the red hits, to the other 

hits we would find that it is close to —. 

9 
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Definition 


certain event, impossible event - 

An event whose probability is 1 is called a certain event. An event whose probability is zero is 
called an impossible event. 


EXAMPLE 


10 


A student rolls a die. What is the probability of each event? 

a. the number rolled is less than 8 

b. the number rolled is 9 


Solution The sample space is S = {1, 2, 3, 4, 5, 6). 

a. We can see that every number in the sample space is less than 8. 
So the event is E = {1, 2, 3, 4, 5, 6}. 

Therefore the probability that the number is less than 8 is 
6 

P(E) = — = 1, which means the event is a certain event. 

6 

b. Since it is not possible to roll a 9 with a single die, the event is an 

empty set (E = 0). So the probability is P(E) = — = 0, which 

6 

means the event is an impossible event. 



EXAMPLE 


11 


A card is drawn from a deck of 52 cards. What is the 
probability that the card is a spade? 


Solution 


Since there are 13 spades in a deck of 52 cards, the number of 

13 1 

outcomes is 13. So the probability is — = —. 

52 4 



EXAMPLE 


12 


A small child randomly presses all the switches in the 
circuit shown opposite. What is the probability that the 
bulb lights? 


Solution Each switch can be either open or closed. Let us write 0 to 
mean an open switch and C to mean a closed switch. Then 
the sample space contains 2 ■ 2 • 2 = 8 outcomes, namely 



(OjOA, 0j0 2 C 3 , 0,C 2 C 3 , 0,0,03, c A0 3 , 0 , 0 , 03 , C,C,0 3 , C,C 2 C 3 }. 


The bulb only lights when all the switches are closed. So the desired probability is —. 
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EXAMPLE 


13 In a game, a player bets on a number from 2 to 12 and rolls two dice. If the sum of the spots 
on the dice is the number he guessed, he wins the game. Which number would you advise 
the player to bet on? Why? 


Solution There is no difference between rolling a die twice and rolling two dice 
together. Let us make a table of the possible outcomes of rolling the 


dice: 

BSSS8S 

o 

a. i) 

(1,2) 

(1,3) 

(1,4) 

(1,5) 

(1Tv) 

m 

(2, 1) 

(2, 2) 

(2, 3) 

(2,4) 

5) 

/(2, 6) ' 

& 

(3, 1) 

(3, 2) 

(3,31 

K3, 4) 

K3, 5) 

(3,6) 

m 

(4, 1) 

(4,24, 

(.4,3)1 

(, 4) 

(4,5) 

(4.6) 

$ 

(5, 1) 

(, 2)/ 

((,3) 

(5,4) 

(5,5) 

(5,6) 

m 

m. n 

2) 

(6, 3) 

(6,4) 

(6,5) 

(6,6) 



► 7 


15 


10 


1 2 3 4 5 6 7 8 9 10 11 12 

We can see that there are six ways of rolling 7 with two dice. This is the most frequent 

outcome of the game, so the player should bet on 7. As there are 6 ■ 6 = 36 outcomes in the 

6 1 

sample space, the probability of rolling 7 is — = — , which is the highest probability in the 

36 6 

game. 


Check Yourself 1 

1. A family with three children is selected from a population and the genders (male or 
female) of the children are written in order, from oldest to youngest. If M represents a 
male child and F represents a female child, write the sample space for this experiment. 

2. A student rolls a die which has one white face, two red faces and three blue faces. What is 
the probability that the top face is blue? 

3. Two dice are rolled together. What is the probability of obtaining a sum less than 6? 

4. A box contains 15 light bulbs, 4 of which are defective. A bulb is selected at random. What 
is the probability that it is not defective? 

5. Three dice are rolled together. What is the probability of rolling a sum of 15? 

Answers 

1. {MMM, MMF, MFM, FMM, MFF, FMF, FFM, FFF} 2. - 3. — 4. — 5. — 

2 18 15 108 
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EXERCISES 5.1 . 


1. A coin is flipped three times. Specify the 
outcomes in each event. 

a. the same face occurs three times 

b. at least two tails occur 


2. A pair of dice is rolled. Specify the outcomes in 
each event. 

a. the dice show the same number 

b. the sum of the numbers is greater than 7 

c. the dice show two odd numbers 


3. There are 9 girls and 12 boys in a class. A student 
is called at random. Find the probability that the 
student is a boy. 


4. A bag contains 3 red marbles, 4 blue marbles and 
2 green marbles. Firat takes a marble from the 
bag. Find the probability that he takes a red marble. 


5. A continent name is chosen at random. What is 
the probability that the name begins with A ? 

(The American continent is considered in two different parts.) 

6 . A number is drawn at random from the set 
{1, 2, 3, ..., 100}. What is the probability that the 
number is divisible by 3? 


7. A pair of dice are rolled. What is the probability 
that their sum is greater than 6 ? 

8 . Two dice are rolled. What is the probability that 
their sum is a prime number? 


9. Two dice are rolled. What is the probability that 
their sum is divisible by 4? 

10. i 



A monkey is trained to press the switches in the 
circuit shown above. It presses all the switches 
many times. Find the probability that the bulb 
lights. 

11. One-quarter of the Earth’s surface is land and the 
rest is sea. A meteor hits the Earth. Find the 
probability that it lands in the sea. 


12. A point is selected at random from the interior 
® region of a circle with radius 4 cm. What is the 
probability that the distance between the selected 
point and the center of the circle is less than or 
equal to 2 cm? 
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STATISTICS 




After studying this section you will be able to: 

1. Define statistics as a branch of mathematics and state the activities it involves. 

2. Describe some different methods of collecting data. 

3. Present and interpret data by using graphs. 

4. Describe and find four measures of central tendency: mean, median, mode, and range. 


A. BASIC CONCEPTS 

1. What is Statistics? 



Statistics is the science of collecting, organizing, summarizing and analyzing data, and draw¬ 
ing conclusions from this data. In every field, from the 
humanities to the physical sciences, research information and the ways in which it is collect¬ 


ed and measured can be inaccurate. Statistics is the discipline that evaluates the reli¬ 


ability of numerical information, called data. 

We use statistics to describe what is happening, and to make projections 
concerning what will happen in the future. Statistics show the results of our 
experience. 

Many different people such as economists, engineers, geographers, biologists, physicists, mete¬ 
orologists and managers use statistics in their work. 



Statistics 


Statistics is a branch of mathematics which deals with the collection, analysis, interpretation, 
and representation of masses of numerical data. 

The word statistics comes from the Latin word statisticus, meaning ‘of the state’. 

The steps of statistical analysis involve collecting information, evaluating it, and drawing con¬ 
clusions. 

For example, the information might be about: 

• what teenagers prefer to eat for breakfast; 

• the population of a city over a certain period; 

• the quality of drinking water in different countries of the world; 

• the number of items produced in a factory. 
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Descriptive statistics involves collecting, organizing, summarizing, and presenting data. 
Inferential statistics involves drawing conclusions or predicting results based on the data col¬ 
lected. 

2. Collecting Data 

We can collect data in many different ways. 

a. Questionnaires 

A questionnaire is a list of questions about a given topic. It is usually printed on a piece of 
paper so that the answers can be recorded. 

For example, suppose you want to find out about the television viewing habits of teachers. You 
could prepare a list of questions such as: 

• Do you watch television every day? 

• Do you watch television: in the morning? 

in the evening? 

• What is your favourite television program? 

. etc. 

Some questions will have a yes or no answer. Other questions might ask a person to choose 
an answer from a list, or to give a free answer. 

When you are writing a questionnaire, keep the following points in mind: 


1. A questionnaire should not be too long. 

2. It should contain all the questions needed to cover the subject you are studying. 

3. The questions should be easy to understand. 

4. Most questions should only require a ‘Yes/No’ answer, a tick in a box or a circle round a 
choice. 



A sample is a subset of a 
population. 


In the example of a study about teachers’ television viewing habits, we only need to ask the 
questions to teachers. Teachers form the population for our study. A more precise population 
could be all the teachers in your country, or all the teachers in your school. 

b. Sampling 

A sample is a group of subjects selected from a population. Suppose the population for our 
study about television is all the teachers in a particular city. Obviously it will be very difficult 
to interview every teacher in the city individually. Instead we could choose a smaller group of 
teachers to interview, for example, 
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five teachers from each school. These teachers will be the sample for our study. We could say 
that the habits of the teachers in this sample are probably the same as the habits of all the 
teachers in the city. 

The process of choosing a sample from a population is called sampling. 

The process of choosing a sample from a population is called sampling. 

When we sample a population, we need to make sure that the sample is an accurate one. For 
example, if we are choosing five teachers from each school to represent all the teachers in a 
city, we will need to make sure that the sample includes teachers of different ages in different 
parts of the city. When we have chosen an accurate sample for our study, we can collect the 
data we need and apply statistical methods to make statements about the whole population. 


c. Surveys 

One of the most common method of collecting data is the use of surveys. Surveys can be car¬ 
ried out using a variety of methods. Three of the most common methods are the telephone 
survey, the mailed questionnaire, and the personal interview. 


3. Summarizing Data 



In order to describe a situation, draw conclusions, or make predictions about events, a 
researcher must organize the data in a meaningful way. One convenient way of organiz¬ 
ing the data is by using a frequency distribution table. 


The sample size is the 
number of elements in 
a sample. It is denoted 


A frequency distribution table consists of two rows or columns. One row or column shows the 
data values (x) and the other shows the frequency of each value (f). The frequency of a value 
is the number of times it occurs in the data set. 


For example, imagine that 25 students took a math test and received the following marks 

8 

7 

9 

3 

5 

10 

8 

10 

6 

8 

7 

7 

6 

5 

9 

4 

5 

9 

6 

4 

9 

3 

8 

8 

6 


The following table shows the frequency distribution of these marks. It is a frequency dis¬ 
tribution table. 


- - 1 

mark (x) 

123456789 10 

frequency (f) 

0022343542 


Statistics 


{ 315 )— 



















We can see from the table that the frequency of 7 is 3 and the frequency of 8 is 5. 

The sum of the frequencies is equal to the total number of marks (25). 

The number of students took test is called the sample size (n). In this example the sample 
size is 25. 

The sum of the frequencies and the sample size are the same. 


EXAMPLE 


14 


Twenty-five students were given a blood test to determine their blood type. The data set was 
as follows: 


A 

B 

AB 

B 

AB 

A 

O 

O 

AB 

A 

B 

O 

O 

O 

B 

AB 

A 

O 

B 

O 

O 

B 

AB 

B 

O 


Construct a frequency distribution table of the data and find the percentage of 

each blood type. 


Solution There are four blood types: A, B, O, and AB. These 
types will be used as the classes for the distribu¬ 
tion. 

The frequency distribution table is: 

We can use the following formula to find the per¬ 
centage of values in each class: 

% = — • 100% where 
n 

For example, in the class for type A blood, the percentage is 

— • 100% = 16%. 

25 


class 

frequency 

percent 

A 

4 

16 % 

B 

7 

28 % 

O 

9 

36 % 

AB 

5 

20 % 





Total 25 Total 100 


B. PRESENTING AND INTERPRETING DATA 


When we have collected, recorded and summarized our data, we have to present it in a 
form that people can easily understand. 

Graphs are an easy way of displaying data. There are three kinds of graph: a line graph, a 
bar graph, and a circle graph (also called a pie chart). 
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1. Bar Grap 


The most common type of graph is the bar graph (also called a histogram). A bar graph uses 
rectangular bars to represent data. The length of each bar in the graph shows the frequency 
or size of a cooresponding data value. 


EXAMPLE 


15 


Solution 


The following table shows the marks that a student received at the 
end of the year in different school subjects. Draw a vertical bar 
graph for the data in table. 


We begin by drawing a vertical scale to show the marks and a hori¬ 
zontal scale to show the subjects. 

Then we can draw bars to show the marks for each subject. 


Subject X 

Mark 

Maths 

^ 9 

Physics 

^ v 

Chemistry 

«► v 

Biology 

^ 8 

Computer 

^>10 

History 

+ 5 

Music 

^ 6 


10 

9 

8 

7 

6 

<0 c 

0 

I 4 

3 

2 

1 

0 


Lessons 


2. Line Graph 

We can make a line graph (also called a broken-line graph) by drawing line segments to join 
the tops of the bars in a bar graph. 

For example, look at the line graph of the data from Example 5.2. 
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To draw the line graph, we mark the middle point of the top of each bar and join up the points 
with straight lines. 


EXAMPLE 


16 The following table shows the number of cars produced by a 


Solution 


and a line graph of the data in this table. 

Year 

Production 


1992 

110 659 


1993 

133 006 

First we need to choose the axes. Let us put the years along the hor- 



1994 

99 326 

izontal axis and the production along the vertical axis of the graph. 

It will be difficult to show large numbers such as 133 006 on the 

1995 

74 862 

vertical axis. Instead, we can choose a different unit for the vertical 

1996 

65 007 

axis, for example: one unit on the axis means 10 000 cars. We write 

this information when we label the axis. 

1997 

91 326 


1998 

88 506 


1999 

125 026 


2000 

140 159 


Car Production 
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EXAMPLE 


o 

o 

o 


a) 

XI 

E 

3 


1 bU 
140 
120 
100 
80 
60 
40 
20 


C\J 

CO 


LO 

CO 

h- 

CO 

CD 

O 

05 

05 

® 

05 

05 

05 

05 

05 

o 

CD 

CD 

CD 

CD 

CD 

CD 

CD 

CD 

o 

1- 

T - 

■> — 

T - 

1- 

i — 

T - 

i — 

CM 



Year 



CM 


Year 


17 


The gross domestic product (GDP) of a country is 
the total value of new goods and services that the 
country produces in a given year. 

The graph below shows the amount of money that 
seven different countries spend on education in 
2003, as a percentage of each country’s gross 
domestic product. Look at the graph and answer 
the questions. 



a. Which country spent the largest percentage of its GDP on education? 

b. Which country spent the smallest percentage of its GDP on education? 

c. Find the percentage difference between the countries which spent the largest and small¬ 
est percentage of their GDP on education. 

d. Which countries spent the same percentage of their GDP on education? 
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Solution 


a. The USA spent the largest percentage (7% of its GDP). 

b. Turkey spent the smallest percentage (3.4% of its GDP). 

c. 7 - 3.4 = 3.6% 

d Norway and Australia spent the same percentage: both countries gave 6% of their GDP 


Check Yourself 1 

1. The bar graph below compares different causes of death in the United States for the year 
1999. Look at the graph and answer the questions. 


Comparative causes of annual deaths in the United States (1999)* 



AIDS Alcohol Motor Homicide Drug Suicide Smoking 
Vehicle Induced 


Source: World Health Organization 

a. What was the most common cause of death? 

b. What was the least common cause of death? 

c. What is the ratio of the number of deaths caused by smoking to the number of deaths 
caused by alcohol? 

d. How many deaths are shown in the graph? 

e. On avarage, how many people died per day from each canse in 1999? (Hint: There 
were 365 days in 1999.) 
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3. Circle Graph (Pie Chart) 



We can also use a circle graph (also called a pie chart) to represent data. A circle graph uses 
a circle to represent the total of all the data categories. The circle is divided into sectors, or 
wedges (like pieces of a pie), so that the size of each sector shows the relative size of each 
category. 

Circle graphs are useful for comparing the size of frequency of each result in a sample. We 
use a protractor to draw a circle graph. The central angle for each sector of the graph is given 
by the formula 

f 

central angle = — • 360 ° 
n 

where f is the frequency of the result and n is the total number of results in the sample. 


Activity 

Time (Percent) 

School hours 

7 hours (30%) 

Resting 

1 hours (4%) 

Playing 


computer games 

2 hours (8%) 

Studying 

3 hours (12%) 

Watching TV 

2 hours (8%) 

Sleeping 

7 hours (30%) 

Other 

2 hours (8%) 




For example, a student calculated the number of hours she spent doing 
different activities during a period of 24 hours. The results are shown in the table opposite. 
There are 24 hours in day, so we will divide the circle into 24 (n = 24). The central angle 
for each sector is: 


School hours 
Resting 


— -360° =105° Watching TV A*360°=30 c 

24 s 24 


— -360°= 15 c 
24 


Sleeping — x 360° = 105 c 


Playing computer games —360 °= 30 ° Other 

24 


— *360°= 30 c 
24 


Studying 


—360° = 45°. 
24 


Now we can use a protractor to graph each section and write its name and corresponding per¬ 
centage. 


Other: 2 hours (8%) 


Sleeping: 7 hours (30%) 


Watching TV: 2 hours (8%) 



School hours: 7 hours (30%) 


Resting: 1 hours (4%) 
Game: 3 hours (8%>) 


Studying: 3 hours (12%) 

Activities of a student over 24 hours 
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EXAMPLE 


18 The table shows the estimated population of different countries in the world in 2003. 

a. Find the percentage of the world population for each country. 

b. Make a circle graph to illustrate the data. 


Solution 


a. The world population is the sum of the individual populations: 

1304 + 1065 + 294 + 220 + 178 + 3240 = 6301 million. 

The percentage of population of China is = 0,2069... s%20.7°/o of the world popula¬ 
tion. We can perform similar calculations to find the percentage for each country. 


b. Each sector of the circle graph will show the population of a country. We can use the for¬ 
mula 

- •360° 
n 

to find the central angle of each sector, where f is the country’s population and n is the 
total world population: 6301 million. For example, the central angle for China will be 

■ 360° = 74.5°. 

6301 

Finall, we draw the pie chart with a protractor. 


Estimated world population in 
2003 (Millions) * 


Country 

China 

India 

USA 

Indonesia 

Brasil 

Other 


Population 

2003 

(est.)(millions) 


1304 

1065 

294 

220 

178 

3240 


Country 

Population Percent Central angle 

China 

1304 

20.7 % 

74.5 

India 

1065 

16.9 % 

60.8 

U.S.A 

294 

4.7 % 

16.8 

Indonesia 

220 

3.5 % 

12.6 

Brasil 

178 

2.8 % 

10.2 

Other 

3240 

51.4 % 

185.1 


Estimated world 
population in 2003 (Millions) 

Brasil - 
Indonesia 
U.S.A. 


India 



China 


Other 


' Source: World Development Indicators database, 
World Bank. 
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Check Yourself 2 


1. Fifteen people applied for a job. Their ages were as follows: 


35 

27 

19 

18 

16 

42 

19 

22 

56 

25 

30 

36 

50 

21 

18 


Construct a frequency distribution table of this data. 

2. A class of seventeen students had the following test scores: 55, 76, 85, 60, 85, 100, 70, 
70, 100, 75, 75, 95, 85, 60, 55, 60, 85. Make a frequency table of this data. 

3. The following data shows the daily high temperatures (in degrees Celsius) for the month 
of June in Ankara. 


25 

27 

30 

31 

32 

30 

33 

35 

33 

31 

30 

29 

27 

27 

27 

30 

31 

32 

35 

34 

31 

30 

29 

27 

25 

24 

27 

29 

30 

32 


Make a frequency table of this data. 


4. The table shows the number of cattle (measured in thousands of tons) in Turkey between 
1999 and 2003. 


Year 

1999 

2000 

2001 

2002 

2003 

Cattle 
(1000 tons) 

186 

177 

171 

142 

160 


Make a bar graph to represent this data. 


5. The bar graph below shows the vegetable production (measured in thousands of tons) in 
Turkey between 1998 and 2003. 



0)0 0 0 0 

0)0 0 0 0 
















































a. Estimate the total production for all five years. 

b. Estimate the combined production of 2002 and 2003. 
6 . The causes of 1140 fires in a city are listed below. 


Cause 

Number 

Electrical 

367 

Cooking 

268 

Children 

98 

Naked flames 

120 

Cigarette 

188 

Arson 

210 

Unknown 

189 


a. Make a circle graph to represent this data. 

Find the percentage of fires caused by cigarettes. 


C. MEASURES OF CENTRAL TENDENCY 


Measures of central tendency allow us to locate a ‘middle’ or ‘average’ in a sample or popu¬ 
lation. We use these measures to be more objective when we draw conclusions from data. 

In this section we will study four measures of central tendency: mean, median, mode, and 
range. 

1. Circle Graph (Pie Chart) 


Definition 


The mean of a set of data is the arithmetic average of the set of data. 

In other words, the mean of a set of data is the sum of all the values, divided by the number 
of values in the set. 

For example, consider the set of data 13, 15, 19, 23, 16, 14, 21, 17, 12, 10. There are ten val¬ 
ues. To find the mean, we add all the values and divide by the number of values. 

13 + 15 + 19 + 23 + 16 + 14 + 21 + 17 + 12 + 10 160 

mean =-=-= 16. 

10 10 



sum of the values 


mean = 
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EXAMPLE 


19 Find the mean of each list of values. 

a. 7, 2, 4, 6, 3, 5, 7, 4, 3, 5, 9 

b. 52, 63, 72, 59, 61, 40, 45, 49, 67 

7 + 2 + 4 + 6 + 3 + 5+7 + 4 + 3 + 5 + 9 _55 

n “it -0 

52 + 63 + 72 + 59 + 61 + 40 + 45 + 49 + 67 rr> 

-= Sb.^ 

9 


Solution 

a. mean = 


b. mean = 


EXAMPLE 


20 


The arithmetic mean of two numbers a and b is 22, and a is four more than b times three. 
Find a. 


Solution 


The arithmetic mean of a and b is 22. 

a + k =22 => a + b = 44 and a = 3b + 4 
2 

If we substitute 3b + 4 for a in the first equation and solve for b we get: 
(3b + 4) + b = 44, 4b + 4 = 44, 4b = 40, b = 10, 
a + b = 44, a + 10 = 44. So a = 34. 


2. Circle Graph (Pie Chart) 

The median is another measure of central tendency. 


Definition 


When we arrange the values in a set of data in either ascending or descending order, the mid¬ 
dle value is called the median. 

To find the median of a set of data, follow the steps: 

1. Arrange the values in numerical order (from the smallest to largest). 

2. If there is an odd number of values, the median is the middle value. 

3. If there is an even number of values, the median is the mean of the two middle values. 


Statistics 


The median divides a set into two parts, with half of the numbers below the median and other 
half above it. 
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EXAMPLE 


21 Find the median of each list of values. 

a. 5, 7, 8, 6, 3, 5, 9, 11, 13, 5, 10 

b. 6, 9, 13, 15, 17, 21, 19, 18 


Solution 


a. First we write the values in ascending order: 

3, 5, 5, 5, 6, \j], 8, 9, 10, 11, 13. 

The median is 7 because 7 is the middle value. 

b. In ascending order, the values are: 

6, 9, 13, Q5], Q7], 18, 19, 21 


Since there is an even number of values, the median is 


15 + 17 


3. Mode 

The third important measure of central tendency is the mode. 


Definition 


The mode of a set of data values is the value in the set that appears most 
frequently. 

To find the mode, you can order the values and count each one. The most 
frequently occurring value is the mode. 


EXAMPLE 


22 


Find the mode of each list of values. 

a. 11, 17, 13, 15, 16, 14, 11, 17, 14, 11 

b. 63, 65, 67, 64, 63, 45, 47, 56, 63, 67, 65, 65 


c. 3, 5, 7, 9, 16, 21, 13 


Solution 


a. Let us order the numbers. 

QH, QU. 03- !3j 14, 14, 15, 16, 17, 17 

-v-"—r—' V V "—r—' 

3 times 1 time 2 times 1 time 1 time 2 times 

The mode is 11. It appears three times. 

b. 45, 47, 


63 , 63 , 63 


64, 65 


65 , 65 , 67, 67 


56, 

V V -v— 

1 time 1 time 1 time 3 times 1 time 3 times 2 times 

There are two modes: 63 and 65. Because there are two modes, we say that this data set 

is bimodal. 

Each number appears only once. There is no mode. 
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EXAMPLE 


In a fast-food restaurant the following orders are taken. Find the mode of the given data, 
pizza, chips, pizza, hot dog, sandwich, pizza, chips, sandwich, hot dog, pizza, hot dog, pizza. 


pizza, pizza, pizza, pizza, pizza, chips, chips, hot dog, hot dog, hot dog, 


5 times 
sandwich, sandwich. 


v 

2 times 


V 

3 times 


v 

2 times 

The mode is pizza. It appears five times. 


4. Range 


Definition 


The difference between the largest and the smallest value in a set of data is called the range 
of the data set. 


EXAMPLE 


24 


Find the range for the given data. 


3, 4, 8, 4, 8, 7, 16, 10, 2, 6, 1, 15, 6 


Solution 


To find the range we subtract the smallest value from the largest value in the set of data. The 
largest value is 16 and the smallest value is 1. 

So 16 - 1 = 15, and the range is 15. 
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Check Yourself 3 


1. Find the mean, median, mode and range for each set of data. 

a. 4, 9, 6, 3, 7, 5, 6, 8 

b. 22, 23, 45, 64, 45, 32, 52, 23, 54 

c. 75, 77, 61, 68, 68, 74, 74, 70, 70, 69, 68 

d. 256, 285, 245, 256, 227, 263, 256, 285, 256 


2. The following temperatures were recorded in a year. 

10° C, 5° C, -2° C, -7° C, -11° C, -22° C, -6° C, -4° C, 3° C, 7° C, 11° C, 17° C, 22° C, 
27° C, 32° C 

Find the mean, median, mode, and range for this set of data. 


3. The data below show the number of visitors to a restaurant on each day of a month. Find 
the mean, median, mode, and range of this data. 


19, 

20, 

23, 

25, 

27, 

30 

21, 

33, 

46, 

49, 

52, 

33 

45, 

43, 

40, 

52, 

63, 

35 

31, 

45, 

22, 

44, 

56, 

61 

22, 

23, 

27, 

33, 

35, 

37 
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EXERCISES 5.2 


1. The set of quiz scores in a class is as follows. 

8 56 10 47276317 

5 92654668 4 10 8 

Construct a frequency distribution table for this data. 

2. A student’s expenses can be categorized as shown 


in the table. 


Expenses 

Percent of total income. 

Food 

30% 

Rent 

27% 

Entertainment 

13% 

Clothing 

10% 

Books 

15% 

Other 

5% 


Present this information in a bar graph. 


3. The following table shows the favorite sport 


chosen by each of forty students in a class. 


Sport 

Number of class members 

Football 

8 

Basketball 

5 

Volleyball 

7 

Swiming 

12 

Wrestling 

3 

Karate 

2 

Judo 

4 


Present this information in a circle graph. 


4. The following table shows the amount of sea fish 


caught in Turkey in 2003. 


Fish 

Quantity (1000 tons) 

Anchovy 

416 

Horse Mackerel 

295 

Scad 

16 

Gray mullet 

12 

Blue fish 

11 

Pilchard 

11 

Whiting 

12 

Hake 

8 

Other 

32 


Source: Turkey’s Statistical Yearbook 2004 
Present this information in a circle graph. 


5. The following bar graph shows the hazelnut 
production in Turkey from 1999 to 2003. Use the 
graph to answer the questions. 


Hazelnut production in Turkey (tons) 



i— CM CM C\J C\J 

a. Estimate the total production for all five years. 

b. Which year had the highest production? 

c. Find the combined production for 2002 and 
2003. 

d. Draw a broken line graph of the data. 

6. The circle graph below shows the annual 
operating expenses for a car. The total expenses 
were $2000. $1200 was spent on gasoline. 



How much was spent on insurance for the car? 

7. The following data shows, the monthly cost in YTL 
of §ebnem’s phone bill for the first nine months of 
2005. 

33, 27, 24, 42, 17, 27, 26, 47, 36 

a. Find the mean of this data. 

b. Find the median of this data. 
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food consumption (kg) 


1. Find the mean of the given data set. 

15, 18, 17, 22, 20, 16 

A) 15 B) 16 C) 17 D) 18 


2. Find the mode of the given data set. 

3, 5, 7, 9, 9, 9, 12, 13, 13, 13, 13 

A) 7 B) 9 C) 12 D) 13 


3. Find the median of the given data set. 

8, 10, 12, 13, 14, 16, 17, 19, 21, 23 

A) 14 B) 15 C) 16 D) 17 


4. Find the difference between the mean and the 
median of the given data set. 

2, 7, 6, 10, 8, 12, 16, 14, 15 

A) 0 B) 1 C) 2 D) 3 


5. In a class, 15 students have black hair, 10 students 
have blond hair and 25 students have brown hair. 
This data is presented in a circle graph. What is 
the central angle of the sector for students with 
black hair? 

A) 180 B) 160 C) 108 D) 90 


6 . 



The litre graph above shows the food consumption 
of the animals on a farm for each season of a year. 
What is the total food consumption for the year? 

A) 7000 kg B) 6500 kg 

C) 6000 kg D) 5500 kg 


wheat (tons) 



The bar graph above shows the amount of wheat 
produced by a farm between 2000 and 2003. Find 
the percentage increase in the production from 
2000 to 2003. 

A) 25% B) 50% C) 75% D) 100% 



































11 . 


temperature (°C) 


8. The circle graph at the 
right shows how a 
student spends the 
twenty-four hours of a 
typical day. 

How many hours does 
the student spend at 
school? 



A) 8 hours 
C) 3.6 hours 


B) 7.2 hours 
D) 9 hours 


30 

25 

20 

15 

10 

5 

0 















































Mon. Tue. Wed. Thu. Fri. Sat. Sun. days 


The line graph above shows the average daily 
temperature in Ankara for each day of a week in 
June. What was the average temperature of the 
week? 

A) 17 B) 19 C) 20 D) 24 


9. A student receives $20 
pocket money a week. 

The circle graph 
opposite shows how 
she spends this $20. 

How much money does 
the student spend on 
transportation? 

A) $1 B) $3 C) $4 D) $5 


12. The arithmetic mean of a set of twelve numbers 
is 15. The mean of a different set of four numbers 
is 11. Find the mean if the two sets of numbers 
are combined. 

A) 11 B) 12 C) 13 D) 14 



10. The arithmetic mean of three numbers a, b, and 
c is 42. The arithmetic mean of a, b, c, and d is 
52. Find d. 

A) 10 B) 36 C) 64 D) 82 


13. The arithmetic mean of two numbers a and b is 
120, and a is three times b. Find a. 

A) 180 B) 120 C) 80 D) 60 


Chapter Review Test 4 .1 
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se.— Brahm. 18, § 9 . 

* Bhadra-ganita , on the construction of magical squares, &e. is the 13lh head termed vyavahdra , ai Anca pdsa 
00 combination of numerals, is the 14lh, in NarXyanVs treatise of arithmetic entitled Caumudi . 
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Or, the divisor and additive quantity arc reduced by the common measure 

nine. Dividend 100 Additivc , 0 . • 

Divisor 7 

* Here the quotients, the additive and cipher make the series 14 The mul- 


3 

10 

0 


tiplier is found 2, which, multiplied by the common measure 9, gives the 
true multiplier 18. 

Or, the dividend and additive are reduced, and further the divisor and ad¬ 
ditive, by common measures. Dividend 10 Additive 1 

> Divisor 7 * > 

Proceeding as before, the series is 1 The multiplier hence deduced is 2; 

2 

1 

0 


which, taken into the common measure 9, gives 18: and hence, by mul¬ 
tiplication and division, the quotient comes out 30. 

Or, adding the quotient and multiplier as found, to [multiples of] their divi¬ 
sors, the quotient and multiplier arc 130 and 81; or 230 and 144; and so forth. 1 


256. Rule: half a stanza. The multiplier and quotient, as found for an 
additive quantity, being subtracted from their respective abraders, answer 
for the same as a subtractive quantity. 4 

Here the quotient and multiplier, as found for the additive quantity ninety 
in the preceding example, namely 30 and 18, being subtracted from their 
respective abraders, namely 100 and 63; the remainders are the quotient 
and multiplier, which answer when ninety is subtractive: viz. 70 and 45. 

Or, these being added to arbitrary multiples of their respective abraders, 
the quotient and multiplier are 170 and 108; or 270 and 131; &c. 


.257* Example. 3 Tell me, mathematician, the multipliers severally, by 

* As 330 and 201; &c. Gang. 

* The rule serves when the additive quantity is negative.— Gan. Sur. It is followed in the 
Vlja-ganita by half a stanza relating to the change induced by reversing the sign, affirmative or 
negative, of the dividend. See Vrj.-gnn. § 

3 This additional example is unnoticed by Gan'es'a ; but expounded by the rest of the com¬ 
mentators, and found in all copies of the text that have been collated. See a corresponding one 
with an essential variation however in the reading; Vy.-gari. § 67. 
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which sixty being multiplied, and sixteen being added to the product, or 
subtracted from it, the sum or difference may be divisible by thirteen with¬ 
out a remainder. 

Statement: Dividend 60 . , 

Divisor 13 AJd,nvel6 ' 

The series of quotients, found as before, is 4 

1 

1 

I 

1 

16 

0 

Hence the multiplier and quotient are deduced 2 and 8. But the quotients 
[of the series] are here uneven: wherefore the multiplier and quotient must be 
subtracted from their abraders 13 and 60: and the multiplier and quotient, 
answering to the additive quantity sixteen, are 11 and 52. These being 
subtracted from the abraders, the multiplier and quotient, corresponding to 
the subtractive quantity sixteen, are 2 and 8. 

258. Rule: 1 a stanza and a half. The intelligent calculator should take 
a like quotient [of both divisions] in the abrading of the numbers for the 
multiplier and quotient [sought]. But the multiplier and quotient may be 
found as before, the additive quantity being [first] abraded by the divisor; 
the quotient, however, must have added to it the quotient obtained in the 
abrading of the additive. But, in the case of a subtractive quantity, it is 
subtracted. 

259. Example. What is the multiplier, by which five being multiplied 
and twenty-three added to the product, or subtracted from it, the sum or 
difference may be divided by three without remainder. 


46 They 
23 


Additive 23. 


Statement: Dividend 5 
Divisor 3 

Here the series is 1 and the pair of numbers found as before 
1 

23 

0 


* Applicable when the additive quantity exceeds the dividend and divisor. 


Gan. 
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are abraded by tlie dividend and divisor 5 The lower number being abraded 

3 

by 3, the quotient is 7 [and residue 2]. The upper number being abraded 
by 5, the quotient would be 9 [and residue 1]: nine, however, is not taken; 
but, under the rule for taking like quotients, seven pnly, [and the residue 
consequently is eleven]. Thus the multiplier and quotient come out 2 and 11. 

And by the former rule (§ 2 56) the multiplier and quotient answering to 
the same as a negative quantity are found, 1 and 6’.* Added to arbitrary mul¬ 
tiples of their abraders, double for example so as the quotient may be affirm¬ 
ative, the multiplier and quotient are 7 and 4-t So in every [similar] case. 


Or, statement for the second rule: Dividend 5 Additive 

Divisor 3 • abraded 2.J 

The multiplier and quotient hence found as before are 2 and 4. These sub¬ 
tracted from their respective divisors, give 1 and 1; as answering to the sub¬ 
tractive quantity. The quotient obtained in the abrading of the additive, 
[viz. 7] being added in one instance and subtracted in the other, 4 the results 
are 2 and 11 answering to the additive quantity; and 1 and 6 answering to 
the subtractive : or, to obtain an affirmative quotient, add to the latter twice 
their divisors, 5 and the result is 7 and 4. 

r / fJV 

260. Rule: 6 If there be no additive quantity; or if the additive be 
measured by the divisor; the multiplier may be considered as cipher, and 
the quotient as the additive divided by the divisor. 7 


261. Example. Tell me promptly, mathematician, the multiplier by 
which five being multiplied and added to cipher, or added to sixty-five, the 

division by thirteen shall in both cases be without remainder. 

1 


Statement: 'Dividend 5 
Divisor 13 


Additive 0. 


* The difference between 5 and 11, viz. 5—11= —6. The quotient therefore is negative. 

+ Thus 10 (5x2) —6=4. 

J 23, abraded by the divisor 3, gives the quotient 7 and residue 2. 

♦ 4+7=11 and 1—7=—6. 

5 1 + (3x2) =7 and — 6+(5x2)=4. 

6 Applicable if there be no additive; or if it be divisible by the divisor without remainder. 

7 It is so in the latter case: but in the former (where the additive is null) the quotient is cipher. 
—Suit. &c. S ee Vtj,-gan.§63. 
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There being no additive, the multiplier and quotient are 0 and 0; or 13 
and 5; or 26 and 10; and so forth. 


Additive 65. 


Statement: Dividend 5 
Divisor 13 

By the rule (§260) the multiplier and quotient come out 0 and 5; or 13 
and 10; [or 26 and 15;] and so forth. 

Rule :* Or, the dividend and additive being abraded by the divisor, the 
multiplier may thence be found as before; and the quotient from it, by mul¬ 
tiplying the dividend, adding the additive, and dividing by the divisor. 

In the former example (§ 253) the reduced dividend, divisor and additive 

furnish this statement: Dividend 17 * i.... _ 

Divisor 15 Ad(l " ,ve 5 ' 

Abraded by the. divisor (15) the additive and dividend become 5 and 2; and 
the statement now is Dividend 2 . ,.. • 

Divisor 15 Add,t ' v ? 5 ' 

Proceeding as before the two terms found are 5 The lower one, abraded 

35 * 1 


by the divisor (15), gives the multiplier 5. Whence, by multiplying with it 
the dividend (17) and adding (the additive) and dividing (by the divisor), the 
quotient comes out 6. 

* ^ i 1 * 


262 . Rule for finding divers multipliers and quotients in every case: 
half a stanza. The multiplier and quotient, being added to their respective 
[abrading] divisors multiplied by assumed numbers, become manifold.* 

The influence and operation of this rule have been already shoWn in va¬ 
rious instances. 


263. Rule for a constant pulverizer : 3 two half stanzas. Unity being 
taken for the additive quantity, or for the subtractive, the multiplier and 
quotient, which may be thence deduced, being severally multiplied by an 

1 This is found in one copy of the text; and is expounded by a single commentator GangaV- 
hara; but unnoticed by the rest. It occurs, however, in the similar chapter of the Vija-gariita, 
§ 62. 

* See Vij.-gan. § 64. 

1 St'hira-cutfaca, steady pulverizer. See explanation of the term in the commentary on Brah- 
megupta's algebra.— Brahm. cli. 18, §9 — 11 . Drtdha-cut't’aca is there used as a synonymous 
term. 
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arbitrary additive or subtractive, and abraded by the respective divisors, will 
be the multiplier and quotient for such assumed quantity. 1 

In the first example (§ 253) the reduced dividend and divisor with addi¬ 
tive unity furnish this statement: Dividend 17 » ,.... , 

Divisor 15 Add,t,vcl * 

Here the multiplier and quotient (found in the usual manner) arc 7 and 8. 
These, multiplied by an assumed additive five, and abraded by the respective 
divisors(15 and 17), give the multiplier and quotient 5 and 6, for that additive. 

Next unity being the subtractive quantity, the multiplier and quotient 
thence deduced are 8 and 9- These, multiplied by five and abraded by the 
respective divisors, give 10 and 11. 

So in every [similar] case. 2 

Of this method of investigation great use is made in the computation of 
planets. 3 On that account something is here said [by way of instance.] 


264. A stanza and a half. Let the remainder of seconds be made the 
subtractive quantity, 4 sixty the dividend, and terrestrial days 5 the divisor. 
The quotient deduced therefrom will be the seconds; and the multiplier 
will be the remainder of minutes. From this again the minutes and re¬ 
mainder of degrees are found : and so on upwards. 6 In like manner, from 
the remainder of exceeding months and deficient days, 7 may be found the 
solar and lunar days. 

The finding of [the place of] the planet and the elapsed days, from the 
remainder of seconds in the planet’s place, is thus shown. It is as follows. 
Sixty is there made the dividend ; terrestrial days, the divisor; and the re- 


' J See Vtj'-gari . § 71* 

* See GSldd’hyaya. 

3 See Braiimegupta, ch. 18, § 9 —12. 

4 The present rule is for finding a planet's place and the elapsed -time, when the fraction above 

seconds is alone given. Gan. 

* The number of terrestrial days (nycthemera) in a calpa is stated at 1577916450000. 6’ird- 
maniy computation of planets, ch. 1, § 20—21. 

6 The dividend varies, when the question ascends above the sexagesimal scale, to signs, revo¬ 
lutions, &c. 

. 7 Ad'hi-mdsa, additive months; and Avama (or Cshaya) dina y subtractive days. See SirSmani on 
planets, ch. 1, §,42. The exceeding months, or more lunar lhan solar months, in a calpa y are 
1593300000. The deficient days or fewer terrestrial days than lunar, in & calpa, are 25082550000. 
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mainder of seconds, the subtractive quantity: with which the multiplier 
and quotient are to be found. The'quotient will be seconds; and the mul¬ 
tiplier the remainder of minutes. From this remainder of .minutes taken 
[as the subtractive quantity] the quotient deduced will be minutes; and the 
multiplier, the remainder of degrees. The residue of .degrees is next the 
subtractive quantity; terrestrial days, the divisor; and thirty, the dividend: 
the quotient will be degrees; and the multiplier, the remainder of signs. 
Then twelve is made the dividend; terrestrial days," the divisor; and the re¬ 
mainder of signs, the subtractive quantity : the quotient will be signs ; and 
the multiplier, the remainder of revolutions. Lastly, the revolutions in a 
calpa become the dividend; terrestrial days, the divisor; and the remainder 
of revolutions, the subtractive quantity: the quotient will be the elapsed 
revolutions; and the multiplier, the number of elapsed days. 1 Examples of 
this occur [in the Siromani] in the chapter of the problems. 2 

In like manner the exceeding months in a culpa are made the dividend; 
solar days, the divisor; 3 and the remainder of exceeding months, the sub¬ 
tractive.quantity : the quotient will be the elapsed additional months; and 
the multiplier, the elapsed solar days. So the deficient days in a calpa are 
made the dividend; lunar days, the divisor ; 4 and the remainder of deficient 
days, the subtractive quantity: the quotient will be the elapsed fewer days; 
and the multiplier, the elapsed lunar days. 5 

1 The elapsed days of the calpa to the time for.which the.planet’s place is found. The method 
of computing elapsed days to any given time is taught in the SirSmarit on planets, ch. 1, § 47—49. 

2 Tri : prasna'd'hyaya. Also in the Gold'd'Jiytiya, and Mad'hyagrak&'d'hytiyd. Gang. 

3 The solar days, each equal to the sun’s passage through one degree of its annual revolution, 
are 1555200000000 in the calpa . See Siromani 1 , § 40. 

4 The lunar days, reckoning thirty to the month or synodical revolution, are 1602999000000 in 
the calpa . See Siromani 1 , § 40. 

5 These may be illustrated, as the preceding astronomical example is, and rendered distinctly 
intelligible, by instances given by the commentators GangaViiara and Ganesa, and the Mano - 
ranjana , in arbitrary numbers. Put the terrestrial days in a calpa 19> the revolutions of the 
planet 10, the elapsed days 12. Then, by the proportion 19 | 10 j 12 | the planets place comes 
out in revolutions, signs, &c. 6 r 3‘ 23° 41' 3" T ? g . In bringing out the seconds, the remainder of 
seconds is 3. From this, by an inverse process, the planet’s place is to be found. Here the re¬ 
mainder of seconds is the subtractive quantity 3 ; the dividend is 60 ; and the divisor, 19. Pro¬ 
ceeding as directed (§ 256) the multiplier and quotientare found land 3. The quotient is the number 
of seconds 3 ; and the multiplier is the remainder of minutes 1. Let this be the subtractive quan¬ 
tity, 1; the dividend 60 ; and the divisor, 19. Proceeding as directed, the multiplier and quotient 

It 
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265 . Rule for a conjunct pulverizer.* If the divisor be the same and 
the multipliers various ; 4 then, making the sum of those multipliers the di¬ 
vidend, and the sum of the remainders a single remainder, and applying the 
foregoing method of investigation, the precise multiplier so found is deno¬ 
minated a conjunct one. 

2 66. Example. What quantity is it, which multiplied by five, and di¬ 
vided by sixty-three; gives a residue of seven ; and the same multiplied by 
ten and divided by sixty-three, a remainder of fourteen? declare the 
number.* 

Here the sum of the multipliers is made the dividend ; and the sum of the 

residues, a subtractive quantity; and the statement is Dividend 15 

Divisor 63 

tractive 21 . Or reduced to least terms Dividend 5 g u K tract i vc 7 

Divisor 21 ' 

Proceeding as before, the multiplier is found 14.* 

are found 13 and 41. The minutes are therefore 41 ; and the remainder of degrees 13. This again 
being the subtractive quantity, 13; the dividend, 30; and the divisor, 19 ; the multiplier and 
quotient are 15 and 23. The degrees then are 23; and the remainder of signs 15. The subtractive 
quantity then being 15; the dividend 12; and the divisor 19 ; the multiplier and quotient are 6 and 3. 
Thus the signs are 3 ; and the remainder of revolutions 6. This becomes the subtractive quanti¬ 
ty, 6; the dividend, 10; and divisor, 19 ; whence the multiplier and quotient come out 12 and 6. 
The revolutions therefore are 6; and the elapsed time is 12. * Gang. Gan. &c. 

1 1 Sanslishia-cuitaca or sanslishia-sphuia-ciUtaca , a distinct pulverizing multiplier belonging to 
conjunct residues.—G an. A multiplier (cuttaca) consequent on conjunction ; one deduced from 
the sum of multipliers and that of remainders. Sur. 

* Whether two, three or more.— Gan. on Lil. and Crishn. on Vtj. 

3 See another example in the Gol&*cChy6ya or spherics of the astronomical portion of the &iromani. 

Gan. and CrTsun. 

* The quotient as it comes out in this operation is not to be taken : but it is to be separately 

sought with the several original multipliers applied to this quantity and divided by the divisor a* 
given. Gan. 
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COMBINATION 

Q 67 . Rule The product of multiplication of the arithmetical series 
beginning and increasing by unity and continued to the number of places, 
will be the variations of number with specific figures: that, divided by the 
number of digits and multiplied by the sum of the figures, being repeated 
in the places of figures and added together, will be the sum of the permu¬ 
tations. 

268. Example. How many variations of number can there be with two 
and eight? or with three, nine and eight? or with the continued series from 
two to nine? and tell promptly the several sums of their numbers. 

Statement 1st Example: 2. 8. 

Here the number of places is 2. The product of the series from 1 to the 
number of places and increasing by unity, (1, 2.) will be 2. Thus the permu¬ 
tations of number are found 2. 

That product 2, multiplied by the sum of the figures, 10 [2 and 8] is 20; 
and divided by the number of digits 2, is 10. This, repeated in the places of 

figures [10 and added together, is 110; the sum of the numbers. 

10 ] 

1 

Statement 2d Example: 3. 9- 8. 

The arithmetical series is 1. 2. 3; of which the product is 6; and so many 

>*1 

* Anca-p&sa-vyavaMra or Anca-pdsd'd’hydya, concatenation of digits: a mutual mixing of the 
numbers, as it were a rope or halter of numerals : their variations being likened to a coil. See 
Gan', and Sur. 

The subject is more fully treated in the Ganita-caumudi of Narayana Pandtta. 

a To find the number of the permutations and the sum or amount of them, with specific num¬ 
bers. Gan. and Sur. 
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are the variations of number. That, multiplied by the sum 20, is 120; 
which, divided by the number of digits 3, gives 40; and this, repeated in 

the places of figures [40 and summed, makes 4440 the sum of the 

40 

40] 

numbers. 

Statement 3d Example: 2. 3. 4. 5.6. 7. S. 9. 

The arithmetical series beginning and increasing by unity is 1.2. 3. 4.5. 6. 
7.8. The product gives the permutation of numbers 40320. This, multi¬ 
plied by the sum of the figures 44, is 1774080; and divided by the number 
of terms 8, is 221760; and the quotient being repeated in the eight places 
of figures and summed, the total is the sum of the numbers 2463999935360. 

269. Example. IIow many arc the variations of form of the god 
Sambhu by the exchange of his ten attributes held reciprocally in his seve¬ 
ral hands : namety the rope, the elephant’s hook, the serpent, the tabor, the 
skull, the trident, the bedstead, the dagger, the arrow, and the bow: 1 as 
those of Hart by the exchange of the mace, the discus, the lotus and the 
conch ? 

Statement: Number of places 10. 

In the same mode, as above shown, the variations of form are found 
3628800. 

So the variations of form of IIari are 24. 


1 Samiuiu or Siva is represented with ten arms, and holding in his ten hands the ten weapons 
or symbols here specified; and, by changing the several attributes from one hand to another, a 
variation may be effected in the representation of the idol: in the same manner as the image of 
Haiu or Vishnu is varied by the exchange of his four symbols in his four bands. The twenty- 
four different representations of Vishnu, arising from this diversity in the manner of placing the 
weapons or attributes in his four hands, are distinguished by as many discriminative titles of the 
god allotted to those figures in the theogonies or Vurtinas. It does not appear that distinct titles 
have been in like manner assigned to any part of the more than three millions of varied represen¬ 
tations of Siva. 

/ 

The ten attributes of Siva are, 1st, p6sa t a rope or chain for binding an elephant; 2d, ancusa , a 
book for guiding an elephant; 3d, a serpent; 4th, 'damam, a tabor; 5th, a human skull; 6th, a 
trident; 7 lh, c’hatxvtinga, a bedstead, or a club in form of the foot of one; Slh, a dagger; 9th, an 
arrow; lOlh, a bow. 
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270. Rule : l The peraiutations found as before, being divided by the 
combinations separately computed for as many places as are filled by like 
digits, will be the variations of number; from which the sum of the numbers 
will be found as before. 

27*1. Example. How many are the numbers with two, two, one and 
one? and tell me quickly, mathematician their sum: also with four, eight, 
five, five and five; if thou be conversant with the rule of permutation of 
numbers. 

Statement 1st Example: 2.2.1.1. 

Here the permutations found as before (§ 2£>7) are 24: First, two places 
are filled by like digits (2.2.); and the combinations for that number of places 
are 2. Next two other places are filled by like digits (1.1.); and the combi¬ 
nations for these places are also 2. Total 4.. The permutations as before 
24, divided by (4) the twofold combinations for two pairs of like digits, 
give 6 for the variations of number: viz. 2211, 2121, 2112, 1212, 1221, 
1122.® The sum of the numbers is found as before 9999 •* 

Statement 2d Example: 4.8.5.5.5. 

Here the permutations, found as before are 120; which, divided by the 
combinations for three places 6, give the variations 20: viz. 48555, 84555, 
54855, 58455, 55485, 55845, 55548, 55584, 45855, 45585, 45558, 85455, 
85545, 85554, 54585, 58545, 55458, 55854, 54558, 58554. 

The sum of the numbers comes out 1199988. 4 

272- Rule : J half a stanza. The series of the numbers decreasing by 
unity from the last® to the number of places, being multiplied together, will 
be the variations of number, with dissimilar digits. 

* Special; being applicable when two or more of the digits are alike. 

* The enumeration of the possible combinations is termed prasttira. 

3 The variations 6, multiplied by the sum of the figures 6, and divided by the numher of digits 

give 9; which being repeated in four places of figures and summed makes 9999- 

4 Variations 20, multiplied by the sum of the figures 27, give 540; which, divided by the num¬ 
ber of digits 5, makes 108 : and this being repeated in five places of figures and summed, yields 
1199988. 

5 To find the variations for a definite number of places with indeterminate digits. 

6 That is, from nine. 


Gan. 
Gan. &c.. 
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273. Example. How many are tlie variations of number with any digits 
except cipher exchanged in six places of figures? If thou know, declare 
them. 

The last number is nine. Decreasing by unity, for as many as are the 
places of figures, the statement of the series is 9* 8.7. 6. 5.4. The product 
of these is 60480. 1 * 

274. Rule : s a stanza and a half. If the sum of the digits be determi¬ 
nate, the arithmetical scries of numbers from one less than the sum of the 
digits, decreasing by unity, and continued to one less than the places, being 
divided by one and so forth, and the quotients being multiplied together, the 
product will be equal to the variations of the number. 

This rule must be understood to hold good, provided the sum of the digits 
be less than the number of places added to nine. 

A compendium only has been here delivered for fear of prolixity: since 
the ocean of calculation has no bounds. 

% 

275. Example. How many various numbers are there, with digits 
standing in five places, the sum of which is thirteen ? If thou know, de¬ 
clare them. 

Here the sum of the digits less one is 12. The decreasing series from 
this to one less than the number of digits, divided by unity, &c. being exhi¬ 
bited, the statement is V V v° *• The product of their multiplication 
e q ua l t0 the variations of the number, 495. 3 

276. Though neither multiplier, nor divisor, be asked, nor square, nor 
cube, still presumptuous inexpert scholars in arithmetic will assuredly fail 
in [problems on] this combination of numbers, 

1 The combinations of two dissimilar digits, excluding cipher, are 72; with three, 504; with 
/our, 3024; with five, 15120; with six 60480. 

a To find the combinations with indeterminate digits for a definite sum and a specific number 
of places. Gan. 

3 91111, 52222, 13333; each five ways. 55111, 22333; each ten ways. 82111, 73111, 
64111, 43222, 61222; each twenty ways. 72211, 53311, 44221, 44311 ; each thirty ways. 
63211, 54211, 53221, 43321 ; each sixty ways. Total four hundred and ninety*five. 
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277- Joy and happiness is indeed ever increasing in this world for those 
who have Lilavati clasped to their throats, 1 decorated as the members are 
with neat reduction of fractions, multiplication and involution, pure and 
perfect as are the solutions, and tasteful as is the speech which is exem¬ 
plified. 

1 By constant repetition of the text. This stanza, ambiguously expressed and bearing a double 
import, implies a simile: as a charming woman closely embraced, whose person is embellished 
by an assemblage of elegant qualities, who is pure and perfect in her conduct, and who utters 
agreeable discourse. See Gan. 
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A VYA CT A GAN IT A; 

ELEMENTAL ARITHMETIC OR ALGEBRA. 


CHAPTER I. 

ALGORITHM or LOGISTICS 

SECTION I. 

INVOCATION and INTRODUCTION. 

1. I revere the unapparent primary matter, which the Sanc'hyas * de¬ 
clare to be productive of the intelligent principle, being directed to that 
production by the sentient being: for it is the sole element of all which is 
apparent. , I adore the ruling power, which sages conversant with the nature 

1 Paricarma-trinsati ; thirty operations or modes of process. LilL c. 2, § 2. 

a Not the followers of Capila, but those of Pa'tanjali. The same term Sdnc’hya , as relating to 
another member of the period, signifies sages conversant with theology and the nature of 
soul; and, corresponding again to another member of it, the same word intends calculators and 
mathematicians, whose business is with Sanc'hyd number. Throughout the stanza the same words 
are employed in threefold acceptations: and, in translating it, the distinct meanings are repeated 
in separate members of a period : because the ambiguity of the original could not be preserved by 
a version of it as of a single sentence. 
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of soul pronounce to be the cause of knowledge, being so explained by a 
holy person: for it is the one element of all which is apparent. I venerate 
that unapparent computation, which calculators affirm to be the means of 
comprehension, being expounded by a fit person : for it is the single element 
of all which is apparent. 

2. Since the arithmetic of apparent [or known] quantity, which has 
been already propounded in a former treatise, is founded on that of unap¬ 
parent [or unknown] quantity ; and since questions to be solved can hardly 
be understood by any, and not at all by such as have dull apprehensions, 
without the application of unapparent quantity; therefore I now propound 
the operations of analysis. 1 

1 V/ja cause, origin; primary cause (ddi-c&rana). —Sun. Hence signifying in mathematics, 
analysis, algebra. 

Vija-criyd: operation of analysis; elemental or algebraic solution. See explanation of the title 
of Vija-gariita, causal or elemental arilhmelic, ch. 7, § 174. 
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SECTION II. 

Logistics of Negative and Affirmative Quantities. 

ADDITION. 

3. Rule for addition of affirmative and negative quantities: half a stanza. 
In the addition of two negative or two affirmative 1 quantities, the sum must 
be taken: but the difference of an affirmative and a negative quantity is 
their addition. 2 

4. Example. Tell quickly the result of the numbers three and four, 
negative or affirmative, taken together: that is, affirmative and negative, or 
both negative or both affirmative, as separate instances: if thou know the 
addition of affirmative and negative quantities. 

The characters, denoting the quantities known and unknown, 3 should be 
first written to indicate them generally; and those, which become negative, 
should be then marked with a dot over them. 

Statement: 3.4. Adding them, the sum is found 7* 

Statement: 3.4. Adding them, the sum is 7. 

Statement: 3.4. Taking the difference, the result of addition comes 
out i. 


* Rina or eshaya, minus; literally debt or loss : negative quantity, 

D’/iana or svm, plus ; literally wealth or property : affirmative or positive quantity. 

1 For a demonstration of the rule, the commentators, Su'rtada'sa and Crisiin'a, exhibit fami¬ 
liar examples of the comparison of debts and assets. 

3 R&si, quantity, is cither vyacta, absolute, specifically known, (which is termed rtipa, form, 
species;) or it is avyacta, indistinct, unapparent, unknown (ajnydta). It may either be a multiple 
of the arithmetical unit, or a part of it, or the unit itself. See Crisiin'a. 

s 2 
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Statement: 3. 4- Taking the difference, the result of addition is 1. 

So in other instances, 1 and in fractions* likewise. 


SUBTRACTION. 

5. Rule for subtraction of positive and negative quantities: half a 
stanza. The quantity to be subtracted being affirmative, becomes nega¬ 
tive; or, being negative, becomes affirmative: and the addition of the quan¬ 
tities is then made as above directed. 5 

6 . Example: half a stanza. Subtracting two from three, affirmative 
from affirmative, and negative from negative, or the contrary, tell me 
quickly the result. 

i 

* For the addition of unknown and compound quantities and surds, see § 18—30. 

a Whether known or unknown quantities having divisors. Of such as have like denominators, 
the sum or difference is taken. Else, other previous operations take place for the reduction of 
them to a common denominator. The same must be understood in subtraction. Crishk. i 

3 In demonstrating this rule, the commentator Crisiina biiatta observes, that ‘ here negation 
is of three sorts, according to place, time, and things. It is, in short, contrariety. Wherefore the 
Lildvati y § 166 , expresses “ The segment is negative, that is to say, is in the contrary direction." 
As the west is the contrary of east; and the south the converse of north. Thus, of two countries, 
east and west, if one be taken as positive, the other is relatively negative. So when motion to the 
cast is assumed to be positive, if a planet's motion be westward, then the number of degrees equiva¬ 
lent to the planet's motion is negative. In like manner, if a revolution westward be affirmative, so 
much as a planet moves eastward, is in respect of a western revolution negative. The same may 
be understood in regard to south and north, &c. That prior and subsequent times are relatively 
to each other negative, is familiarly understood in reckoning of days. So in respect of chattels, 
that, to which a man bears the relation of owner, is considered as positive in regard to him: and 
the converse [or negative quantity] is that to which another person has the relation of owner. 
Hence so much as belongs to Yfjnyadatta in the wealth possessed by Devadatta, is negative in 
respect of Devadatta. The commentator gives as an example the situation of Pattana (Patna) 
and Praydga (Allahibid) relatively to Ananda-vana (Benares). Pattana on the Ganges bears cast 
of Vdrdriasi, distant fifteen yojanas; and Praydga on the confluence of the Gangd and Yamund, 
bears west of the same, distant eight yojanas . The interval or difference is twenty-three yojanas 
and is not obtained but by addition of the numbers. Therefore, if the difference between two" 
contrary quantities be required, their sum must be taken. Ciusnx. 
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Statement: 3.2. The subtrahend, being affirmative, becomes negative; 

and the result is 1. 

Statement: 3. 2. The negative subtrahend becomes affirmative; and 

the result is i. * 


Statement: 3. 2. The negative subtrahend becomes affirmative; and 
the result is 5. 

Statement: 3.2. The affirmative subtrahend becomes negative; and 
the result is 5. 


MULTIPLICATION. 

7. Rule for multiplication [and division] of positive and negative quan¬ 
tities : half a stanza. The product of two quantities both affirmative, is po¬ 
sitive. 1 When a positive quantity and a negative one are multiplied toge¬ 
ther, the product is negative. 2 The same is the case in division. 

1 The sign only of the product is taught. All the operations upon the numbers are the same 

which were shown in simple arithmetic (Lila. § 14—16). Crishn. 

2 Multiplication, as explained by the commentators,* is a sort of addition resting on repetition 

of the multiplicand as many times as is the number of the multiplicator. Now a multiplicator is 
of two sorts, positive or negative. If it be positive, the repetition of the multiplicand, which is 
affirmative or negative, will give correspondently an affirmative or negative product. The multi¬ 
plication then of positive quantities is positive; and that of a negative multiplicand by a positive 
multiplier is negative: as is plain. The question for disquisition concerns a negative multiplier. 
It has been before observed that negation is contrariety. A negative multiplier, therefore, is a 
contrary one: that is, it makes a contrary repetition of the multiplicand. Such being the case,, 
if the multiplicand be positive, (the multiplier being negative), the product will be negative ; if the 
multiplicand be negative, the product will be affirmative. In the latter case the multiplication, 
of two negative quantities gives an affirmative product. In the middle instances, either of the two 
(multiplicator or multiplicand) being positive, and the other negative, the product is negative: as 
is taught in the text. , 

Or the proof may be deduced from the process of computation. There is no dispute respecting 
the multiplication of affirmative quantities: but the discussion arises on that of negative quantity. 
Now so much at least is known and admitted, that, the multiplicand being separately multiplied 
by component parts of the multiplier, and the products added together, the sum is the product of 
the proposed multiplication. Let the multiplicand be 135, and the multiplicator 12; and its two 
parts, (the one arbitrarily assumed, the other equal to the given number less the assumed one,) 

* Suhyadasaod Lildvatl. Ganesa on the same. Cjushna-bhatta on Vija-gaiiita. 
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8. Example: half a stanza (completing § 6). Wliat is the product of 
two multiplied by three, positive by positive; and negative by negative; or 
positive by negative? 

Statement: 2. 3. Affirmative multiplied by affirmative is affirmative. 

Product 6 . 

Statement: 2. 3. Negative multiplied by negative is positive. Pro¬ 
duct 6 . 

Statement: 2. 3. [or 2. 3.] Positive multiplied by negative [or, negative 

by positive] is negative. Product 6. 

The result is the same, if the multiplicator be multiplied by the multipli¬ 
cand. 1 


DIVISION. 

Rule. The same is the case in division (§ 7).* 

9- Example. The number eight being divided by four, affirmative by 
affirmative, negative by negative, positive by negative, or negative by po¬ 
sitive, tell me quickly, what is the quotient, if thou well know the method. 

4 and 8. Then the multiplicand being separately multiplied by those component parts of the 
multiplicator, give 540 and 1080: which, added together, make the product 1620. In like 
manner let the assumed portion be 4. The other, (or given number less that) will be 1 6 . Here 
also, if the multiplicand be separately multiplied by those parts, and the products added together, 
the same aggregate product should be obtained. But the multiplicand, multiplied severally by 
those parts, gives 540 and 2160 . The sum of these numbers [with the same signs] does not agree 
with the product of multiplication. It follows therefore, since the right product is not otherwise 
obtained, that the multiplication of a positive and a negative quantity together give a negative 
result. For so the addition of 540 and 2160 [with contrary signs] makes the product right: vir. 
1620 . Crisiin. 

1 It is thus intimated, that either quantity may at pleasure be treated as multiplicator, and the 
other as multiplicand : and conversely. Ciushn. 

a If both the dividend and the divisor be affirmative, or both negative, the quotient is affirm¬ 
ative: but, if one be positive and the other negative, the quotient is negative. CrTsun. 
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Statement: 8. 4. 
quotient 2. 

Statement: 8. 4. 

Statement: 8.4. 

Statement: 8. 4. 


Affirmative divided by affirmative gives an affirmative 

Negative by negative gives an affirmative quotient 2. 
Positive by negative gives a negative quotient 2. 
Negative by positive gives a negative quotient 2. 


SQUARE and SQUARE-ROOT. 

10. Rule : half a stanza. The square of an affirmative or of a negative 
quantity is affirmative; and the root of an affirmative quantity is two-fold, 
positive and negative. There is no square-root of a negative quantity : for 
it is not a square. 1 

11. Example. Tell me quickly, friend, what is the square of the num* 
ber three positive; and of the same negative? Say promptly likewise what 
is the root of nine affirmative and negative, respectively? 

Statement: 3. 3. Answer: the squares come out 9 and 9- 

Statement: 9- Answer: the root is 3 or 3. 

Statement:. 9 - Answer: there is no root, since it is no square. 

1 For, if it be maintained, that a negative quantity may be a square, it must be shown what it 
can be a square of. Now it cannot be the square of an affirmative quantity : for a square is the 
product of the multiplication of two like quantities; and, if an affirmative one be multiplied by an 
affirmative, the product is affirmative. Nor can it be the square of a negative quantity : for a ne¬ 
gative quantity al$o, multiplied by a negative one, is positive. Therefore we do not perceive any 
quantity such, as that its square can be negative. Crxshn. 
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CIPHER. 

12. Rule for addition and subtraction of cipher: part of a stanza. In 
the addition of cipher, or subtraction of it, the quantity, 1 positive or nega¬ 
tive, remains the same. Rut, subtracted from cipher, it is reversed.* 

13. Example: half a stanza. Say what is the number three, positive, or 
[the same number] negative, or cipher, added to cipher, or subtracted from 
it? 3 


Statement: 3. 3. 0. These, having cipher added to, or subtracted from, 

them, remain unchanged: 3. 3. 0. 4 

Statement: 3. 3. 0. Subtracted from cipher, they become 3. 3. 0. f 

* Whether absolute, expressed by digits, or unknown, denoted by letter, colour, &c. or an 
irrational and surd root. Crisiiy. 

a In both cases of addition, and in the first of subtraction, the absolute number, unknown quan¬ 
tity, or surd, retains its sign, whether positive or negative. In the other case of subtraction, the 
sign is reversed. Crisiin. 

3 Or having cipher added to, or subtracted from, it. Crisiin. 

4 In addition, if either of the quantities be increased or diminished, the result of the addition is 
just so much greater or less. If then either be reduced to nothing, the other remains unchanged. 
But subtraction diminishes the proposed quantity by so much as is the amount of the subtrahend ; 
and, if the subtrahend be reduced, the result is augmented : if it be reduced to nought, the result, 
rises to its maximum ; the amount of the proposed quantity. Or, if the proposed quantity be itself 
reduced, the result of the subtraction is diminished accordingly: if reduced to nought, the result 
is diminished to its greatest degree ; the amount of the subtrahend with the subtractive sign. See 
C Ilfs IIN. 

5 Cipher is neither positive nor negative: and it is therefore exhibited with no distinction of 

sign. No difference arises from the reversing of it; and none is here shown. Crisiin. 
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14. i Rule : (completing the stanza, § 12.) In the multiplication and the 

rest of the operations 1 of cipher, the product is cipher; and so it is in mul¬ 
tiplication'by cipher: but a quantity, divided by cipher, becomes a fraction 

the denominator of which is cipher. 2 ' j , 1 / \o i. ‘o .r> oit 

' . .j id* •* c to 

15. Example: half a stanza. Tell me the product of cipher multiplied 

by two; 3 and the quotient of it divided by three, and of (three divided by 
cipher; and the square of nought; and its root. 

: • • • ’ ' .' ' I) 

Statement: Multiplicator 2. Multiplicand0. Product 0. 

[Statement: Multiplicator 0. Multiplicand 2. Product 0 4 .] 

Statement: Dividend 0. Divisor 3 . Quotient 0. 

Statement: Dividend 3. Divisor 0. Quotient the fraction 

This fraction, of which the denominator is cipher, is termed an infinite 
quantity. 3 

, 7 

' Multiplication, division, square and square-root. Sur. and Crishn. 

Multiplication and division are each two-fold: viz. multiplication of nought by a quantity; or 
the multiplication of this by nought: so division of cipher by a quantity; and the division of this 
by cipher. But square and square-root are each single. Crishn. 

a The more the multiplicand is diminished, the smaller is the product; and, if it be reduced in 
the utmost degree, the product is so likewise: now the utmost diminution of a quantity is the same 
with the reduction of it to nothing: therefore, if the multiplicand he nought, the product is cipher* 
In like manner, as the multiplier decreases, so does the product; and, if the multiplier be nought, 
the product is so too. In fact multiplication is repetition: and, if there be nothing to he repeated, 
what should the multiplicator repeat, however great it be? 

So, if the dividend be diminished, the quotient is reduced : and, if the dividend be reduced to 
nought, the quotient becomes cipher. 

As much as the divisor is diminished, so much is the quotient raised. If the divisor be reduced 
to the utmost, the quotient is to the utmost increased. But, if it can be specified, that the amount 
of the quotient is so much, it has not been raised to the utmost: for a quantity greater than that 
can be assigned. The quotient therefore is indefinitely great, and is rightly termed infinite. 

CII IS IIN. 

3 Or else multiplying two. Crishn. 

4 Crishn. 

5 Ananta-rtisi, infinite quantity. C’ha-hara, fraction having cipher for its denominator. 

This fraction, indicating an infinite quantity, is unaltered by addition or subtraction of a finite 
quantity. For, in reducing the quantities to a common denominator, both the numerator and 
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• 16. In this quantity consisting of that which has cipher for its divisor, 
there is no alteration, though many be inserted or,extracted; as no change 
takes place in the infinite and immutable God, at the period of the destruc¬ 
tion or creation of worlds, though numerous orders of beings are absorbed 
or put forth. 

I- . ' - '-to (. 

Statemeht: 0. Its square 0.. Its root 0. 

denominator of the finite quantity, being multiplied by cipher, become nought: and a quantity is 
unaltered by the addition or subtraction of nought. The numerator of the infinite fraction may 
indeed be varied by the addition or subtraction of a finite quantity, and so it may by that of another 
infinite fraction: but whether the finite numerator of a fraction, whose denominator is cipher, be 
more or less, the quotient of its division by cipher is alike infinite. Crisiin. 

This is illustrated by the same commentator through the instance of the shadow of a gnomon,, 
which at sunrise and sunset is infinite; and is equally so, whatever height be given to the gnomon, 
and whatever number be taken for radius, though the expression will be varied. Thus, if radius 
be put 120; and the gnomon be 1, 2, 3, or.4; the expression deduced from the proportion, as 
sine of sun’s altitude is to sine of zenith distance ; so is gnomon to shadow; becomes L|2, 

122 or Or, if the gnomon be, as it is usually framed, 12 fingers, and radius be taken at 

3438, 120, 100, or 90 ; the expression will be *-±22, 4_£2£» or 1-220 j which are all alikt 

infinite. See.C risiin. * ,‘*4 ; • , r , 
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Arithmetical Operations on Unknoton Quantities. 


: vru<nh 


17- “ So much as” and the colours “ black, blue, yellow and red,” 1 and 

others besides these, have been selected by venerable teachers for names of 

values* of unknown quantities, for the purpose of reckoning therewith. 5 

i .i ? A. 

18. Rule for addition and subtraction : Among quantities so designated, 
the sum or difference of two or more which are alike must be taken : but 

such as are unlike, 4 are to be separately set forth. 

yt ■ * / ; l r; m y. >t j ' r f.*t« 

19- Example. Say quickly, friend, what will affirmative one unknown 
with one absolute, and affirmative pair unknown less eight absolute, make, 
if addition of the two sets take place? and what will they make, if the sum 
be taken inverting the affirmative and negative signs 1 * 


Statement: ya 1 ru 1 Answer : the sum is ya 3 ru 7. 
ya 2 ru 8 


*:•! »> f 


J Ydvat-tdvat, correlatives, quantum, tantum; quot, tot: as many, or as much, of the un¬ 
known, as this coefficient number. Ydvat is relative of the unknown; and tdvat of its coefficient. 

The initial syllables of the Sanscrit terms enumerated in the text are employed as marks of un* 
known quantities ; viz. yd , cd, ni, pi, Id, (also ha, sue, chi, &c; for green, white, variegated and so 
forth). Absolute number is denoted by ru, initial of rhpa form, species. The letters of the alphabet 
are also used (ch. 6), as likewise the initial syllables of the terms for the particular things (§ Ill). 

* Mdna, miti, unmdna or unmiti, measure or value. See note on § ISO. 

3 For the purpose of reckoning with unknown quantities. Sun. and Crishn. 

A Heterogeneous : as rupa, known or absolute number: ydvat-tdvat (so much as) the first un¬ 
known quantity, its square, its cube, its biquadrate, and the product of it and another factor; 
cdlaca (black) the second unknown quantity, its powers, and the product of it with factors : nilaca 
(blue) the third unknown, its powers, and so forth. See Ciusiii/. ' • * ** 0 ^ ~ * 

5 Inverting the signs of the first set, of the second, or of both. Crisiin. 

t 2 
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Statcmcnt (inverting the signs in the first set): ya 1 ru 1 

ya 2 ru 8 

Answer : Sum ya 1 ru 9 . 

Statement (inverting the signs in the second set) : ya 1 ru 1 

ya 2 ru & 

Answer: Sum^ai rug. 

Statement (inverting the signs in both sets) : ya i ru i- 

ya 2 ru 8 

Answer: Sumj/a 3 ru 7. 

20. Example. Say promptly what will affirmative three square of an 
unknown, with three known, be, when negative pair unknown is added i. 
and tell the remainder, when negative six unknown with eight known is- 
subtracted from affirmative two unknown. 

Statement:- yav 3 ya 0 ru-3 l Answer: Sum?/tfv3 ya k ru 3. 
ya v 0 ya 2 ru 0 

Statement: ya 2 ru 0 Answer: The remainder is ya 8 ru 8: 
ya 6 ru 8 

T 

t 

21. Rule for multiplication of unknown quantities: two and a half' 
stanzas. When absolute number and colour (or letter) arc multiplied one by 
the other, the product will be colour (or- letter).® When two, three or more 

/ 

3 The powers of the unknown quantity are thus ordered : first the highest power, for example 
the sursolid; then the next, the biquadrate; after it the cube; then the square; next the simple 
unknown quantity; lastly the known species. SeeCiusiiN. 

2 Multiplication of unknown quantity denoted by colour (or letter) is threefold: namely, by 
known or absolute number, by homogeneous colour or like quantity, and by heterogeneous colour 
or unlike quantity. If the unknown quantity be multiplied by absolute number, or. this by the 
unknown quantity, the result of the multiplication in figures is set down, and the denomination. 
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homogeneous quantities are multiplied together, the product will be .the 
square, cube or other [power] of the quantity. But, if unlike quantities be 
multiplied, the result is their (bhavita) ‘ to be’ product or factum. The 
other operations, division and the rest, 1 are here performed like those upon 
number, as taught in arithmetic of known quantities. 

22. The multiplicand is to be set down in as many several places as there 
are terms in the multiplier, and to be successively multiplied by those terms, 
and the products to be added together by the method above shown. 2 In this 
elemental arithmetic the preeept for multiplying by component parts of the 
factor, as delivered under simple arithmetic, 3 must be understood in the 
multiplication of unknown quantities, of squares, and of surds. 

23. Example. Tell directly, learned sir, the product of the multiplica¬ 
tion of the unknown ( yeveat-tavat ) five, less the absolute number one, by 
the unknown (ydvat-tdvat) three joined with the absolute two: and also 

of the colour is retained. The continued multiplication of like quantities produces, when two ar* 
multiplied together, the square; when this is multiplied by a third such, the cube; by a fourth, 
the biquadrate y by. a fifth, the sursolid ; by a sixth, the cube of the square, or square of the cube. 
When heterogeneous colours, or dissimilar unknown quantities, are multiplied together,, the result 
is a (bhavita) product or factum. ’ Citfsurf. 1 

Bkdvita, future, or to be. It is a special designation of a possible operation, indicating the mul* 
tiplication of unlike quantities. Sur. 

Like the rest of these algebraic terms, it is signified by its initial syllable (bhd), Thus the pro¬ 
duct of two unknown quantities is deiioted by three letters or syllables, as yd, cd bhd , cd . m bhd , &c: 
Or, if one of the quantities be a higher power, more syllables or letters are requisite: for the square, 
cube, &c. are likewise denoted by initial syllables,. ia, gha^ra-va, va-gha (or gha-va\ gka-gha, &zc.. 
Thus yd va.cd gha bhd will signify the square of the first unknown quantity multiplied by the cube 
of the second. 

A dot is, in some copies of the text and its commentaries, interposed between the factors, with¬ 
out any special direction, however, for this notation. 

1 Viz. square and square-root; cube and cube-root.—C rishn. Also reduction of fractions.to 
a common denominator, rule of.three, progression, mensuration of plane figure, and the whole of. 
what is taught in simple arithmetic. Su'r.. 

4 In §18. 

3 As well as the other.methods there taught.— Crisiin. See Lildvati, §14—15.. 
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the result of their multiplication inverting the affirmative and negative signs 
in the multiplicand, or in the multiplicator, or in both. 1 * 3 

Statement": ya 5 ru 1 „ , , 

ya3 ru 2 1 roduct: yav \5 ya 7 ru 2. 


Statement: ya 5 ru 1 w . • ’ • 

; ya 3 ru 2 Product: ya v 15 ya 7 ru 2. 


Statement : ya 5 ru 1 r. , , 

^ a Product: ya v 15 ya7 ru 2. 


ya 3 ruQ 


[Statement: ya 5 ru 1 
ya 3 ru2 


Product: yav 15 ya7 ru 2.]* 


24. Rule for division: Those colours or unknown quantities, and abso¬ 
lute numbers, by which the divisor being multiplied, the products in their 
several places subtracted from the dividend exactly balance it, 5 arc here the 
quotients in division. 

r •• • • t > ' 

Example. Statement of the product of the foregoing multiplication, and 
of its multiplicator now taken as divisor: ya v 15 ya7 ru 2. It is divi¬ 
dend ; and the divisor is ya 3 ru 2. 

Division being made, the quotient found is the original multiplicand ya 5 
ru i. 


1 The concluding passage is read in three different ways; the one implying, that the multipli¬ 
cand, affirmative and negative, is to be inverted, or the multiplicator; the second indicating, that 
the terms of the multiplicand or multiplicator with their signs are to be transposed ; the third sig¬ 
nifying, that the terms of the multiplicand or multiplier must have their signs changed.*—Cftfsiix. 
The commentator prefers the reading and interpretation by which the signs only are reversed. 

* This fourth example is exhibited by Crisiina-biiatta. 

Multiplication is thus wrought according to the commentator, Example 1st, 


ya 5 ru 1 ya 3 ya v 15 ya 3 

ya 5 ru 1 ru 2 _ ya 10 ru 2 

yav\5 ya 7 ruh 


3 Exhaust it: leave no residue. 
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Statement of the second example: yav 15 ya 7 ru 2 dividend, the 
divisor being ya 3 ru 2. Answer: The quotientfound is the original mul¬ 
tiplicand ya 5 ru 1. i , , . 

? 

Statement of the third example: yav 15 ya 7 nr 2 dividend, with di¬ 
visor ya 3 ru 2- The quotient comes out ya 5 rul, the original multi¬ 
plicand. 

[Statement of the fourth example : ya v 15 ya7 ru 2 dividend, with di¬ 
visor ^ 3 ru2. Answer: ya 5 ru 1, the original multiplicand.] 

25. Example of involution. 1 Tell me, friend, the square of unknown 
four less known six. 

Statement: ya 4s ru 6. Answer: The square is ya v 16 ya 48 ru 36. 

26. Rule for the extraction of the square-root: Deducting from the 
squares which occur among the unknown quantities their square-roots, sub¬ 
tract front the remainder double the product of those roots two and two; 
and, if there be known quantities, finding the root of the known number,* 
proceed with the residue in the same manner. 3 

Example. Statement of the square before found, now proposed for ex¬ 
traction-of the root: yav 15 ya 4*8 ru 36. 

’> < _ • 

Answer: The root is ya 4 ru 6 or ya 4 ru 6. 

) 9 C 

\ w ^ i * 

1 The square being the product of the multiplication of two like quantities, involution is com¬ 
prehended under the foregoing rule of multiplication, § 21; and therefore an example only is here 
given. Crishn. 

1 If the absolute number do not yield a square-root, the proposed quantity was not an exact 
square. 4 Crishn. 

3 When the terms balance without residue, those roots together constitute the root of the pro¬ 
posed square.- Crishn. 
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Arithmetical Oparatiom with several Unknown Quantities. 

27. Example. “ So much as” three, “ black” five, “ blue” seven, all 
affirmative : how many do they make with negative two, three, and one of 
the same respectively, added to or subtracted from them? 

Statement: ya 3 ca 5 nil Answer: Sum ya 1 ca 2 ni 6. 

ya 2 ca 3 ni 1 Difference ya 5 ca 8 ni 8. 

X * V 

28. Example. Negative “ so much as” three, negative “ black” two, 
affirmative “ blue” one, together with unity absolute : when these are mul¬ 
tiplied by the same terms doubled, what is the result? And when the pro¬ 
duct of their multiplication is divided by the multiplicand, what will be the 
quotient? Next tell the square of the multiplicand, and the root of this 
square. 

Statement: Multiplicand ya 3 ca 2 ni 1 ru 1. Multiplier ya 6 ca 4 
ni 2 ru 2. Answer: The product is ya v 18 ca v 8 niv 2 ya. ca bh 24t 

, J. .. 'uJ. . • 

ya. ni bh 12 ca. ni bh 8 r«2. 

From this product divided by the multiplicand, the original multiplicator 
comes out as quotient ya6 ca 4 ni 2 ru 2. 

Statement of the foregoing multiplicand for involution : ya 3 ca2 ni I 
ru 1. Answer: The square is yd v9 ca v 4 ni v 1 ya. ca bh 12 ya. ni bh 6 
ca ni bh 4 ya 6 ca 4 ni 2 ru 1. 

From this square, the square-root being extracted, is ya 3 ca 2 ni 1 ru 1 
[orr/a3 ca 2 ni l ru l.] 1 

’* For both these roots being squared yield the same result. Ciusiin. 

.• u !» . # 
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2 9. Rule for addition, subtraction, &c. of surds: 1 Term the sum of two 
irrationals the great* surd; and twice the square root of their product, the less 
one. The sum and difference of these reckoned like integers are so [of the 
original surd roots]. 5 Multiply and divide a square by a square.* 

30. But the root of the quotient of the greater irrational number divided 
by the less,* being increased by one and diminished by one; and the sum and 

1 Carari'i, a surd or irrational number. One, the root of which is required, but cannot be found 
without residue.—Cafsiix. That, of which when the square-root is to be extracted, the root does 
not corae out exact.—G an. “ A quantity, the root of which is to be taken, is named Carari'i? 
Narayaxa cited by Sun. Not’generally any number which does not yield an integer root: for, 
were it so, every such number (as 2, 3, 5, 6 , &c.) must be constantly treated as irrational. It only 
becomes a surd, when its root is required; that is, when the business is with its root, not with the 
number itself. Crisiin. 

A surd is denoted by the initial syllable ca. It will be here written c to distinguish it from cd 
the second unknown quantity in an algebraic expression. 

a Makati , intending makati carari'i a great surd, being the sum of two original irrational num¬ 
bers. Laghu , small, is by contrast the designation of the less quantity to be connected with it. 
The same terms, mahati and lagkv! , are used in the following stanza, § 30, with a different sense, 
importing the greater and less original surds. See Sun. and CrIsiin. 

3 The sum and difference of the quantities so denominated are sum and difference of the two 

original surds. Sur. and CftfsiiN. 

4 This is a restriction of a preceding rule concerning multiplication of irrational numbers. § 22. 
— Crisiin. The author in this place hints the nature of surds, under colour of giving a rule for 
the multiplication and division of them.— Sur. If a rational quantity and an irrational one are to 
be multiplied together, the rational one is previously to be raised to the square power; the irra¬ 
tional quantity being in fact a square. See Sur. and Crisiin. 

5 In like manner, if the less surd divided by the greater be a fraction of which the root may be 

found, this, with one added and subtracted, being squared and multiplied by the greater surd, will 
give the sura and difference of the two surds. CafsHN. 

U 
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remainder, being squared and multiplied by the smaller irrational quantity, 
are respectively the sum and difference of the two surd roots. If there be no 
rational square-root [of the product or quotient], they must be merely stated 
apart. 


31. Example. Say, friend, the sum and difference of two irrational num¬ 
bers eight and two: or three and twenty-seven; or seven and three; after 
full consideration, if thou be acquainted with the six-fold rule of surds. 

Statement: c 2 c 8. Answer: Addition being made, the sum is c 18* 
Subtraction taking place, the difference is c 2. 1 

Statement: c3 c 27. Answer: Sum c 48. Difference c 12. 

Statement: c 3 c 7- Answer: Since their product has no root, they 
are merely to be stated apart: Sum c 3 c 7- Difference c 3 c 7* 

32. Example. Mulliplicator consisting <?f the surds two, three, and 
eight; multiplicand, the surd three with the rational number five: tell 
quickly their product. Or let the multiplier be the two surds three and 
twelve less the natural number five, 

» . * .. * , 1 

Statement: Multiplier c 2 c 3 c 8. Multiplicand c 3 c 25. 

Here, to abridge the work, previously adding together two or more surds- 
in the multiplier, or in the multiplicand, and in the divisor or in the dividend,, 
proceed with the multiplication and division. That being done in this case, 
the multiplier becomes c 18 c 3. Multiplicand as before c 25 c 3. Mul¬ 
tiplication being made, the product is found c 9 c 450 c 75 c54. 

33. Maxim. The square of a negative rational quantity will be nega~- 

* The numbers S and 2 added together make 10, the mahafi or great surd. Their product l5 
yields the root 4; which doubled furnishes 8 for the laghu. The sum and difference of these are 
18 and 2. Or by the second method, the greater irrational 8 divided by the less 2, gives 4 ; the 
root of which is 2. This augmented and diminished by 1, affords the numbers 3 and 1 ; whose 
squares are 9 and 1. These, being multiplied by the smaller irrational number, make 18 and 2, as 
before. 
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tive, when it is employed on account of a surd; and so will the root of a 
negative surd be negative, when it is formed on account of a rational num¬ 
ber. 1 

\ 

Statement of the second example: Multiplicator c 25 c 3 c 12. Mul¬ 
tiplicand c 25 c 3. Adding together two surds in the multiplier, it be¬ 
comes c 25 c 27- The product of the multiplication is c 625 c 675 c 75 
c 81. Among these the roots of c 625 and c 81, namely 25 and 9, being 
added together, make the natural number 16: and the sum, consisting in the 
difference, of c 675 and c 75, is c 300. The product therefore is ru 16 
c 300. • 

j ’ -j • o 

Statement of the foregoing product for dividend and the multiplier for 
divisor: Dividend c 9 c 450 c 75 c 54. Divisor c 2 c3 c 8. 

Adding together two surds, the divisor becomes c 18 c 3. Then proceed¬ 
ing as directed (§ 24), the quotient is the original multiplicand ru 5 c 3. 

. " • ■ ‘ • , \ 

Statement of the second example: Dividend c 256 c 300. Divisor c 25 
c 3 c 12. 

Adding together two surds, the divisor becomes c 25 c 27. Here also, 
proceeding as before, the quotient found is the original multiplicand ru 5 c 3. 

t V w 

34 —35. Or the method of division is otherwise taught: Reverse the 
sign, affirmative or negative, of any surd chosen in the divisor; and by such 
altered divisor* multiply the dividend and original divisor, repeating the ope¬ 
ration [if necessary] so as but one surd remain in the divisor. The surds, 
which constituted the dividend, are to be divided by that single remaining 
surd; and if the surds obtained as a quotient be such as arise from addition, 

• * 1 I j , 

1 This is a seeming exception to the maxim, that a negative quantity has no square-root (§ 10)* 
But the sign belongs to the surd root not Co the entire irrational quantity. When therefore a nega¬ 
tive rational quantity is squared to bring it to the same form with a surd, with which it is to be 
combined, it retains the negative sign appertaining to the root: and in like manner, when a root is 
extracted out of a negative rational part of a compound surd, the root has the negative sign. Si/r. 

x Or by any number which may serve for extirpating some of the terms. Since the dividend 
and divisor being multiplied by the same quantity, the quotient is unchanged : and the object of 
the rule is to reduce the number of terms by introducing equal ones with contrary signs. See Sue. 
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they must be separated by the following rule for the resolution of them, 1 iu 
such form as the questioner may desire.’ 2 


56. Rule: Take component parts at pleasure of the root of a square, by 
which the compound surd is exactly divisible: the squares of those parts, 
being multiplied by the former quotient,* * * § are severally the component surds. 4 

j 1 1 m . 

Statement: Dividend c 9 c 450 c 75 c 54. Divisor c 18 c 3. 

Here allotting the negative sign to the surd three in the divisor, it be¬ 
come c 18 c 3. Multiplying by this the dividend, and adding the surds 
together, 5 the dividend is c 5625 c 675. In like manner, the divisor be¬ 
comes c 225. The dividend being divided by this, the quotient is c 25 c 3. 

Example 2d. Dividend c 300 c 256. Divisor c 25 c 27. 

Here assigning to the surd twenty-five the affirmative sign, multiplying 
the dividend, and taking the difference of affirmative and negative surds, the 
dividend is c 100 c 12; and the divisor c 4. Dividing the dividend by 
this, the quotient is c 25 c 3. 


* Vislesha-sutru, a rule for an operation converse of that of addition: (§35; which compare 
with § 30.) 

1 They must be resolved into such portions as the nature of the question may require. 

5 By former quotient, that which is previously found under this rule is meant: the quotient of 
the surd by a square which measures it. See Suu. 

4 This rule, reversing the operations directed by § 30, is the converse of that rule.—See So'*. 
However, to make the contrast exact, the root of the square divisor of the surd should be resolved 
into parts one of which should be unity. 

* The dividend, multiplied by the altered divisor which comprises two terms, gives the product 
c 162 c 8100 c 1350 c 972 

c 162 c 27 c 1350 c 225 ' 

Expunging like quantities with contrary signs, the product is c 8100 c 972 c 225 c 27 ; and 
adding together the first and third terms, and second and fourth, (that is, taking their differences by 

§ 29—30) the product is reduced to two terras c 5625 c 675. 

Again the original divisor, multiplied by the altered one, gives c 324 c 54 Expunging equal 

c 9 c 54 

quantities with contrary signs, the product is c 324 c 9 ; reducible by addition (that is, by finding 
the difference^ 30) lo c225. 

The reduced dividend c 5625 c 675, divided by this divisor c 225, gives the quotient c 25 c 3. 
In like manner, by ibis process in the last example, the dividend becomes c 8712 c 1452 ; and 
the divisor c 184. Whence the quotient c 18 c 3 ; resolvable by § 36 into c 2 c 8 c 3. Sur* 
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Next in the former example, making the multiplicand a divisor, the state¬ 
ment is dividend c 9 c 450 cl 5 c 54. Divisor c 25 c 3. 

Here also, assigning to the surd three the negative sign, multiplying the 
dividend, and adding surds together, the dividend becomes c 8712 c 1452; 
and the divisor c 484. The dividend being divided by this, the quotient is 
the multiplier c 18 c 3. The original multiplicator comprised three terms. 
The compound surd c 18 (under the nde for the resolution of such: § 36) 
being divided therefore by the square nine, gives the quotient 2 without re¬ 
mainder. The square root of nine is 3. Its parts 1 and 2. Their squares 
1 and 4. These, multiplied by the quotient 2, make 2 and 8. Thus the 
original multiplicator is again found c 2 c 8 c 3. 

37—38. Examples of involution. Tell me, promptly, learned friend, the 
square of the three surds two, three, and four; that of two surds numbering 
two and three; and separately that of the united irrationals six, five, two, and 
three; as well as of eighteen, eight, and two: and the square roots of the 
squared numbers. • >.« . .d- - • « i 

< ■ . * i 1 ■ ** • ' • ' 

Statement 1st. c 2 c 3 c 5. And 2d. c 3 c 2. Also 3d. c 6 c 5 c 2 
c 3. Likewise 4th. c 18 c 8 c 2. " *•* -“ 

Proceeding by the rule of involution 1 ( Lildvati .§ 18—19) the squares are 
found, 1st. ru 10 'c 24 c 40 c 60. 2d. ru 5 c 24. ‘ 3d. ru 16 c 120 

c 72 c 60 c 48 c 40 c 24. Here also, to abridge the work, surds are to 
be added together when practicable, whether in squaring, or in extraction of 
the square root. Thus 4th. c 18 c2 c 8. The sum of these is c 72. Its. 
square is ru 72. .<■ j ! ' ' ■ t* ’ > *'i »n or ' whjo'o * 

39—40. Rule for finding the square root: From the square of the 
rational numbers contained in the proposed square, subtract integer num¬ 
bers* equal to one,'two, or more of its surds; the square root of the re- 

i • 

t 

1 With this difference however, that, instead of twice the multiple of rational quantities, four 
times the multiple of irrational numbers is to betaken : under the rule, that a square is to be mul¬ 
tiplied by a square (§ 29). y Sun. 

* A rational number equal to the numbers that express the irrational terms is subtracted : and 
the author therefore says “ subtract integer numbers (r&paj equal to one or more surds,” to indi¬ 
cate, that subtraction as of surds (§ 29 ) is not here intended. * Si/r. 
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mainder is to be severally added to, and subtracted from, the rational num¬ 
ber: the moieties of this sum and difference will, be two surds in the root 
The largest of them is to be used as a rational number, if there be any surds 
in the square remaining; and the operation repeated [until the proposed 
quantity be exhausted]. 1 > «• 

. i •’ (• - i ]•• >■ 1 

Example, j Statement of the second square, for the extraction of its root: 
ru 5 c 24. u -j ' . • 'f half > 

Subtracting from 25, which is the square of the rational number (5) a 
number equal to that of the surd 24, the remainder is l.t Its square-root 1, 
added to, and subtracted from, the natural number 5,' makes 6 and 4. The 
moieties of which are 3 and 2, and the surds composing the root are found, 
c 3 c 2. .* f ." r .< . t * 

v't't 

Statement of the first square: ru 10 c24 c 40 c 60.* ; 

From the square of the rational number (10) viz. 100,»subtract numbers 
equal to two of the surds twenty-four and forty; the remainder is 36; and 
its square-root 6, subtracted from the natural number 10, and added to it, 
makes 4 and 16 ;~the moieties of which are 2 and 8. The first is a surd in 
the root, c 2. Putting the second for a rational number,! the same operation 
is again to be performed with the rest of the, ,surds, h From the square of this 
then treated as a rational number, 64, subtracting tbe number sixty, . the re¬ 
mainder is 4; and its root 2; which, subtracted from that rational number, 
and added to it, severally makes 6 and 10; the moieties .whereofarc 3 and 5. 
They are surds in. the root.: c 3 c5. <j Statement of the whole, of the surds 
composing the root, in their order as found; c 2 c 3 c 5. \ v • 

Statement of the third square:, r« .l6 c 120 c72-c60 c48 c40 c24. 

• •' ■ ’> i»- * ' 1 i. V h,< " .. *; * 

1 From the involution of surds as above shown, it is evident, that the rational, number is the sum 
of the numbers of the original surds: and the irrationals in the square are four times the product 
of the original terms, two and two. If ibey be subtracted from the square of the sum of the num¬ 
bers, the remainder will be the square of the difference. Its .square-root is the difference itself. 
From the sum and difference, the numbers are found by the rule of concurrence (TMxati § 55). 
The least [or sometimes the greatest] of the numbers thus found is one of the original terms; and 
the greater [or sometimes the less] number is the sum of the remaining irrational terms it is used, 
therefore, as the rational number, in repeating the operation; and so on, until all the terms of the 
root.are extracted. . * * ‘ a Suit. 
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From the square of the rational number (16) 256, subtracting numbers 
equal to three surds, a hundred and twenty, seventy-two and forty-eight, 
making 240, and proceeding as before, two portions are found, 6 and 10. 
Again, from the square of the latter as a rational number, 100, subtract 
numbers equal to two surds twenty-four and forty, making 64, and proceed 
as before; two portions are found 2 and 8. Again, from the square of the 
latter as a rational number 64, subtract a number equal to the surd sixty; 
two more portions are found 3 and 5. Hence statement of the surds com¬ 
posing the root, in order as found, c6c2c3c5. 

Statement of the fourth square : ru 72 c 0. 

Its square-root c 72. This surd-root originally consisted of three terms. 
Proceeding then to the resolution of it by the rule (§ 36), 72 divided by 36 
gives the quotient 2. The square-root of thirty-six, 6, comprises three por¬ 
tions 3, 2, 1. Their squares are 9,4 and 1; which multiplied by the former 
quotient (2) make 18, 8 and 2. The resolution of the surd then exhibits 
C 18 c8 cl 

* f " 1 1 * ' 

41. Rule: If there be a negative surd-root in the square, treating that 

irrational quantity as an affirmative one, let the two surds in the root be 
found [as before]; and one of them, as selected by the intelligent calculator, 
must be deemed negative. 1 ‘ u • - \ t •i!-***.- ' 

■ ■ .> ■ i ' > •' ; I I! f 

42. Example! Tell me the square of the difference of the two surds 

three and seven; and from the square tell the root. . ; 

Statement: c 3 c 7 or c 3 c 7. i - :• 

The square of either of these quantities is the same; ru 10 c 84. 

Here treating the negative surd-root in the square as an affirmative irrational 
quantity, find the two surds by proceeding as before; and let either of them 
at pleasure be made negative. Thus the root is found c 3 c 7; or c 3 c7. 

43. Example. Let the irrational numbers two, three and five be seve¬ 
rally affirmative, affirmative and negative; or let the positive and negative 


1 The rule is grounded on the maxim, that the square of a negative quantity is affirmative; 
and that there is no square-root of a negative quantity. § 10. Suit. 
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signs be reversed. Tell their square; and from the square find the root; if 
thou know, friend, the sixfold method of surds. 

* * 

Statement: c2 c 3 c5; or c2 c3 c 5. Their square is the same 
ru 10 c 24 c 40 c60. t 

Here affirmative rationals equal to the negative irrationals being sub¬ 
tracted from the square of the rational number (10), 100, the remainder is 0. 
The rational number with the root added and subtracted, being halved, the 
surds are c 5 c 5. One is made negative c 5 ; and the other treated as a 
rational number. Statement: ru 5 c 24. Proceeding as before, the surds 
are found, both affirmative, c 3 c 2. 

Next subtracting affirmative rationals equal to the two surds c 24 c 60, 
viz. 84, from the square of the rational number, and proceeding as before, 
the surds found are c 3 c7. The largest of these is made negative; and, 
with its number taken as rational, proceeding as before, the other surds come 
out c5 c 2. The greatest of these again is taken as negative, c 5. 

Then, with the second example, and in the first instance, the two surds 
being c5 c5, one is taken as negative; and, its number being used as a ra¬ 
tional one, the two portions of surds deduced from the negative one, are both 
negative c3 c 2. i In the second case, proceeding as directed, the surds of 
the root come out, c 2 c 3 c 5. 

It might be so understood by an intelligent mathematician, though it 
were not specially mentioned. This matter likewise has not been explained 
at length by former writers. It is by me set forth, for the instruction of 
youth. 

44—47. Rule: The number of irrational terms in the square quantity 
answers to the sum of the progression of the natural numbers one, &c.‘ In 
a square comprising three such terms," integer numbers equal to two of the 
terms are to be subtracted from the square of the rational number, and the 

1 The sums of the progression are for the 1st term 1 ; for the 2d, 3; for the 3d, 6 ; for the 4th, 
10; for (he 5th, 15,— Su'r. The rational portion of the square comprises as many terms as there 
were surds in the root; and the number of irrational terms in the square answers to the sum of 
the progression continued to one less than the number of radical terms: as the author’s subsequent 
comment shows. 
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square root [of the remainder] to be then taken; in one comprising six such, 
integers equal to three of them; in one containing ten, integers equal to 
fourof.them; in one comprehending fifteen, integers equal to five. If in 
any case it be otherwise, there is error. 1 Those terms are to be subtracted 
from the square of the rational number, which are exactly measured* by 
four times the smaller radical surd thence to be deduced. The quotients 
found by that common measure are surds in the root; but, if they be not so, 
as not answering by the rule of remainder (§ 39) 3 that is not the root. 4 

In a square raised from irrational terms, there must necessarily be rational 
numbers. The square of a single surd consists of a rational number only. 
That of two contains one surd with a rational number; that of three com¬ 
prises three; that of four comprehends six; that of five, ten; and that of six, 
fifteen. Hence, in the square of two, &c. terms, the number of surd terms, 
besides the rational numbers, answer severally to the sums of the arithmetical 
progressions [of natural numbers] one, &c. But, if there be not so many in 
the example, compound surds are to he resolved (§ 36) to complete the num¬ 
ber of terms; and the root is then to be extracted. That is the meaning. 

In a square comprising three such terms, [integer numbers equal to two, 
&c.] The sense of the whole passage is clear. 

48. Example. Say,, learned man, what is the root of a square consisting 
of the surds thirty-two, twenty-four, and eight, with the rational number 
ten? 

Statement: ru 10 c32 c 24 c8. 

Here, as the square comprises three irrational terms, first subtract integer 
numbers equal to two of them from the square of the rational number, and 

* If in any supposablc case an answer come out, it is not taken as the true root. It is wrong; 

and the question was ill proposed. Sun. 

* Apmartana, division without remainder by a common measure. § 54. 

5 By the rule for adding and subtracting the root of the remainder, &c. § 3.9. . Sun. 

4 As many of the irrational terms in the square, as are multiples of one of the radical irrationals, 
being subtracted in theHrsl instance, they-must be divisible without remainder by four times that 
radical term; and the quotients will be .the rest of the radical terms : as is apparent from what has 
been said concerning the involution of a quantity consisting of surd terms. (See under § 37.) If 
then those quotients do not answer, as not agreeing with the terms found by the preceding (§39— 
40), the root is wrong. Sue. 
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extract the root of the remainder; and afterwards work with one term. 
Proceeding in that manner, there is here no root. Hence it appears, that 
the [proposed quantity] has not an exact root consisting of surd terms. But, 
were it not for the restriction, a number equal to the whole of the surds 
might be subtracted, and a supposed root be thus found: namely, c 8 c 2. 
This, however, turns out wrong; for its square is ru 18. 1 Or summing two 
of the terms, thirty-two and eight, [by § 30] the expression becomes ru 10 
c 72 c 24. Whence the root is found ru 2 c 6. But this also is wrong.* 

49. Example. Say what will be the root of a square which contains 
surds equal to fifteen, eleven, and three, all multiplied by four; with the 
rational number ten? 

Statement: ru 10 c6 0 c52 c 12. 

In this square three irrational terms occur. Taking then two of them; 
fifty-two and twelve, and subtracting an integer equal to their amount from 
the square of the rational number, two surds of the root come out c 8 c 2. 
But four times the least of them, 8, does not measure the two terms fifty-two 
and twelve. These then are not to be subtracted: for the tenor of the rule 
(§ 46) is “ Those terms are to be subtracted, which are measured by four 
times the smaller radical thence to be deduced.” Here the rule is not ri¬ 
gidly restrictive to the least surd; but sometimes applies to the greater. 

Putting the radical surd as a rational number, the other two irmtional terms 
come out c 5 c 3. This too is wrong, for the square of c 5 c3 c2, is ru 10 
c 24 c 40 c 60. 5 

50. Example. Say what will be the root of a square which consists of 
three surds eight, fifty-six, and sixty; with the rational number ten? 

Statement: ru 10 c8 c56 c60. 

Subtracting the two first terms eight and fifty-six, and measuring those 
terms by four times the least surd thence deduced, 8, two terms are found 
1 and 7. But these do not come out as surds of the root by the regular pro¬ 
cess of the rule of remainder (§ 39). Therefore those terms c 8 c56, are 
not to be subtracted. Else the root is wrong. 

TTl 

* For the surds c 8 c 2, being added together (§ 31) make c IS. Its square is of course ru 18. 

* For its square is ru 10 c9^. 

a Differing from the proposed square. 
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51. Example. Tell the root of the square, in which are surds twelve, 
fifteen, five, eleven, eight, six, all multiplied by four; together with the ra¬ 
tional number thirteen; if thou have pretensions to skill in algebra. 

J 

Statement: r#13 c48 c60 c20 c 44 c 32 c24. 

Here, the square comprising six surd terms, integers equal to three of them 
are to be first subtracted from the square of the rational term, and the root 
of the remainder taken; then integers equal to two; and afterwards an inte¬ 
ger equal to one. Proceeding in this manner, no root is found. Proceeding 
then differently, and first subtracting from the square of the rational number, 
an integer equal to the first surd term; then integers equal to the second and 
third; and lastly equal to the rest; the root comes out cl c2 c5 c5. 
This, however, is wrong; for its square is ru 13 c 8 c 80 c 160. 

Defect then is imputable to those authors, who have not given a limitation 
to this method of finding a root. 

In the case of such irrational squares, the operation must be conducted by 
taking the approximate roots of the surd terms, and adding them to the ra¬ 
tional terms: whence the square root is to be deduced. 1 

Largest is not rigidly intended (§ 40). Sometimes, therefore, the least is 
to be used. 

52. Example. Say what is the root of a square, in which are the surds 
forty, eighty, and two hundred, with the rational number seventeen? 

Statement: ru 17 c40 c80 c200. 

Subtracting the two last terms from the square of the rational number, the 
two portions found are c 10 c 7. Again treating the smaller surd as a ra¬ 
tional number, the result is c5 c2. Thus the root is c 10 c 5 c 2. 


* A rule of approximation for the square-root is given in the Chapter on Algebra, in the 
Sidd'hdnta-sundara of Jn Ya'na-ra'ja, cited by his son Sdryada'sa ; “ The root of a near square, 
with the quotient of the proposed square divided by that approximate root, being halved, the moi¬ 
ety is a [more nearly] approximated root; and, repeating the operation as often as necessary, the 
nearly exact root is found.” Example 5. This, divided by two which is first put for the root, gives 
f for the quotient: which added to the assumed root 2, makes ■#; and this, divided by 2, yields 
for the approximate root.—Sun. [Repeating the operation, the root, more nearly approximated, 
is yy.] 
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PULVERIZER . 1 

53— f>4. ‘Rule: In the first place, as preparatory to the investigation of 
the pulverizer, the dividend, divisor, and additive quantity are, if practicable, 
to be reduced by some number. 1 If the number, by which the dividend and 
divisor are both measured, do not also measure the additive quantity, the 
question is an ill put [or impossible] one. 4 

54— 55—56. The last remainder, when the dividend and divisor are mu¬ 
tually divided, is their common measure/ Being divided by that common 

* This is nearly word for word the same with a chapter in the L'lldvati on the same subject. 
(L*7. Ch. 12.) See there, explanations of the terms. 

The method here taught is applicable chiefly to the solution of indeterminate problems that pro¬ 
duce equations involving more than one unknown quantity. See ch. 6. 

* Ten stanzas and two halves. 

3 If the dividend and divisor admit a common measure, they must be first reduced by it to their 
least terms; else unity will not be the residue of reciprocal division; but the common measure 
will; (or, going a step further, nought.)— Gan. on Lil. Crishn. on Vtj . 

4 If the dividend and divisor have a common measure, the additive also must admit it; and the 

three terms be correspondently reduced: for the additive, unless it be [nought or else] a multiple 
of the divisor, must, if negative, equal the residue of a division of the dividend taken into the mul¬ 
tiplier by the divisor; and, if affirmative, must equal the complement of that residue to the divisor. 
Now, if dividend and divisor be reducible to less terms, the residue of division of the reduced terms, 
multiplied by the common measure, is equal to the residue of division of the unreduced terms. 
Therefore the additive, whether equal to the residue, or to its complement, must be divisible by the 
common measure. Crishn. , 

5 The common measure may equal, but cannot exceed, the least of the two numbers: for it 
must divide it. If it be less, the greater may be considered as consisting of two terms, one the 
quotient taken into the divisor, the other the residue. The common measure cannot exceed that 
residue; for, as it measures the divisor, it must of course measure the multiple of the divisor, and 
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measure, they are termed reduced quantities. Divide mutually the reduced 
dividend and divisor, until unity be the remainder in the dividend. Place 
the quotients one under the other; and the additive quantity beneath them, 
and cipher at the bottom. By the penult multiply the number next above 
it, and add the lowest term. Then reject the last and repeat the operation 
until a pair of numbers be left. The uppermost of these being abraded by 
the reduced dividend, the remainder is the quotient. The other [or lower¬ 
most] being in like manner abraded by the reduced divisor, the remainder is 
the multiplier. 1 

could not measure the remaining portion or residue, if it were greater than it. When therefore the 
greater number, divided by the less, yields a residue, the greatest common measure, in such case, 
is equal to the remainder, provided this be a measure of the less. If again the less number, divided 
by the remainder, yield a residue, the common measure cannot exceed this residue; for the same 
reason. Therefore no number, though less than the first remainder, can be a common measure, if 
it exceed the second remainder: and the greatest common measure is equal to the second remain¬ 
der, provided it measure the first; for then of course it measures the multiple of it, which is the 
other portion of the second number. So, if there be a third remainder, the greatest common mea¬ 
sure is either equal to it, if it measure the second ; or is less. Hence the rule, to divide the greater 
number by the less, and the less by the remainder, and each residue by the remainder following, 
until a residue be found, whicli exactly measures the preceding one; such last remainder is the 
common measure. (§ 54). CrTshn. 

1 The substance of CiushnVs demonstration is as follows: When the dividend, taken into the 
multiplier, is exactly measured by the divisor, the additive must either be null or a multiple of the 
divisor. (See § 63). If the dividend be such, that, being multiplied by the multiplicator and di¬ 
vided by the divisor, it yields a residue, the additive, if negative, must be equal to that remainder; 
(and then the subtractive quantity balances the residue;) or, if affirmative, it must be equal to the 
difference between the divisor and residue; (and so the addition of that quantity completes the 
amount of the divisor;) or else it must be equal to the residue, or its complement, with the divisor 
or a multiple of the divisor added. Let the dividend be considered as composed of two portions 
or terms: Jst, a multiple of the divisor; 2d, the overplus or residue. The first multiplied by the 
multiplier (whatever this be), is of course measured by the divisor. As to the second, or overplus 
and remainder, the additive being negative, both disappear when the multiplier is quotient of the 
additive divided by the remainder, (the additive being a multiplier of the residue.) But, if the 
additive be not a multiple of the remainder, should unity be the residue at the first step of the re¬ 
ciprocal division, the multiplier will be equal to the additive, if this be negative, or to its comple¬ 
ment to the divisor, if it be positive; and the corresponding quotient will be equal to the quotient 
of the dividend by the divisor multiplied by the multiplicator, if the additive be negative; or be 
equal to the same with addition of unity, if it be affirmative: and, generally, when reciprocal divi¬ 
sion has reached its last step exhibiting a remainder of one, the multiplier, answering to the pre¬ 
ceding residue, become the divisor, as serving for that next before it become dividend, is equal to 
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57• Thus precisely is the operation when the quotients are an even num¬ 
ber. But, if they be odd, the numbers as found must be subtracted from 


the additive, if this be negative, or to its complement, if it be positive; and the corresponding quo- 
tient is equal to the quotient of the dividend by the divisor multiplied by this multiplicator; but 
with unity superadded, if the additive were affirmative. From this, the multiplicator and quotient 
answering for the original dividend and divisor are found by retracing the steps in the method of 
inversion. Take the following example: 

Given Dividend 1211 7 or, reduced to least terms, f Dividend 173 A « 

Divisor 497 Addltlve21 } §53 and 54, (Divisor 71 Addltlve 3 - 

The reciprocal division (§ 55)exhibits the following results: 

Dividends. Divisors. Quotients. Residues. 

173 71 2 31 

71 31 2 9 

31 9 3 4 

9^21 
Consider last dividend (9) as composed of two terms; a multiple of divisor (4) and the residue; 
(in the instance 8 and 1). Then the multiplier is equal to (3) the additive (this being negative); 
and quotient is equal to the multiplier (3) taken into the quotient of the simple dividend (9) by the 
divisor (4): (in the instance 6). Thus, observing the directions of the rule(§ 55, 56) the last term 
in the series is the multiplier for the last dividend, and its product into the term next above it is 
the quotient of the last divisor; and the series now is 2 deduced from the series(§ 55) 2} 

3 g > Quot. 

6 Quotient. 2j 

3 Multiplier. 3 Add. 

0 


Hence to find the multiplier for the next superior dividend and divisor (31 and 9) consider the 
dividend as comprising two portions or terms; viz. 27 and 4. Any multiple of the first being divi¬ 
sible by the divisor (9) the multiplier is to be sought for the second portion; that is, for dividend 
4 and divisor 9; being the former divisor and dividend reversed: wherefore multiplier and quo¬ 
tient will here be transposed; and will answer for the affirmative additive: and the series now 

becomes 2 
2 
3 

6 Multiplier. 

3 Quotient. 

But the quotient of the first portion of the dividend (27) after multiplication by this multiplicator, 
will be the quotient (3) of the simple dividend taken into the multiplicator (6); which, as is appa¬ 
rent, is the term of the series next beneath it: to which add the quotient of the second portion, 
which is last term in the series, and the sum is the entire quotient (21). And the lowest term (3), 
being of no further use, may be now expunged : as is directed accordingly (§ 56). Thus the series 

now stands 2 

2 - : 

21 Quotient. 

6 Multiplier. 
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their respective abraders, the residues will be the true quotient and multi¬ 
plier.' • ~ il '•. ’ •... t .. • 

, • I I) V 1 

The next step is to find the multiplier and quotient (the additive being still the same) for the 
next preceding dividend and divisor; viz. 71 and 31 : and here the dividend consists of two parts 
62 and 9 '> to the last of which only the multiplier needs to be adapted ; viz. to dividend 9 and di¬ 
visor 31; which again are the former divisor and dividend inverted: wherefore the multiplier and 
quotient are here also transposed; and the quotient of the first portion is to be added : and is the 
quotient (2) of the simple dividend taken into the multiplier (21) the two contiguous terms in the 
series. The entire quotient therefore is 48 answering to the same additive but negative: and the 
lowest term being no longer required may now be rejected: the series consequently exhibits 
2 

48 Quotient. 

21 Multiplier. 

Lastly, to find the multiplier and quotient for the next superior, which are the final dividend and 
divisor 173 and 71- Taking the dividend as composed of 142 and 31 ; and seeking a multiplier 
which will answer for the second portion 31 with the divisor 71 ; the multiplier and its quotient are 
the former transposed: and the entire quotient is completed by adding the product of the upper 
terms of the series, (and answers to the same additive but affirmative); after which the lowest term 
is of no further use : and the series is now reduced by its rejection to two terms, viz. 

117 Quotient. 

48 Multiplier. 

Thus, according to the tenor of the rule, the work is to be repeated as many times as there are 
quotients of the reciprocal division; that is, until two terms remain (§ 56). In all these operations, 
except the first, the multiplier is last term but one in the series; and the quotient of the second 
portion of the dividend is the last. But, in the first operation, there is no quotient of a second por¬ 
tion to be added. Therefore, for the sake of uniformity in the precept, a cipher is directed to be 
added at the foot of the series (§ 55), that the multiplier may always be penultimate. 

If the multiplier be increased by the addition of any multiple of the divisor, the corresponding 
quotient will be augmented by an equimultiple of the dividend (§ 64); and, in like manner, if the 
multiplier be lessened by subtraction of any multiple of the divisor, the quotient is diminished by 
the like multiple of the dividend. Wherefore it is directed to divide the pair of numbers remain¬ 
ing in the series, by the dividend and divisor, and the remainders are the quotient and multiplier 
in their least terras. (§ 56.) Crisiix. 

1 The multiplier for the last dividend, being put equal to the additive, is adapted, as has been 
observed, (see preceding note,) to a negative additive; and thence proceeding upwards, the multi¬ 
plier and quotient, which are transposed at each step, are alternately adapted to positive and nega¬ 
tive additives; that is, at the uneven steps to a negative one; and at the even, to a positive one. 
If then the number of dividends, or, which is the same, that of the quotients of reciprocal division, 
be even, the multiplier and corresponding quotient are adapted to a positive additive; if it be odd, 
they are so to a negative one. In the latter case, therefore, the complement of each to the divisor 
and dividend respectively, is taken, to convert them into multiplier and quotient adapted to an 
affirmative additive. For the dividend, being multiplied by the divisor and divided by the same, 
has no remainder, and the quotient is equal to the dividend: therefore when it is multiplied by a 
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58. The multiplier is also found by the method of the pulverizer, the 
additive quantity and dividend being cither reduced by a common measure, 
[or used unreduced.]* But, if the additive and divisor be so reduced, the 
multiplier found, being multiplied by the common measure, is the true one. 1 

59 . The multiplier and quotient, as found for an additive quantity, being 
subtracted from their respective abraders, answer for the same as a subtrac¬ 
tive quantity. 1 Those deduced from an affirmative dividend, being treated 
in the same manner, become the results of a negative dividend/ 

60. A half stanza. The intelligent calculator should take a like quo¬ 
tient [of both divisions] in the abrading of the numbers for the multiplier 
and quotient [sought]/ 

number less than the divisor, and separately by the complement of this multiplier to the divisor, 
both products being divided by the divisor, should the one have a positive remainder, the other will 
want just as much to complete the amount of the divisor; and the quotient of the one added to 
that of the other [completed] will be equal to the dividend* Wherefore, if the quotient and mul- 
tiplier for a negative additive be subtracted from their respective abraders, (the dividend and divi¬ 
sor,) the differences will be the quotient and multiplier for a positive additive, and conversely* 
(§ 57 and 59). Crisun. 

1 Game's a on Lil&xati. 

* The quotient at the same time found will be the true one.— Gan. on LiL In the former instance,' 
the quotient as found was to be multiplied by the common measure.— Ibid. If the dividend and 
additive be abridged, while the divisor remains unchanged, it is plain, that the quotient will be an 
abridged one, and must be multiplied by the common measure to raise the quotient for the original 
numbers. In like manner, if the divisor and additive be reduced to least terms, while the dividend 
is retained unaltered, the multiplier thence deduced must be taken into the common measure. 
If separate common measures be applicable to both, viz. dividend and additive, the multiplier and 
quotient, as thence found in an abridged form, must be multiplied by the common measures respec¬ 
tively. Cuisiin. on Vrj. 

Suryada'sa directs the multiplier alone to be found by this abbreviated method, and then to 
use the multiplier thence deduced for finding the quotient. See Su'r. on LiL 

3 See the beginning of note ( l ) to § 56; and the note (‘) to § 57. See also the author’s remark- 
after § 67 . 

A change of the sign in the dividend has the like effect on the results ; and ihe complement of 
the multiplier to the divisor, and that of the quotient to the dividend, are the multiplier and quo¬ 
tient adapted to the dividend with an altered sign. See the sequel of this stanza* § 59* 

4 This second half of the stanza is not inserted in the Lildvati . Crisiina, the commentator of 
the Vija-Gariita> notices with censure a variation in the reading of the text; “ Those deduced from 
a negative dividend, being treated in the same manner, become the results of a negative divisor.” 

5 The rule is applicable when the additive quantity exceeds the dividend and divisor. 
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61. But the multiplier and quotient may be found as before, the additive 
quantity being [first] abraded by the divisor; the quotient, however, must 
have added to it the quotient obtained in the abrading of the additive. 
But, in the case of a subtractive quantity, it is subtracted. 

62. ’ Or the dividend and additive being abraded by the divisor, the mul¬ 
tiplier may thence be found as before; and the quotient from it, by multi¬ 
plying the dividend, adding the additive, and dividing by the divisor.* 

63. If there be no additive quantity, or if the additive be measured by 
the divisor, the multiplier may be considered as cipher, and the quotient as 
the additive divided by the divisor.’ 

64 . Half a stanza. The multiplier and quotient, being added to their 


1 This stanza, omitted in the greatest part of the collated copies of the lAl&cati and by most of 
its commentators, occurs in all copies of the Vija-gunita y and is noticed by the commentators of the 
algebraic treatise. 

* If the divisor be contained in the additive, this is abraded by it, and the remainder is employed 
as a new additive (§6t). Here the additive is composed of two portions or terms: one a multiple 
of the divisor; the other the remainder or new additive : from the latter the multiplier is found; 
such, that, multiptying the dividend by it, and adding the reduced additive, the sum, divided by the 
divisor, yields no remainder. The other portion of the additive, being a multiple of the divisor, of 
course yields none: but the quotient is increased by as many times as the divisor is contained in it, 
if it be positive; or reduced by as much, if it be negative. ... 

If both dividend and additive contain the divisor, abrade both by it, and use the remainder as 
dividend and additive: whence find the multiplier: which will be the same as for the whole num¬ 
bers: and the proof is similar, grounded on considering the dividend as composed of two portions. 
The quotient, however, is regularly deduced by the process at large of multiplying the dividend by 
the multiplier, adding the additive, and dividing by the divisor (§ 62). Or it may be deduced from 
the quotient that is found with the multiplier, by adding to that quotient, or subtracting from it, 
the sum or the difference (according as the additive was positive or negative) of the dividend taken 
into the multiplier and the additive, both divided by the divisor. This last mode is unnoticed by 
the author, being complex. Crisiin. 

3 If the additive be nought, multiply the dividend by nought, the product is nought, which being 
divided by the divisor, the quotient is nought, and no remainder. Jf the additive be a multiple of 
the divisor, multiply the dividend by nought, the product is nought; and the operation is confined 
to the division of the additive by the divisor. Being a multiple of it, there is no remainder; and 
the quotient of this division is the quotient sought. Citfsm/, 
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respective [abrading] divisors multiplied by assumed numbers, 1 become mani¬ 
fold. 1 

65. Example. Say quickly, mathematician, what is that multiplier, by 
which two hundred and twenty-one being multiplied, and sixty-five added 
to the product, the sum divided by a hundred and ninety-five becomes cleared 
(giving no residue)? 


Statement: Dividend 221 
Divisor 1.95 

Here the dividend and divisor being divided reciprocally; the dividend, 
divisor and additive, reduced to their least terms by the last of the remain¬ 
ders 13, become Dividend 17 
Divisor 15 


Additive 65. 


Additive 5. 


The reduced dividend and divisor being mutually divided, and the quo¬ 
tients put one under the other, the additive under them, and cipher at the 
bottom, the series which results is 1 

7 

5 

0 

Multiplying by the penult the number above it and proceeding as di¬ 
rected [$ 56], the two quantities obtained are 40 

35 


These being abraded by the reduced dividend and divisor 17 and 15, the 
quotient and multiplier are found 6 and 5. Or, adding to them arbitrary 
multiples of their abraders, the" quotient and multiplier are 23, 20; or 40, 
35, See. 


66 . Example. If thou be expert in the investigation of such questions, 

1 To arbitrary multiples of the divisors used in abrading the pair of terms, from which they are 
deduced as residues of a division; in other words, multiples of the reduced dividend and divisor 
which had been used as divisors of the pair of terms. 

* Additive apart, if the multiplier be equal to a multiple of the divisor, the quotient will be an 
equimultiple of the dividend. Wherefore, if additive be null, the multiplier is cipher (§ 63) with 
or without a multiple of the divisor added; and Lhe corresponding quotient will be cipher with a 
like multiple of the dividend: and generally, the multiplier and quotient having heen found for 
any given additive, dividend and divisor, equimultiples of the divisor and dividend may be respec¬ 
tively added to the multiplier and quotient. See Ciusnsr. 


PULVERIZER. 


163 


tell me the precise multiplier, by which a hundred being multiplied, with 
ninety added to the product or subtracted from it, the sum or the difference 
may be divisible by sixty-three without a remainder. 


Additive or subtractive 90 . 

And the quotient and multiplier found as before 
are 30 and 18. 


Statement: Dividend 100 
Divisor 63 

Here the series is 1 
1 
1 
2 
2 
1 

90 

0 

Or the dividend and additive being reduced by the common measure ten, 
the statement is Dividend 10 Additive g 

The series is 0 And the multiplier conies out 45. The quotient is here not 
6 
3 
9 
0 

to be taken. As the quotients in this series are an odd number, the multi¬ 
plier 45 is to be subtracted from its abrader 63; and the multiplier thus 
found is the same 18. The dividend being multiplied by that multiplier, 
and the additive quantity being added, and the sum divided by the divisor, 
the quotient found is 30. 

Or the divisor and additive are reduced by the common measure nine: 

Dividend 100 Additive 10 The series then is 14 The multiplier thence 
Divisor 7 ' 3 

10 

0 

deduced is 2: which multiplied by the common measure 9, makes the 
same 18. . < 

Or, the dividend and additive are reduced, and further the divisor and ad¬ 
ditive, by common measures. Dividend 10 . ,... . 

Divisor 7 A<Wlt,ve >• 

Proceeding as before, the series is 1 Hence the multiplier is found 2; 

2 

1 

0 

v 2 
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which multiplied by the common measure of the divisor and additive (viz. 9 ) 
becomes the same 18. Whence, by multiplication and division, the quo¬ 
tient is found 30. 

Or, adding to the quotient and multiplier arbitrary multiples of their divi¬ 
sors, the quotient and multiplier are 130, 81; 230, 144, See. 

67 . Example. Tell me, mathematician, the multipliers severally, by 
which the negative number sixty being multiplied, and three being added to 
the product, or subtracted from it, the sum or difference may be divided by 
thirteen without remainder. 1 

Statement: Dividend 60 A<W i ti ve (or subtract!ve) 3 . 

Found as before 1 for an affirmative dividend and positive additive quantity, 
the multiplier and quotient arc 11 and 51. These, subtracted from their 
abraders 13, 60, give for a negative dividend and positive additive [$59] 2, 9. 
These again, subtracted from their abraders 13, 60 , give for a negative divi¬ 
dend and negative additive 11 , 51. “ Those (the multiplier and quotient! 

deduced from an affirmative dividend, being treated in the same manner, 
become results of a negative dividend.” (§ 59). This has been by me spe¬ 
cified to aid the comprehension of the dull: for it followed else from the 
rule, “ The multiplier and quotient, as found for an additive quantity, being 
subtracted from their respective abraders, answer for the same as a subtrac¬ 
tive quantity[ibid.] since the addition of negative and affirmative is pre¬ 
cisely subtraction. Accordingly taking the dividend, divisor and additive 
as all positive, the multiplier and quotient are to be found: they are results 
of an additive quantity. • Subtracting them from their abraders, they are 
to be rendered results of a negative quantity. 

If either the dividend or its divisor become negative, the quotients of re¬ 
ciprocal division would he to be stated as negative: which is a needless trou¬ 
ble. Were it so done, one (either dividend or divisor) becoming negative, 

i ‘ ‘ ■ 

1 This stanza differs from one in the Lil/ivati (§ 257) in the amount of the additive or subtractive 
quantity; and in specifying the sign of the dividend. It comprises two examples: the additive 
being either negative or positive. 

* The series whence the pair of numbers : which abraded give o> c* ; 

and, the quotients being uneven in number, they are subtracted from their abraders % 2 and yield 
the quotient and multiplier 51, II, Crisiin. 
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there would be error in the quotient [and multiplier 1 ] under the last men¬ 
tioned rule 64> 

Mi M| „ I 1 . r 

68. Example. By what number being multiplied will eighteen, having 
ten added to the product, or ten subtracted from it, yield an exact quotient, 
being divided by the negative number eleven?* 

Statement. Dividend 18 Additive ( or subtractive) 10. 

Divisor 11 > ' ' 

Here the divisor being treated as affirmative, the multiplier and quotient 
are 8, 14. The divisor being negative, they are the same: but the quotient 
must be considered to have become negative, since the divisor is so; 8,14. 
The same, being subtracted from their abraders, become the multiplier and 
quotient for the negative additive; 3, 4. 

69 . Example. What is the multiplier, by which five being multiplied, 
and twenty-three added to the product, or subtracted from it, the sum or dif¬ 
ference may be divided by three without remainder? 

Statement: Dividends Additlvc (or subtractive) »3. 

Here the series is 1 and the pair of numbers found as before is 46 
1 23 

23 
0 

These arc to be abraded by the dividend and divisor. The lower number 
being abraded by three,, the quotient is seven. The upper one being so by 
five, the quotient would be nine. This, however, is not accepted: but, un¬ 
der the rule for taking a like quotient (§ 60), seven only. Thus the multi¬ 
plier and quotient are found 2, 11. By the former rule (§ 59) the multiplier 
and quotient answering to the same as a negative quantity come out 1, 6. 
Added to arbitrary multiples of their abraders (§ 63), so as the quotient may 
be affirmative, the multiplier and quotient are 7, 4, &c. So in every [similar] 
case. 

Or, applying another rule (§6l), the statement is Divd. 5 Abraded Q 

Divr. 3 Additive 


* The error would be in the multiplier as well as the quotient. 
? An example not inserted in the LUdvati; being algebraic. 


Crisun. 
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The multiplier and quotient hence found as before arc 2 , 4. These, sub¬ 
tracted from their respective divisors, give 1 , 1 ; as answering to the subtrac¬ 
tive quantity. The quotient obtained in abrading the additive being added, 
the result is 2 , 11 , answering to the additive quantity; or subtraction being 
made, 1 , 6 , answering to the subtractive; or (adding thereto twice the divi¬ 
sors, to obtain an affirmative quotient,) 7 , 4 . 


70 . Example. Tell me, promptly, mathematician, the multiplier, by 
which five being multiplied and added to cipher, or added to sixty-five, the 
division by thirteen shall in both cases be without remainder. 


Statement: Dividend 5 . , .... „ 

Divisor 13 A* 1 "'™ 0 - 

There being no additive quantity, the multiplier and quotient are 0 , 0 ; or 
13, 5. 


Statement: Dividend 5 Additive < 55 . 

Divisor 13 

By the rule (§ 63 ) the multiplier is cipher, and the quotient is the additive 
divided by the divisor, 0 , 5; or 13, 10 , &c. 


71. Rule for a constant pulverizer:' Unity being taken for the additive 
quantity, or for the subtractive, the multiplier and quotient, which may be 
thence deduced, being severally multiplied .by an arbitrary additive or sub¬ 
tractive,® and abraded by the respective divisors, will be the multiplier and 
quotient for such assumed quantity.* 

In the first example (§ 65 ) the statement of the reduced dividend and divi- 
sos, with additive unity, is Dividend 17 Atlditive , Herc the multiplier and 


1 A rule which is of especial use in astronomy.—C rishn. Si/r. See Algebra of Braijme- 
gufta, § 9 — 12, and § 35. 

* If the arbitrary additive be positive, the multiplier and quotient, as found for additive unity, 
are to be multiplied by the arbitrary affirmative additive. If it be negative, those found for sub¬ 
tractive unity are to be multiplied by the arbitrary subtractive, or negative additive. Crisiix. 

* The rule may be explained by that of proportion: if unity as the additive (or subtractive) 

quantity give this multiplier and this quotient, what will the assumed additive (or subtractive) 
quantity, yield? t Ciusiix. 
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quotient are found 7, 8. These, multiplied by an'assumed additive five, and 
abraded by the respective divisors, give for the additive 5, the multiplier and 
quotient 5, 6. , , 

Next, unity being the subtractive quantity, the multiplier and quotient, 
thence found, are 8, £)• These, multiplied by five and abraded by their re¬ 
spective divisors, give 10, 11. Soiu every [similar] case. 

Of this method of investigation great use is made in the computation of 
planets. 1 On that account something is here said [by way of instance.] 

72- Let the remainder of seconds be made the subtractive quantity, sixty 
the dividend, and terrestrial days the divisor. The quotient deduced there¬ 
from will be the seconds; and the multiplier will be the remainder of mi¬ 
nutes. From this again the minutes and remainder of degrees are found: 
and so on upwards. In like manner, from the remainder of exceeding 
months and deficient days, may be found the solar and lunar days.* 

1 It is less employed in popular questions, where the dividend and divisor are variable. But, 
in astronomy, where additive or subtractive quantities vary, while the dividend and divisor are con¬ 
stant, this method is in frequent use. See Crishn. 

* By the rule for finding the place of a planet ( Siromani , § .50) the whole number of elapsed days, 
multiplied by the revolutions in the great period calpa , and divided by the number of terrestrial 
days in a calpa, gives the past revolutions: the residue is the remainder of revolutions; which, mul¬ 
tiplied by twelve and divided by terrestrial days in a calpa, gives the signs: the balance is remain¬ 
der of signs; and multiplied by thirty, and divided by terrestrial days, gives the degrees: the over¬ 
plus is remainder of degrees ; and multiplied by sixty, and divided by terrestrial days, gives minutes: 
the surplus is remainder of minutes; and this again, multiplied by sixty, and divided by terrestrial 
days, gives seconds: and what remains is residue of seconds. Now, by inversion, to find the pla¬ 
net's place from the remainder of seconds: if the remainder of seconds be deducted from the 
remainder of minutes multiplied by sixty, then the difference divided by terrestrial days will yield 
no residue: but the remainder of minutes being unknown, its multiple by sixty is so a fortiori: 
however, remainder of minutes multiplied by sixty, and sixty multiplied by remainder of minutes, 
are equal; for there is no difference whether quantities be multiplicator or multiplicand to each 
other. Therefore sixty, multiplied by remainder of minutes, and having remainder of seconds sub¬ 
tracted from the product, will be exactly divisible by terrestrial days without residue; and the 
quotient will be seconds. Now, in the problem, sixty and the remainder of seconds [as also the 
terrestrial days in a calpa'] are known: and thence to find the remainder of minutes, a multiplier is 
to be sought, such that sixty being multiplied by it, and the subtractive quantity (remainder of se¬ 
conds) being taken from the product, the difference may be divisible by terrestrial days without 
residue; and this precisely is matter for investigation of (cuttaca) the pulverizing multiplier. 

C Ilfs JIN. 
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The finding of the [place of the] planet and the elapsed days, from the 
remainder of seconds in the planet’s place, is thus shown. It is as follows. 
Sixty is there made the dividend; terrestrial days, the divisor; and the re¬ 
mainder of seconds, the subtractive quantity : with which the multiplier and 
quotient are to be found. The quotient will be seconds; and the multiplier, 
the remainder of minutes. From this remainder of minutes taken [as the 
subtractive quantity] the quotient deduced will be minutes; and the multi¬ 
plier, the remainder of degrees. The residue of degrees is next the subtrac¬ 
tive quantity; terrestrial days, the divisor; and thirty, the dividend: the 
quotient will be degrees; and the multiplier, the remainder of signs. Then 
twelve is made the dividend; terrestrial days, the divisor; and the remainder 
of signs, the subtractive quantity : the quotient will be signs; and the multi¬ 
plier, the remainder of revolutions. Lastly, the revolutions in •a. calpa become 
the dividend; terrestrial days, the divisor; and the remainder of revolutions, 
the subtractive quantity: the quotient will be the elapsed revolutions; and 
the multiplier, the number of elapsed days. Examples of this occur [in the 
Sirbmani ] in the chapter of the [three] problems. 1 * 

In like manner the exceeding months in a calpa are made the dividend; 
solar days, the divisor; and the remainder of exceeding months, the subtrac¬ 
tive quantity: the quotient will be the elapsed additional months; 5 and the 
multiplier, the elapsed solar days. So the deficient days in a yuga 3 are made 
the dividend; lunar days, the divisor; and the remainder of deficient days, 
the subtractive quantity:, the quotient will be the elapsed fewer days; 4 and 
the multiplier, the elapsed lunar days. 

73. Rule for a conjunct pulverizer:* If the divisor be the same, and the 
multipliers various [two or more 6 ]; then, making the suni of those multi- 


1 Prasn&’d'hytiya; meaning ihe Triprasnd'd'fiytiya of ihe astronomical portion of the Sirvmatli. 

3 The excess of lunar above solar months. 

3 Yuga is here an error of the transcriber for calpa; or has been introduced by the author to 
intimate, that the method is not restricted to time calculated by the calpa , but also applicable 
when the calculation is by iheyt/ga or any other astronomical period. Ciusiin. 

This reading, however, does not occur in copies of the Uildvati , though it do in all collated ones 
of the Vtja-gariita: nor is it noticed by the commentators of the LUdvati. 

* Difference between elapsed lunar and terrestrial days. 

5 See Lildvati, § 265. 

* Crishn. on Vy, and Gan. on LU , 


CONJUNCT PULVERIZER. 169 

pliers the dividend, and the sum of the remainders a single remainder; and 
applying the foregoing method of investigation, the precise multiplier so 
found 1 is denominated a conjunct one. 


74. Example. What quantity is it, which multiplied by five, and di¬ 
vided by sixty-tliree, gives a residue of seven; and the same multiplied by 
ten and divided by sixty-three, a remainder of fourteen ? declare the number. 
Here the sum of the multipliers is made the dividend; and the sum of the 

residues, a subtractive quantity; and the statement is Divd. 15 c , . a1 

Divr. 63 Sut>trac - 21 - 


Proceeding as before, the multiplier is found 14. 
ber required. 


It is precisely thenum- 


1 As, putting the multiplicand for dividend, the multiplier is found by the investigation which 
is the subject of this chapter; so, making the multiplicator dividend, the multiplier found by the 
investigation is multiplicand, in like manner as sixty is made dividend, in the foregoing instance 
(§ 72). Then, as the given quantity, being lessened by subtraction of an amount equal to the resi¬ 
due of the division of it by the divisor after multiplication by one of the multiplicators, becomes 
exactly divisible; so, by parity of reasoning, it does, when lessened by the subtraction of the 
respective remainders, which the whole number yields, being severally multiplied by the rest of the 
multiplicators and divided by the divisor. And generally, if the divisor be the same, then, as the 
quantity, severally multiplied by the multiplicators and lessened by the respective remainders, 
becomes exactly divisible by the divisor; so it does, when, being severally multiplied, the multi¬ 
ples are added together and the sum is lessened by ihe aggregate of remainders. Now the quantity 
multiplied by the sum of the multiplicators is the same as if severally multiplied by the multipli- 
cators and the multiples then added together. Therefore the sum of the multiplicators is taken 
for a multiplicator [and employed as a dividend;] and the aggregate of the remainders is received 
for a remainder [and employed as subtractive or additive.] Cuisiin. 
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AFFECTED SQUARE .* 

SECTION I. 

75 —81. Six and a half stanzas. Rules for investigating the square- 
root of a quantity with additive unity: Let a number be assumed, and 
be termed the “ least” root. 1 2 That number, which, added to, or sub¬ 
tracted from, the product of its square by the given coefficient, 3 makes 
the sum (or difference) give a square-root, mathematicians denominate 

1 Varga-pracriti or Criti-pracrtti ; from varga or crWi, square, and pracrlli , nature or principle. 

* This branch of computation is so denominated, either because the square of y6vat or of another 
symbol is (praefiti) the subject of computation; or because the calculus is concerned with the 
number which is ( pracrYti) the subject affecting the square of pa or other symbol. The number, 
that is (praeviti) the subject in respect of such square, is intended by the term. It is the mul¬ 
tiplier of the square of the unknown: and therefore, in this investigation of a root, the multiplier 
of the square is signified by the word pracrYti .' Ciusiix. 

See § 185; the author's own comment on that and on § 187 and §171- In one place pracrYti 
is applied by him to the square affected by the coefficient; in the other it is declared to intend the 
coefficient affecting the square. The commentator Si/ryadasa interprets it in the first sense 
(note on § lpo); and Crisuxa, in the latter. (Vide supra). 

‘The method here taught subserves the solution of certain problems producing quadratic equa¬ 
tions that involve more than one unknown term.' Cnfsiix. 

4 Hraswa , canisht'ha , or laghu , (mtila;) the “least" root; so denominated with reference to 
additive quantities, though it may exceed the other root, when the quantity is subtractive (a ne¬ 
gative additive) and is comparatively large. See Ciusnx. 

3 PracrYti or guria ; the given coefficient (ancaj and multiplier (guna) affecting the square. 
See a preceding note, and Chap. 7. 
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a positive or a negative additive ;* and they call that root the “ greatest” 
one.® 

7 6. Having set down the “ least” and “ greatest” roots and the additive, 
and having placed under them the same or others,* in the same order, many 
roots are to be deduced from them by composition. 4 Wherefore their com¬ 
position is propounded. 

77 . The “ greatest” and “ least” roots are to be reciprocally multiplied 
crosswise ; s and the sum of the products to be taken for a least root. The 
product of the two [original] “ least” roots being multiplied by the given 
coefficient, and the product of the “greatest” roots being added thereto, the 
sum is the corresponding greatest root; and the product of the additives 
will be the [new] additive. 

78. Or the difference of the products of the multiplication crosswise of 
greatest and least roots may be taken for a “ least” root: and the difference 
between the product of the two [original] least roots multiplied together 
and taken into the coefficient, and the product of the greatest roots multi¬ 
plied together, will be the corresponding “ greatest” root: and here also the 
additive will be the product of the two [original] additives. 

79■ Let the additive divided by the square of an assumed number, be a 

1 Cshepa , an additive either positive or negative : a quantity superinduced, either affirmative or 
negative, and consequently additive or subtractive. See chap. 2 , §53 et passim, LiL ch. 11 , 
§ 248. 

* Jytsht'ha, the “ greatest” root, contradistinguished from Camsht'ha , the least root: although 
it may in some cases be less, when the ashepaca , or additive, is negative.— Crishn. Provided 
this subtractive quantity be large and the coefficient small. 

3 That is, other roots for the same coefficient affecting the square. Crishn. 

4 Bh&vand, composition, or making right* by combination. It is'twofold: 1 st. yoga-bhdvand , 

or samdsa-bhdvand, composition by the sum of the products (§ 77) ; 2 d. antara-bhdvand, or vistsha- 
bhdrand, composition by the difference (§ 78 ). Recourse is had to the first, when large roots are 
sought; to the second, when small are required. CRfsiiN. 

5 Vajrdbhydsa , multiplication crosswise or zigzag. From vajra, lightning or the thunderbolt, 
and abhydsa, reciprocal multiplication. It is oblique multiplication (tiryag-gurianaJ, 

Su'r. and Ciusiin. 

* 

• Shivnyati, tidd'ha-carvti (makes right). Cltlsntc. > 
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new additive ; and the roots, divided by that assumed number, will be the 
corresponding roots. Or the additive being multiplied [by the square], the 
roots must, in like manner, be multiplied [by the number put]. 

* 

80—81. Or divide the double of an assumed number by the difference 
between the square of that assumed number and the given coefficient; and 
let the quotient be taken for the “ least” root, when one is the additive 
quantity; and from that find the “greatest” root. Here [the solutions are] 
infinite, as well from [variety of] assumptions, as from [diversity of] com¬ 
position. 1 

* The principle of the first rule (§ 75,) as observed by the commentator Ciusiina-bhat't'a, is 
too evident to require demonstration. That of § 79 is used by him in demonstrating the others, 
and is thus given : A square, multiplied or divided by a square, yields still a square. If both 
sides of the equation (L 9 . coeff. + A = G 9 ) be multiplied or divided by the square of auy assumed 
number, equality continues. Now, as the squares of the M leant” and “ greatest” roots are here 
multiplied by the square of the assumed number, the factor of those roots themselves will be the 
simple number put. 

The demonstration of § 77, which is given in words at length, joined with a cumbrous notation 
of the algebraical expressions, may be thus abridged: To distinguish the two sets, let L, G and A 
represent one set; 1, g and a the other; and C the given coefficient.* Then, under §79, putting 
g for the assumed number, another set is deduced from the first, L.g,G.g, A.g*. Whence C.L\g* + 
A.g*=G\g*. Substitute for g* its value C.l 9 4-a ; and the additive A.g* becomes A.CI.*-f- A.a; 
and, substituting in the first term for A its value G*—C.L 9 , it becomes C.GM*—C*.L.*l , -f A.a. 
Hence the equation C.L\g*+C.G\I*—C*.LM*+ A.a=G*.g 9 ; whence, transposing the negative 
term and adding or subtracting SC.L.G.l.g; the result is C.(L.g*f l.G)*4- A.a=r(G.g+C.L.]) 9 . See 
§78. 

The concluding rule § 80—81 is thus proved by the same commentator: 1 Twice an assumed 
number being put for the “ least” root (§ 75) its square is four times the square of that assumed 
number. The point is to find a quantity such, that being added to this quadruple square taken 
into the given coefficient, the sum may be a square. Now the difference between the square of 
the sum of two quantities and four times their product is the square of their difference. Therefore 
four times the square of the assumed number, multiplied by the given coefficient, and added to 
the square of the difference [between the square of the assumed number and the coefficient,] must 
of course give a square-root. Thus the “ least” root is twice the number assumed ; and the addi¬ 
tive quantity is the square of the difference between the square of the assumed number and the 
coefficient. But, by the condition of the problem, the additive quantity must be unity. Divide 
therefore, under § 79, by the square of the difference, at the same time dividing the root by the 
simple difference between the square of the assumed number and the given coefficient/ CitfsiiN. 


• Ciusiina-bhatta puts the symbols pra, & ca, djyd, d cshS, dun cn, dtcijyd, and dirt c*Jn?, initial syllables of pracrlti 
coefficient affecting the square, ddya first and dwitiya second, oanisht , haleast,Jt/&M’Jia greatest (root) and eshtpa additive. 
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82. Example. What square, multiplied by eight, and having one 
added to the product, will be a square ? Declare it, mathematician! Or 
what square, multiplied by eleven, and having one added to the product, 
will be a square, my friend ? 

Statement on Example 1st: C 8 A 1. 

Here putting unity for the assumed “ least” root, the “ greatest” root is 
three, and additive one. Statement of them for composition : 

C 8 L 1 G 3 A 1 
11 g 3 a 1 

By the rule [§ 77] the first “ least” root 1, multiplied by the second 
“ greatest” root 3, gives the product 3. The second “ least” root, by the 
first “greatest,” gives the like product. Their sum is 6. Let this be the 
“ least” root. The product of the two “less” roots 1, being multiplied by 
the given coefficient 8, and added to the product of the two “ greater” 
roots 9 , makes 17- This will be the “ greater” root. The product'of the 
additives will be the additive 1. 

Statement of the former roots and additive, with these, for composition: 

C 8 L 1 G 3 A 1 
Id g 17 a 1 

Here, by composition, the roots are found.L 35 G 99 A 1; and so on, 
indefinitely, by means of composition. 

Statement on Example 2d : Putting unity for the assumed “ least,” and 
subtracting two from the square of that multiplied by the given coefficient 
11, the “greater” root is 3. Hence the statement for composition is 
C 11 L 1 G 3 A 2 
1 I g 3 a 2 

Proceeding as before, the roots for additive 4 are L 6 G 20 A 4. 
Then, by the rule § 79, putting two for the assumed number, the roots for 
unity additive are found L 3 G 10 A 1. Hence, by composition of like 
sets, 1 the “ least” arid “ greatest” roots are found L 60 G 199 A 1. In like 
manner, an indefinite number of roots may be deduced. 

* T&lt/a-bhavanu; the combining of like sets. Whatever may have been the additive quantity 
first found, and whether it were positive or negative, the combination of like sets raises the addi¬ 
tive to a square; and then, under § 7 9t assuming a number equal to the root of that square, and 
dividing the additive by that square, the additive is reduced to unity, and the roots answering to 
it are found by division. 
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Or, putting unity for the “ least” root, the two roots for additive five arc 
found L 1_ G 4 A 5. Whence, by composition of like sets, L 8 G 27 
A 25. From this, by § 79, putting five for the assumed number, the roots 
for additive unity are found L £ Gy A 1. 

Statement of these with the preceding, for composition: L3 G 10 Al 

If g V a 1 

From composition by the sum, roots are deduced L G 5 £* A 1. 

Or, under rule § 78 ; from composition by the difference, they come out 
L\ Gf- A 1. And so on, in numerous ways. 

The roots for unity as the additive, may be found by another process, un¬ 
der § 80. Here, putting three for the assumed number, and proceeding as 
directed, the “ least” root comes out 6. Viz. assumed number 3. Its square 
9 • Given coefficients. -Their difference 1. Twice the assumed number 
6, divided by that difference, is 6; the “ least” root: L 6. Its square 36; 
multiplied hy the given coefficients, is 288; which, with one added, be¬ 
comes 289; the root of which is 17, the “greatest” root: G 17- 

So, in the second example likewise, putting three for the assumed num¬ 
ber, and proceeding as directed, the roots are found ; L3 G 10 A 1. 

Thus, by virtue of [a variety of] assumptions, and by composition either 
by sum or difference, an infinity of roots may be found. 1 


1 A variety of additives is also found: but it is not noticed, because the problem is restricted to 
additive unily. Crisiin. 
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83—86. Rule for the cyclic method: 1 * (completion of stanza 81, three 
stanzas, and half another.) Making the “ least” and “ greatest” roots and ad¬ 
ditive,® a dividend, additive and divisor, let the multiplier be thence 
found. 3 The square of that multiplier being subtracted from the given co¬ 
efficient, or this coefficient being subtracted from that square, (so as the re¬ 
mainder be small; 4 5 ) the remainder, divided by the original additive, is anew 
additive; which is reversed if the subtraction be [of the square] from the 
coefficient. 1 The quotient corresponding to the multiplier [and found with 
it] will be the “ least” root: whence the “ greatest” root may be deduced'. 6 
With these, the operation is repeated, setting aside the former roots and ad¬ 
ditive. This method mathematicians call that of the circle. Thus are in¬ 
tegral roots found with four, two, or one [or other number, 7 for] additive: 

1 C/tacrav/tla 9 a circle; especially the horizon. The method is so denominated because it pro¬ 
ceeds as in a circle: finding from the roots (“ greatest 1 ’ and “least 1 ’) a multiplier and a quotient 
(by Chapter 2); and thence new roots; whence again a multiplier and a quotient, and roots from 
them; and so on in a continued round. Sun. 

4 Previously found by § 75. Ciusiin. 

3 By the method of the pulverizer (cuttaca). Ch. 2. 

4 If the coefficient exceed the square of the multiplier, subtract this from the coefficient; but, 
if the coefficient be least, subtract it from the square : but so, as either way the residue be small. 
— Sur. Else another multiplier is to be sought, by Ch. 2. 

5 If the square of the multiplier were subtracted from the coefficient, the sign of the new addi¬ 
tive is reversed: if afiirmative, it becomes negative; if negative, it is changed to positive. 

Sur. and Crishn. 

6 It is deduced from the “ least* root and additive by the conditions of the problem : or, if re¬ 

quired, without the extraction of a root, by this following rule. ‘ The original “ greatest 1 ’ root, 
multiplied by the multiplier, is added to the “ least 1 ’ root multiplied by the given coefficient; and 
the sum is divided by the additive/ Ciifsm/. 

7 With four, two or one, additive or subtractive; or with some other number. Crishn. 
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and composition serves to deduce roots for additive unity, from those which 
answer to the additives four and two [or other number.] 1 

87. Example: What is the square, which, being multiplied by sixty- 
seven, and one being added to the product, will yield a square-root? and 
what is that, which multiplied by sixty-one, with unity added to the pro¬ 
duct, will do so likewise? Declare it, friend, if the method of the affected 
square be thoroughly spread, like a creeper,* over thy mind. 

Statement of Example 1st: (Putting unity for the “least” root, and ne¬ 
gative three for the additive.) C 67 El G 8 A 3. 

Making the “ least” root the dividend, the “ greatest” root the additive, 
and the additive the divisor, the statement for the operation of finding the 

multiplier (Ch. 2) is Dividend 1 Additive 8 . 

Divisor 3 

Here, by the rule § 61, the scries is 0; and the quotient and multiplier 

2 

0 

are found 0; which, as the number of quotients [in the series] is uneven, 

O 

must be subtracted from the abraders (§ 57) leaving 1; and the quotient 

1 

obtained in the abrading of the additive is to be added (§ 61) to the quo¬ 
tient here found; making the quotient and multiplier 3 Since the divisor 

1 

is negative, the quotient is considered so too (§ 68); and the quotient and 

multiplier are 3 Then the square of the multiplier 1, being subtracted from 

1 

the given coefficient 67, leaves 66 ; which, however, is not a small remainder. 
Putting therefore negative two for the assumed number by § 64, and mul¬ 
tiplying by that the negative divisor 3, and adding the product to the mul¬ 
tiplier, a new multiplier is found: viz. 7- Its square 4 9 being subtracted 

/ 

* If the additive be already a square integer, the problem of finding the roots that answer to 

additive unity is at once solved by § 79* Else raise it to a square by the combination of like sets, 
and then proceed by that rule. If the roots so found be not integral, repeat the method of th« 
circle, until the roots come out in whole numbers. Crisiix. 

* As a climbing plant spreads over a tree. 
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from the coefficient 67, the remainder 18, divided hy the original additive 
3, yields 6; the sign of which is reversed, as the subtraction .was of the 
square of the multiplier from the coefficient; and it thus becomes 6 positive. 

• The quotient answering to the multiplier, viz. 5,* is the “ least” root. 
Whether this be negative or affirmative, makes no difference in the further 
operation. It is noted then as 5 positive.' Its square being multiplied by 
the coefficient, and six being added to the product, and the square-root 
being extracted, the “ greater” root comes out 41. 


Statement of these again for -a further investigation of a pulverizer: 

Dividend 5 

tv • r- Additive 41. 

Divisor o 

Here the multiplier is found, 5. Its square, subtracted from the coeffi¬ 
cient, leaves 42; which, divided by the original additive 6, yields 7; the 
sign whereof is reversed because the subtraction was from the coefficient; 
and the new additive comes out 7. The quotient answering to the multi¬ 
plier is the “least” root, 11. Hence the “greatest” root is deduced, 90. 


Statement of these again for a further pulverizer: Divd. 11J 

Div. 7 

By the rule § 61, the abraded additive becomes 6, and the multiplier is 
found 5; and, since the products in the series are uneven, it is subtracted 
from its abrader, and the multiplier becomes 2. Its negative divisor (the 
former additive) being negative (7) is multiplied by negative one (1) as¬ 
sumed by § 64 and added to that multiplier, for a new multiplier 9; from 
the square of which 81, subtracting the given coefficient 67, the remainder 
14, divided by the original additive 7, gives the new additive 2. The quo¬ 
tient answering to the multiplier is the “ least” root 27 : whence the “ great¬ 
est” root is found 221. From these, others are to be deduced by combina¬ 
tion of like sets.' 


Statement: L 27 G 221 A 2 
1 27 g 221 a 2 

Proceeding as directed, the roots are found L 11934 G 97684 A 4. 


* —3+(l X —2). 
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These roots divided by the root of the additive four, viz. 2, give roots which 
answer to additive unity : L 5967 G 48842 A 1. 

Statement of Example 2d. C 6l Ll G8 A3. 

Statement for a pulverizer: Dividend 1 (Vdditive 8 

Divisor 3 1 1 

Proceeding as before, by §61, and putting two for the assumed number 
(§ 64) the multiplier is found 7. Whence roots, answering to the negative 
additive four, arc deduced L 5 G 39 A 4. Thence, by § 79, roots are 
found for subtractive unity, L G y A i. Statement of these for com¬ 
position L { Go A i 

1 i rr a 1 

1 2 & 2 tl 1 * 

From them are deduced roots answering to additive unity L ~ G 
A 1. 

Statement of these again, with roots answering to subtractive unity, for 
composition L G 3 T 9 A 1 

liM g a i 

Hence integral roots answering to subtractive unity are obtained L 3805 
G 29718 A i. From these, by combining like sets, roots for additive 
unity come out (in whole numbers) L 226153980 G 1766319049 A 1. 




( m ) 
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SECTION III. 


MISCELLANEOUS RULES. 

\ 

88— 89. 1 Rule: 2 If the multiplier [that is, coefficient affecting the 
square] be not the sum of [two] squares, when unity is subtractive, the in¬ 
stance proposed is imperfect. 3 The distance being correctly put, let unity 
twice set down be divided by the roots of the [component] squares: and 
the quotients be taken as two “ least” roots answering to subtractive unity : 4 


1 Conclusion of a preceding stanza § 86; one complete stanza; and beginning of another. 

* Where unity is subtractive, to discriminate impossible cases; and to solve the problem by 

another method, in those which are possible. Crisiin. 

3 Undeserving of regard.—S ur. The square of no number multiplied by such a coefficient, can, 
after subtraction of unity, be an exact square. Crishx. 

The subtractive unity is a square number. Now a negative additive may be a square number 
if the square of the “ least” root being multiplied by the coefficient comprise two squares; for 
then, one square being subtracted, the other remains to yield a square-root. But, for this end, it 
is necessary that the coefficient should have consisted of the sum of two squares ; for, as a square 
multiplied by a square is a square, the square of the “ least” root being multiplied by the two 
square component portions of the coefficient, the two multiples will be squares and component 
portions of the product. CRfsiiN. 

In explanation of the principle of this rule, Sur ya das a cites a maxim, that taking contiguous 
arithmeticals, or next following terms in arithmetical progression increasing by unity, twice the 
sum of the squares less one will be a square number. 

♦ The square of a “ least” root, [putting any number for the root at pleasure;] multiplied by 
either component square portion of the coefficient, will answer for a negative additive: for, the 
square of the “ least” root being severally multiplied by the squares of which the sum is the co¬ 
efficient, the two products added together are the square of the “ least” root multiplied by the 
coefficient; and, if from that be subtracted the square of the same multiplied by either portion of 
the coefficient, the remainder will be the square of the same multiplied by the. other square por¬ 
tion of the coefficient; and of course will yield a square-root. Now to deduce from this, roots 
answering to subtractive unity ; put for the assumed number by § 79 the “ least” root [any how 
assumed as above] multiplied by the root of either component square portion of the coefficient, and 

A A c 2 



180 


V I'J A-G A N'lT A. 


Chapter III. 


and the correspondent “ greatest” roots may thence be deduced. Or two 
roots serving for subtractive unity may be found in the manner before 
shown. 


90. Example. Say what square, being multiplied by thirteen, with one 
subtracted from the product, will be a square number ? Or what square, 
being multiplied by eight, with one taken from the product, will yield a 
root? 

In the first of these instances, the coefficient-is the sum of the squares of 
two and three. Therefore let unity divided by two be a “ least” root for 
subtractive unity, ■£. From the square of that, multiplied by the coefficient, 
and diminished by the subtraction of unity, the corresponding “ greatest” 
root is deduced, Or let unity divided by. three be the “ least” root, a. 
lienee the “ greatest” root is found f. Or let the “ least” root be 1; from 
the square of which, multiplied by the coefficient, and diminished by the 
subtraction of four, the “ greatest” root comes out 3. Statement of them, 
in their order, L 1 G 3 A 4. By the rule § 79, roots answering to sub¬ 
tractive unity arc hence found 4 •£. Or subtracting nine from the square 
of the “ least” root multiplied by the coefficient, the “ greatest” root comes 
out: and roots arc thence found [by § 75—79] L-l Gf A 1. Or by the 
cyclic method (§ 83—86) integral roots may be deduced. Thus, putting 
those “ least” and “greatest” roots and additive (§83) for the dividend, 
additive and divisor, Dividend j- Additive a- an(l rcducill g them ty the 
Divisor 1 

common measure half, Dividend 1 Additive 3 t,ie nuilt, P 1 ‘ er and ( l u0 " 

Divisor 2 

tient arc found by investigation of the pulverizer (Ch. 2), 1 and 2. Here 
putting negative unity for an assumed number, and adding its multiple .of 
the divisor to the multiplier, another multiplier is obtained, 3. Whence, by 
the rule (§ 84), the additive comes out 4; and the quotient found with the 

proceeding by (hat rule, § 79> the root answering to subtractive unity will be the “ least” root [be¬ 
fore assumed] divided by the present assumed number, which is the same 11 least” root multiplied 
by (he root of a component portion of the coefficient. Reduce the numerator and denominator of 
this fractional value to their least terms by their common measure, the “ least” root [before 
assumed] ; the result is, -for numerator, unity ; for denominator, the root of tlie component square 
portion of the coefficient. Chimin. 
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multiplier, becomes the “ least” root 3 ; and from these the “ greatest” root 
is deduced,- 11. Hence also, by repeating the cyclic operation (§ 83—84), 
integral roots for subtractive unity are found, L 5 G 18 A i. Here, as 
in every instance, an infinity of roots may be deduced by composition with 
roots answering to unity. 

In like manner, in the second example, where the given coefficient is 
eight, the “ least” and “greatest” roots, found as" above, are L-|- G 1 A 1* 

91 . Example: What square, being multiplied by six, and having three 
added to it, will be a square number? or having twelve added? or with the 
addition of seventy-five ? or with that of three hundred ? 

Here, putting unity for the “ least” root,- the statement is C 6 L 1 G 3 
A 3. Then, by rule § 79, multiplying the roots by two, [and the additive 
by its square four,] the roots answering for additive twelve come out L 2 
G 6 A 12. So, by the same rule, multiplying by five, [and the additive by 
twenty-five,] they are found for additive seventy-five, L5 G 15 A 75. 
Also, multiplying by ten, [and the additive by a hundred,] they are de¬ 
duced for additive three hundred, L 10 G 30 A 300. 

9 2. 2 Many being either additive or subtractive, corresponding roots may 
be found [variously] according to the [operator’s] own judgment: and from 
them an infinity may be deduced, by composition with roots answering to 
additive unity. 3 

, f * * a. 

93. Rule: 4 The multiplier [i.e. coefficient] being divided by a square, 
[and the roots answering to the abridged coefficient being thence found, 5 ] 
divide the “ least” root by the root of that square. 6 

* Roots in whole numbers may be hence deduced by the cyclic method, §83—86. Crisiin. 

* Completion of one stanza § 89 and half of another. 

3 The preceding rule was unrestrictive. Finding by whatever means roots which answer for the 
proposed additive, an infinity of them is afterwards thence deducible by composition with additive 
unity and its correspondent roots: as the author here shows. Crisun. 

* Applicable when the coefficient is measured by a square. Crismn. 

5 Chisiin. 

6 By parity, multiplying by any square the given coefficient, and finding the “ least" and 

greatest” roots for such raised coefficient, the “ least” root so found must be multiplied by the 

root of that square. Crisiin. * 
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94. Example: half a stanza. Say what square being multiplied by 
thirty-two, with one added to the product, will yield a square-root? 

* 

Statement: C 32. The “ least” and “greatest” roots, found as before, 
areL-J- G3 A 1. Or, by the present rule §93, the coefficient 32 divided 
by four, gives 8; to which the roots corresponding are found L 1 G 3 A 1; 
and dividing the “least” root by the root (2) of the square (4) by which the 
coefficient was divided, the two roots for the coefficient thirty-two, come 
out L-i- G 3 A 1. 

Or, dividing the coefficient by sixteen, it gives 2; to which the roots 
corresponding are L 2 G 3 A 1; whence, dividing the “ least” root by the 
square-root (4) of the divisor (1 6), the roots answering to the entire coeffi¬ 
cient are deduced L-i- G 3 A 1. 

Or, by the investigation of a pulverizer (Ch. 2) integral roots arc obtained 
(§ 83—86). L 3 G 17 A 1. 

95. Rule :* The additive, 4 divided by an assumed quantity, is twice set 
down, and the assumed quantity is subtracted in one instance, and added 
in the other: each is halved; and the first is divided by the square-root of 
the multiplier [that is, coefficient.] The results are the “least” and 
“ greatest” roots in their order. 1 * 3 


1 Applicable when the coefficient is a square number. Ciusiin. 

% The rule holds equally for a subtractive quantity; but with this difference, that the subtrac¬ 
tion and addition of the number put are transposed to yield the “ least” and “greatest” roots in 
their order. Or the rule may be applied as it stands, observing to give the negative sign to the 
additive: but the “ least” and “ greatest” roots will in this manner come out negative. It is, there¬ 
fore, preferable to transpose the operations of subtraction and addition of the assumed number. 

Ciusiin'. 

3 The square of the “ least” root being multiplied by a coefficient which also is a square, the 
product will be a square number. The additive being added, if the sum too be a square, [square 
of the u greatest” root;] the additive must be the difference of the squares. Now the difference 
of two squares, divided by the difference of the two simple quantities, will be their sum. Hence, 
putting any assumed number for the difference, and dividing by it the additive equal to the differ¬ 
ence of the squares, the quotient is the sum of the two quantities. Then, by the rule of concur¬ 
rence (L\l. § 55), the finding of the two quantities is easy. The one is the “ greatest” root; the 
other is the “ least” root taken into the root of the coefficient. Therefore, by inversion, that 
quantity, divided by the root of the coefficient, will be the “ least” root. Sur. and Cnfsnx. 
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96 . Example: What square, being multiplied by nine, and having 
fifty-two added to the product, will be square? or what square number, being 
multiplied by four, and having thirty-three added, will be square? 

Here, in the first example, the additive fifty-two being divided by an 
assumed number two, and the quotient set down twice, diminished and in¬ 
creased by the assumed number and then halved, gives 12 and 14. The first 
of these is divided by the square-root of the given coefficient; and the 
“least” and “greatest” roots are found, L 4 G 14. 

Or dividing the additive 52 by four, they thus come out L-§- Gy. 

In the second example, dividing the additive thirty-three by one put for 
the assumed number, the “least” and “greatest” roots are in like manner 
deduced, L8 G 17. Or, putting three, they are L 2 G 7- 1 

97 . Example :* Declare what square multiplied by thirteen, and lessened 
by subtraction of thirteen, or increased by addition of the same number, 
will be a square ? 

In the first example, coefficient 13. The “least” and “greatest” roots 
found [fov the subtractive quantity] are L 1 GO. Put an assumed number 
3; and, by rule § 80—81, roots answering for additive unity are found L 
G y. From these, by composition, roots answering to the negative addi¬ 
tive thirteen arc deduced L y G y. From which roots, corresponding 
to the negative additive, together with these other roots L G •§• answer¬ 
ing to subtractive unity, by the method of composition by difference, roots 
suited to additive thirteen are obtained L-S- G y. Or by composition by 
sum, they come out L 18 G 65. 

98. Example: 3 Say what square, multiplied by negative five, with 
twenty-one added to the product, will be a square number ? if thou know 
the method for a negative coefficient. 


Statement: C5 A 21. 

Here, putting one, the roots are 1 and 4. Or putting tw'o, they are 2 and 1. 


* Thus, by varying lhe assumptions, an infinity of results may be obtained. Crisiin. 

* To elucidate the case when the additive equals the coefficient. Crisiin. 

3 Showing, that roots may be found, even in cases where the coefficient is negative. Crisiin. 
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I3y composition with roots adapted to negative unity, an infinity may 
be deduced. 

99 . This computation, truly applicable to algebraic investigation, lias 
been briefly set forth. Next I will propound algebra affording gratification 
to mathematicians. 1 

1 By this conclusion it is intimated, that the contents of the preceding chapters (1—3) are in* 
troductory to the analysis, which the author proposed as the subject in the opening of the treatise 
(§2); and to which he now proceeds in the next chapters (4—8). See Sun. and Ciusnx. 
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CHAPTER IV 


SIMPLE EQUATION 

100—10£. Rule: Let “so much as” (yavat-tavat)* be put for the 
value of the unknown quantity f and doing with that precisely what is pro¬ 
posed in the instance, let two equal sides be carefully completed, adding 
or subtracting, multiplying or dividing, 1 * 3 4 [as the case may require.] 

101. Subtract the unknown quantity of one side from that of the other; 
and the known number of the one from that of the other side. Then by the 
remaining unknown divide the remainder of the known quantity : the quo¬ 
tient is the distinct value of the unknown quantity. 5 

1 Eca-vania-sam'icararia , equation uniliteral or involving a single unknown quantity. See 
note 2 in next page. 

* See § 17. 

3 Avyacta-r6si, indistinct quantity or unknown number (ajnydtanca) ; the unknown is repre¬ 
sented by ydvat-tdvat; or, if there be more than one, by colours or letters (§ 17) ; the known, by 
rupa , form, species, (absolute number.) See Sun. 

4 Or by multiplying and adding; or by multiplying and subtracting; by dividing and adding; 

or by dividing and subtracting; or by raising to a square or other [power]. Ciusiin. 

This first rule is common to all algebraic analysis. lb. 

5 Whatever be the unknown quantity (whether unit or aggregate of the known, or a part or 
fraction of such unit or aggregate,) is yet not specifically known. It is therefore denominated in¬ 
distinct or unknown; while that, which is specifically known, is termed distinct or known species. 
The operations indicated by the enunciation of the example being performed with the designation 
of the unknown, if by any means, conformably with the tenor of the instance, there at once be 
equality of the two sides, a value of the unknown in the known species is easily deducible. Thus, 
if on one side, there be only known number, and on the other side the unknown quantity only, 
then, as being equal, those numbers are a true value in the known, of that amount of the un¬ 
known. Hence, by rule of three, the quantity sought is found : viz. 4 of so many unknown 

B B 
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102. Under this head, for two or more unknown quantities also, [the al¬ 
gebraist] may put, according to his own judgment, multiples or fractions of 
“so much as,” (that is, yhvat-tavat , multiplied by two, &c. or divided;) or 
the same with addition or deduction [of known quantities.] Or in some 
cases he may assume a known value; with due attention likewise [to the 
problem.] 

\ The first analysis is an* equation involving a single colour (or letter).* 
The second mode of analysis is an equation involving more than one colour 
(or letter).® Where the equation comprises one, two or more colours, raised 

(yavat-tarat) if so many known frOpaJ be the value, then of the proposed number of unknown, 
what is the value ?' But, should there be on both sides some terms of each sort r it must be so 
managed, that on one side there be only terms of the unknown ; and on the other, of the known. 
Now it is a maxim, that, if equal [things] he added to, or subtracted from, or multiply, or divide, 
equal [things], the equality is not destroyed : as is clear. If then, from one side, the terms of 
the unknown contained in it be subtracted, there remain only known numbers on that side: but, 
for equality's sake, the like amount of unknown must be subtracted from the other side. The same 
is to be done in regard to the known number on one side, which must be subtracted also from the 
other. This being effected, there remain only terms of the unknown on one side; and of the 
known on the other. Then, by rule of three, ‘ if by this unknown quantity this known number 
be had, then by the stated amount of the unknown what is obtained?’ the remaining known term 
is to be divided by the residue of the unknown and to be multiplied by the proposed unknown. 
The one operation (that of division) is directed by the rule (§ 101); the other (the multiplication) 
is comprehended in (utt'hupana) the “ raising” of the answer;* both being reduced to proportions 
in which one term is unity. Therefore, by any means, (by subtraction or some other,) the two. 
sides of the equation are to be so treated, consistently, however, with their equality, as that 
known number may be on one side, and unknown quantity on the other. Else the solution will 
not be easy. Crisiix. 

1 Or symbol of unknown quantity. 

* Samicarana , samic&ra, samicnyti, equation: from sama, equal, and erf, to do : a making equal. 
It consists of two sides (paesha) ; and each may comprise several terms ( chanda , lit. part). 

The primary distinction of analysis (Vija) is twofold ; 1st. uniliteral or equation involving one 
unknown, eca-varria-sanucararia; where, a single unknown quantity designated by letter or colour 
(5 17 ) being premised, two sides are equated ; 2d. multiliteral or equation involving several un¬ 
known, ancca-xarna-samicarana , where, more than one unknown quantity represented severally by 
colours or letters being premised, two sides are equated. The first comprises two* and the second 
three sorts: viz. 1st. equation involving a single and simple unknown quantity.; 2d. equation in¬ 
volving a single unknown raised to a square or higher power ; 3d. equation involving several simple 
unknown* quantities; 4th. equation involving several unknown raised to the square or higher 
power; 5th. equation involving products of two or more unknown quantities multiplied together. 

9 Deducing of the answ er by substitution of value. See note 1, p. 188. and gloss on § 153—156. 
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to the square or other [power,] it is termed (macThyamaharana) elimination 
of the middle term. Where it comprises a (bhdvita) product, it is called, 
(bhavita) involving product of unknown quantities. Thus teachers of the 
science pronounce analysis fourfold. 

The first of these is so far explained: an example being proposed by the 
questioner, the value of the unknown quantity should be put once, twice, 
or other multiple of “ so much as” (yavat-tdvat) : and on that unknown 
quantity so designated, every operation, as implied by the tenor of the in¬ 
stance, 1 whether multiplication, division, rule of three, [summing of] pro¬ 
gression, or [measure of] plane figure, is to be performed by the calculator. 
Having so done, he is diligently to make the two sides equal. If they be 
not so in the simple enunciation [of the problem]; they must be rendered 
equal by adding something to cither side, or subtracting from it, or multi¬ 
plying by some quantity or dividing.* Then the unknown quantity of one 
of the two sides is to be subtracted from the unknown of the other side; and, 
in like manner, the square or other [power] of the unknown. The known 
numbers of one side are to be likewise subtracted from the known numbers 
of the other.® If there be surds, they too must be subtracted by the method 
before taught.* Then, by the residue of the unknown quantity, dividing 

These distinctions are reducible to four, by uniting the quadratics or equations of higher degree 
under one head of analysis; where, a power (square or other) of an unknown quantity represented, 
by colour or letter (or more than one such) being premised, and sides being equated, the value is 
found by means of extraction of the root. It is called madi hyamti liar ana \ and is so denominated 
because the middle term (mad'hyama chanda) is generally removed: being derived from mad'hyama , 
middlemost, and dharana , removal or elimination. (See Chap. 5.) These four distinctions are 
received by former writers:* the author himself, however, intimates his own preference of the 
primary distinction alone. Cuishn. 

1 Aldpa, enunciation of the prlch’kaca, or of the person proposing the question; or tenor of the 
instance (uddesaca) ; the condition of the problem. 

5 By superadding something to the least side; or subtracting it from the greater; or multiplying 
by it the less side ; or dividing by it the greater. Ciusiin. 

3 The side containing the lowest unknown has the most known; and conversely. Ordering the 

work accordingly, subtract the unknown in the second from that in the first side; and the known 
in the first from that in the second.— Sur. If there be a square or other {power] of the unknown, 
that also is to be subtracted from the like term of the other side, Crishn. 

4 Ch. 1. Sect. 4. Though the unknown or its power have a surd multiplier, subtraction must 
take place. The residue having still a surd coefficient, divide by that surd the remainder of known 

- 4 See Cii aturvjeda on Brajimecupta, ( Brahm . 12, $66 and 18, $ 32). 
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the remainder of the known numbers, the quotient thus obtained becomes 
the value known of one unknown : and thence the proposed unknown quan¬ 
tity instanced is to be “raised.” 1 If in the example there be two or more 
unknown quantities comprised,® putting for one of them one “so much as”, 
let “ so much as” (y&vat-t&vat) multiplied by two or another assumed num¬ 
ber, or divided by it, or lessened by some assumed number, or increased by 
it, be put for the rest. Or let “so much as” (yavat-tavat) be put for one; 
and known values for the others. With due attention : that is, the intelli¬ 
gent calculator, considering how the task may be best accomplished, should 
so put known or unknown values of the rest. Such is the meaning. 

103—104. Examples : One person has three hundred of known species 
and six horses. Another has ten horses of like price, but he owes a debt of 
one hundred of known species. They are both equally rich. What is the 
price of ahorse? 3 

104. If half the wealth of the first, with two added, be equal to the 
wealth of the second; or if the first be three times as rich as the other, tell 
me in the several cases the value of a horse. 4 

number whether rational or irrational; that is, “square by square” (§ 29 ); and extract the square- 
root of the quotient; which will be the value of the unknown; or, if the quotient be irrational, 
note it as a surd value. So, in deducing an answer from that surd value, iC multiply square by 
square” (§ 29) and extract the root, or note the surd. Crisit?/. 

1 The value of the unknown being thus found in an expression of the known ; the answer of the 
question, or quantity sought, is deducible from it by the rule of proportion ; and the first term of 
the proportion being unity, the operation is a simple multiplication. This finding of the quantity 
sought, or answer to the question, being the stated unknown quantity in the instance, is termed 
utt’Mpana , a “ raising” of it, or substitution of a value. See Crisiina; and the authors gloss on 
the first rule of Chapter 6. 

* Although such examples come of course under equations involving more than one unknown, 
the author has introduced the subject for gratification and exercise of the understanding. 
—Crisiix. See Ch. 5. 

Reserving one among two or more unknown quantities, if values of the rest, in expressions of 
that or of the known species, be assumed either equal or unequal or at pleasure, then, from the 
value of the unknown thence found, a true answer for the instance will be deducible. Crisiix. 

3 This is an example of an equation according to the simple enunciation of the instance, 

Crishn. 

4 Instances of adding or subtracting, multiplying or dividing, (§ 100) to produce the equation. 

Crisjin. 
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Example 1st: Here the price of ahorse is unknown. Its value is put 
one “ so much as” (yavat-tdvat) ya 1; and by rule of three, ‘if the price of 
one horse be yavat-tavat, what is the price of six ?’ Statement: T |'ya 1 | 

6 | . The fruit, multiplied by the demand, and divided by the argu¬ 
ment, 1 gives the price of six horses, ya 6. Three hundred of known species 
being superadded, the wealth of the first person results; ya 6 ru 300. In 
like manner the price of ten horses is ya 10. To this being superadded a 
hundred of known species made negative, the wealth of the second person 
results; ya 10 ru 100. These two persons are equally rich. The two sides, 
therefore, are of themselves become equal. Statement of them for equal 
subtraction ya 6 ru 300 Then, by the rule (§ 101), the unknown of the 
ya 10 ru 100 

first side being subtracted from the unknown of the other, the residue is 
ya 4. And the known numbers of the second side being subtracted from 
the known numbers of the first, the remainder is 400. The remainder of 
known number 400, being divided by the residue of unknown ya 4, the 
quotient is the value in known species, of one “ so much as” (yavat-tavat) 
viz. 100. ‘If, of one horse, this be the value, then of six what?’ By this 
proportion the price of six horses is found, 600 ;■ to which three hundred of 
known species being added, the wealth of the first person is found, 900. In 

like manner, that of the second also comes out 900. 

* 

Example 2d: The funds of the first and second persons are, as before, 
these: ya 6 ru 300 
ya 10 ru 100 

Here the wealth of the one is equal to half that of the other with two 
added; as is specified in the example. Hence, the capital of the first being 
halved and two added to the moiety; or that of the second less two being 
doubled; the two sides become equal. That being done, the statement for 
subtraction is ya 3 ru 152 or ya 6 ru 300 From both of which, sub- 
ya 10 ru 100 ya 20 ru 204 

traction, &c. being made, the value of one “ so much as” (yavat-tavat) is 
found 36. Whence, “ raising” as before, the capitals of the two come out 
516 and 260. 


1 Lilavatt, § 70 . 
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Example 3cl: The capitals are expressed by the same terms, viz. 
ya 6 7 'u 300 
ya 10 ru 100 

The third part of the first person’s wealth is equal to the second’s; or 
three times the last equals the first. Statement*: ya 6 ruSOOovya 2 ru 100 

ya 30 ru 300 ya 10 ru 100 
By the equation the value of “so much as” (yaval-tavat) is found 25. 
From which “ raising” the answers, the capitals come out 450 and 150. 

105. Example: 1 The quantity of rubies without flaw, sapphires, and 
pearls belonging to one person, is five, eight and seven respectively ; the 
number of like gems appertaining to another is seven, nine and six : one 
has ninety, the other sixty-two, known species. They. are equally rich. 
Tell me quickly then, intelligent friend, who art conversant with algebra, 
the prices of each sort of gem. 

Here the unknown quantities being numerous, the [relative] values of the 
rubies and the rest are put ya 3 ya 2 ya 1. ‘ If of one gem this be the price, 

then of the proposed gems what is the price?’ The number of (yavat-tdvat) 
the unknown, found by this proportion, being summed, and ninety being 
added, the property of the first person is ya 38 ru9 0. In like manner the 
second person’s capital is ya 45 ru 62. They are equally rich. Statement 
.of the two for equal subtraction ya 38 ru 90 Equal subtraction being made, 

ya 45 ru 62 

the value of the unknown is found 4. “ Raising” from it by the proportion 

•* If of one ydvat-tavat this be the value, then of three (or of two) what?’ 
the prices of a ruby and the rest are deduced: viz. 12,8,4. ‘If of one 
ruby this be the price, then of five what?’ the amount of rubies comes out 
60 . In like manner sapphires 64; pearls 7- Total of these, with the addi¬ 
tion of the absolute number 90, gives the whole capital of the one, 242: 
and, in like manner, that of the other, 242. 

Or let the value of a ruby be put ya 1; and the prices of sapphires and 
pearls be put in known species, 5 and 3. ‘ If of one ydvat-t&vat this be the 

price, then of five what?’ Thus the price of five rubies is found ya 5 ; and 
the amount of sapphires and pearls, 40 and 21. The sum of the two, with 

1 An instance of more lhan one unknown quantity, and of putting assumed values (§ 102). 

ClUSIIN. 
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ninety added, is ru 151: In like manner the capital of the second person is 
y a 7 ru 125. Statement for equal subtraction ya 5 ru 151 Subtraction 

ya 7 ru 125 

being made, the value of ydvat-tavat comes out 13. Hence by “raising 1 ’ 
the answers, the equal amount of capital is deduced, 21b. 1 3 4 

In like manner, by virtue of [a variety of] assumptions, a multiplicity of 
answers may be obtained. 

106. Example :* One says “ give me a hundred, and I shall be twice as 
rich as you, friend !” The other replies, “ if you deliver ten to me, I shall 
be six times as rich as you.” Tell me what was the amount of their re¬ 
spective capitals? ' . 

Here, putting the capital of the first ya 2 ru 100, and that of the second; 
ya 1 ru 100; the first of these, taking a hundred from the other, is twice as 
rich as he is: and thus one of the conditions is fulfilled. But taking ten 
from the first, the capital of the last with the addition of ten is six times as 
great as that of the first: therefore multiplying the first by six, the statement 

is ya 12 ru 660 Hence by the equation, the value of “ so much as” (y&vat- 

ya 1 ru 110 

tavat) is found, 70. Thence, by “ raising” the answer, the original capi¬ 
tals are deduced 40 and 170. 5 

107- Example : + Eight rubies, ten emeralds and a hundred pearls, which 
are in thy ear-ring, my beloved, were purchased by me for thee, at an equal 
amount,- and the sum of the rates of the three sorts of gems was three less 
than half a hundred: tell me the rate of each, if thou be skilled, auspicious 
woman, in this computation. 

Here put the equal amount ya 1. Then by the rule of three ‘If this be 
the price of eight rubies, what is the price of one?’ and, in like manner, [for 
the rest,] the rates in the several instances are ya ya -jL-, ya The sum 

of these is equal to forty-sevem 

t ■ 

1 See the solution conducted wiLh more than one symbol of unknown quantity. Ch. 6 . 

4 Instance of putting multiples of the unknown with addition or subtraction of known quanti-. 
lies (§ 132). —Crisiin. The question, however, requires no arbitrary assumption. 

3 See the solution otherwise managed in Ch. 6. 

4 This and the following examples are introduced for the gratification of learners. CrishnV. 
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Statement for like subtraction ya-jVtr ru 0 Reducing the two sides of 

ya 0 ru 47 

the equation to a common denomination and dropping the denominator, the 
equation gives the value of the unknown (yavat-tavat) 200. Hence', 
“ raising” the answer, the rates of the gems are found, rubies at 25 ; eme¬ 
ralds at 20; pearls at 2. The equal amount of purchase of each sort is 200. 
The cost of the gems in the ear-ring 600. 

Here, having reduced the terms to a common denomination, and proceed¬ 
ing to subtraction, when the first side of the equation is to be divided by the 
other, the numerator and denominator being transposed, the denominator is 
both multiplier and divisor of the second side of the equation. Being equal 
they destroy each other. Therefore, disappearance of the denominator 1 
takes place. \ 

108. Example:* Out of a swarm of bees, one fifth settled on a blossom 
of nauclea (cadamba) and one third, on a flower of sil'md'hri; three 
times the difference of those numbers flew to the bloom of an echites (cu- 
tqja): One bee, which remained, hovered and flew about in the air, allured 
at the same moment by the pleasing fragrance of a jasmin and pandanus. 
Tell me, charming woman, the number of bees. 

Here the number of the swarm of bees is put ya 1. Hence the number 
of bees gone to the blossom of the nauclea and the rest of the flowers men¬ 
tioned, is ya -ff. This, with the one specified bee, is equal to the proposed 

unknown quantity (yavat-tavat). The statement therefore is ya\± ru J-f 
. ! ■ ' , i'i \ ya 1 ru 0 

Reducing these to a common denomination and dropping the denominator, 
the value of the unknown (yavat-tavat) is found, as before, 15. This is 
the number of the swarm of bees. 

1 Ck'hcda-gama; departure, or disappearance, of the denominator. • Equal subtraction being 
made, when, conformably with the order of proceeding (§ 101), the remainder of known number 
is divided by the residue of unknown quantity, the transposition of numerator and denominator 
takes place by the rule of division of fractions, (1AI. § 40 ,) Thus the remainder of known num¬ 
ber is multiplied by the denominator of the unknown in one operation, and divided by it in the 
other. Wherefore, the multiplier and divisor, as being equal, are both destroyed. Thus depar¬ 
ture of the denominator lakes place.’ * Suit. 

s This example occurs also in the authors treatise of Arithmetic. See LtL § 54. 

* r'' *) r . . > 
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109 . Example; here adduced for an easy solution, though exhibited by 
another author: 1 Subtracting from a sum lent at five in the hundred, the 
square of the interest, the remainder was lent at ten in the hundred. The 
time of both loans was alike, and the amount of the interest equal. [Say 
what were the principal sums ?] 2 

Here, if the period be put ydvat-tdvat, the task is not accomplished. 
Therefore the time is assumed five months; and the principal sum is put 

ydvat-tdvat 1. With this, the statement for rule of five 1 is 1 5 The 

100 ya 1 
5 

interest comes out ya±. Its square, ya v being subtracted from the 
principal sum after reducing to a common denominator, the second principal 
sum is found ya v ya x|. Here also, for [the interest for] five months, 
by the rule of five, the statement is 1 5 Answer: the interest 

100 yav -Jy ya\% 

10 

is ya v -£2 ya ^-f. This is equal to the interest before found, namely ya x« 
Reducing the two sides of the equation to their least terms by their com¬ 
mon measure ydvat-tdvat, the statement of them for equal subtraction is 
ya 0 ru\ Proceeding as before/the value of the unknown ydvat-tdvat 
y a A- r „xx 

is found 8. It is the principal sum. 

Or else [it may be solved in this following manner. 5 ] The rate of in¬ 
terest for the second loan being divided by the rate of interest for the first; 
the quotient is a multiplier, by which the second principal sum being mul¬ 
tiplied will be equal to the first. For, else, how should the interest in equal 
times be equal r The multiplier of the second sum is, therefore, in the pre¬ 
sent instance 2. The second sum, multiplied by one, and taken into the 
multiplier less one, is equal to the square of the interest. Hence the square 

* It has been inserted by certain earlier writers in their treatises; and is introduced by the 

author fora display of his skill in the solution of the problem. It is a mixtone, and solved [as an 
indeterminate] by an equation involving one unknown.—Sun. It is cited for the purpose of ex¬ 
hibiting an easy solution. CufsilN. 

1 Crishk. 

* To find the interest.—C ri'shk. See Lit. § 79. 

* That is, reducing to a common denomination and dropping the denominator. Crisun’. 

* Without pulling an algebraic symbol for the unknown quantity. Crishn. 

c c 
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of an assumed amount of interest, being divided by the multiplier less one, 
the quotient will be the second principal sum : and this, added to the square 
of the interest, will be the first sum. 1 Let the square of the interest then 
be put 4. Hence the first and second sums arc found 8 and 4, and the in¬ 
terest 2. ‘ If the interest of a hundred be five, then of eight what?’ By 
this proportion the interest of eight for one month comes out f. ‘ If by this, 
one month, by two how many are had?’ The number of months is thus 
found, 5. 

110. Example : s From a sum lent at the interest of one in the hundred, 
subtracting the square of the interest, the remainder was put out at five in 

1 The amount of interest on a hundred principal at the rate of one per cent, is the same with 

that on fifty, at two; on twenty-five, at four; oil twenty, at five; and on ten, at ten. Therefore, 
by the same number, which multiplying the rate of the first loan raises it to the rate of the second, 
the principal of the first being divided equals the second. For how else should unequal principal 
sums produce an equal amount of interest in equal limes? But the multiplier is the quotient ob¬ 
tained by dividing the rate of the second loan by that of the first. For the first rate is multiplicand; 
and the second rate, product. Therefore the second principal, multiplied by the quotient of the 
second rate by the first, will be the first rate. But the second principal is not known. A method 
of finding it follows. Were it arbitrarily assumed, the first principal would be found from it by 
multiplying it by the multiplier, and the amount of interest on the two sums would be equal in 
equal limes : but the difference will not be equal to the square of the interest; [another condition 
of the problem.] It must be therefore treated differently. The square of the interest being sub¬ 
tracted from the first principal, the remainder is the second; and conversely the square of the in¬ 
terest added to the second is equal to the first. Consequently, to find the first sum, the second is 
to be added to the square of the interest; or it is to be multiplied by the multiplier. The multi¬ 
plication may be by portions; thus, putting unity for one portion of the multiplicator, the other 
will be the multiplier less one : and the second principal multiplied by one, added to the second 
principal multiplied by the multiplicator less one, or second principal added to the square of the 
interest, will be equal to the first principal. That is, the square of the interest is equal 'to the 
second principal multiplied by the multiplicator less one. Hence the square of the interest, being 
divided by the multiplier less one, will be the second principal. Though the square of the interest 
be not known, it may be had by arbitrary assumption: and thereby the example may be solved 
completely. Thus interest being assumed, and its square being divided by the multiplicator less 
one, the quotient is the second principal. That, added to the square of the interest, is the first 
principal. And, from the principal sum and the amount of the interest, the time is found. And 
thus the solution of question is easy without putting (yfaat-t&xat) a symbol for an unknown quan¬ 
tity. Crishn. 

2 This example is the authors own; varied but little from the preceding cited one. It is 
omitted by Suryadasa, but noticed by Crishxa, who observes, that it is designed to show the 
applicableness of the plain solution just exhibited by the author. 
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the hundred. The period of both loans was alike; and the amount of in¬ 
terest equal. 

Here the multiplier is 5. The square lfi, of an assumed value of the 
amount of interest (4) being divided by the multiplier less one, 4, the second 
principal sum is found, 4. This being added to the square of the interest, 
the first principal sum comes out 20. Hence, by a couple of proportions, 1 
the time is obtained, 20. 

Thus it is rightly solved by the understanding alone : what occasion was 
there for putting (ydvat-tdyat) a sign of an unknown quantity ? Or the in¬ 
tellect alone is analysis (yija). Accordingly it is observed in the chapter on 
Spherics, ‘ Neither is algebra consisting in symbols, nor are the several sorts 
of it, analysis. Sagacity alone is the chief analysis: for vast is inference.’ 2 

111. Example: Four jewellers, possessing respectively eight rubies, 
ten sapphires, a hundred pearls and five diamonds, presented, each from his 
own stock, one apiece to the others in token of regard and gratification at 
meeting: and they thus became owners of stock of precisely equal value. 
Tell me, friend, what were the prices of their gems respectively ? 3 

Here the rule for putting yavat-tdvat, and- divers colours, to represent the 
unknown quantities/ is not exclusive. Designating them by the initials of 
their names, the equations may be formed by intelligent calculators, in this 
manner: having given to each other one gem apiece, the jewellers become 
equally rich : the values of their stocks, therefore, are r 5 s 1 p 1 d 1 

s 7 r 1 p\ d 1 
p 97 r 1 *1 d 1 

d 2 r 1 s 1 pi' 

If equal be added to, or subtracted from, equal, the equality continues. 
Subtracting then one of each sort of gem from those several stocks, the re¬ 
mainders are equal: namely r 4, s 6 , p96, d 1. Whatever be the price of 
one diamond, the same is the price of four rubies, of six sapphires, and of 
ninety-six pearls. Hence, putting an assumed value for the equal amount 
of [remaining] stock, and dividing by those remainders severally, the prices 

1 By the rule of five; or else by two sets of three terms. • Crishn. 

* Gol. 11. § 5 . 

3 Already inserted in the Lildvati, § 100. ‘ It is a further instance of a solution by putting 

several sums equal.’—S ur. The problem is an indeterminate one. 

* See the authors gloss on the rules at tbe beginning of Ch. 6. 
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are found. Thus, let the value be put 96 , the prices of the rubies and the 
rest are found, 524, 16,1, and 96.* 

] 12. Example : A principal sum, being lent at the interest of five in the 
hundred [by the month], amounted with the interest, when a year was 
elapsed, to the double less sixteen. Say what was the principal? 

Here the principal is put ya 1. Hence by the rule of five 1 12 the 

100 ya 1 
5 

interest is found ya a. This, added to the principal, makes ya f. It is 
equal to sixteen less than the double of the principal, namely yal ru 16. 
By this equation the principal sum is found 40; and the interest 24. 

113. Example: 4 The sum of three hundred and ninety was lent in 
three portions, at interest of five, two and four in the hundred; and 
amounted in seven, ten, and five months respectively, to an equal sum on all 
three portions, with the interest. Say the amount of the portions. 

The equal amount of each portion with its interest is put ya 1. ‘ If, for 

one month, five be the interest of a hundred; then, for seven months, what 
is the interest of the same?’ Thus the interest of a hundred is found 35. 
This, added to a hundred, makes 135. ‘ If ol this amount with interest, the 

principal be a hundred, then, of the amount with interest, that is measured 
by ydvat-tdmt , what is the principal ?’ The quantity of the first portion is 
thus found ya-§- 2 > Again, ‘ if, for a month, two be the interest of a hun¬ 
dred, then, for ten months, what is the interest of the same ?’ Proceeding 
with the rest of the work in the manner above shown, the second portion is 
ya 4 . In like manner, the third portion is ya\. Their total ya%\ is equal 
to the whole original sum 360 . Whence the value of ydvat-tavat is had 162 . 
By this the portions sought are “raised:” namely 120 , 135 and 135. The 
equal amount of principal with interest is 162 . 

114. Example: A trader, paying ten upon entrance into a town, doubled 
his remaining capital, consumed ten [during his stay] and paid ten on his 

• And the amount of each man’s stock, after interchange of presents, is 233. Sun. 

2 Varied from an example in arithmetic, partly set forth in similar terms. LU. § 91 . 
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departure. Thus, in three towns [visited by him] his original capital was 
tripled. Say what was the amount?* 

Here the capital is put ya 1 . Performing on this, all that is set forth in 
the question, the capital becomes on his return from three towns ya 8 
ru 280. Making this amount equal to thrice the original capital, ya 3 , the 
value of yavat-tdvat comes out 56 . 

115. Example: If three and a half manas of rice may be had for one 
dramma, and eight of kidney-beans for the like price, take these thirteen 
cacinis , merchant! and give me quickly two parts of rice, and one of kid¬ 
ney-beans : for we must make a hasty meal and depart, since my companion 
will proceed onwards.* 

Here the quantity of rice is put ya 2 , and that of kidney-beans ya 1 . 4 If, 

for these three and a half manas one dramma be obtained; then, for this 
quantity ya 2 , what is had ?’ The price of the rice is thus found ya 4- 
‘ If, for eight manas one dramma, then for this ya 1 what?’ The price of 
the kidney-beans is thus found ya 4 . The sum of these, ya -f-f, is equal to 
thirteen cacinis ; or in drammas^. From this equation the value of yavat- 
tdvat comes out -JL.. Whence, “ raising” the answers, the prices of the rice 
and kidney-beans are deduced 4 and - 3 - 5 - 2 -and the quantity of rice and of > 
kidney-beans, in fractions of a mana, ~ and 

116 . Example: Say what are the numbers, which become equal, when 

to them are added respectively, a moiety, a fifth, and a ninth part of the 
number itself; and which have sixty for remainder, when the two other 
parts are subtracted. s 

Here the equal number is put ya 1 . Hence, by the rule of inversion , 5 the 

* This is according to the gloss of Crishna, and conformable with collated copies of the text. 
Bui Su'rya, reading dasa-yucta-nirgame instead of dasa-bkuc cha nirgame , omits the consumption 
of ten, during stay; and confines the disbursement, after doubling the principal, to ten for duties 
on export. The equation, according to this commentator, is ya 8 ru 210; and the value of ya, 42. 

yaZ ru 0 

* Spoken by a pious native of Gurjara, going to Dwdricd to visit holy Cri'shna ; and stopping 
by the way for refreshment, but in a hurry to proceed, under apprehension of being separated from 
his fellow traveller.—S i/r. The same example lias been already inserted, word for word, in the 
authors arithmetic. LiL § 07 • 

2 LiL § 48.. The fractions become negative; and the denominator being increased by 
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several numbers are ya 4, ya 4 , ya tV In this case, all the numbers, dimi-. 
nished by the subtraction of the other two parts, will be brought to the same 
remainder, ya 4. 1 This being made equal to sixty, the value of y&oat-t&vat 
is obtained 150. Whence, by “ raising” the answers, the numbers are de¬ 
duced 100, 125 and 135.' . 

117- Example : 2 Tell me quickly the base of the triangle, the sides of 
which are the surds thirteen and five, and the base unknown, and the area 
four? 

In this instance, if the base be assumed ydvat-t/ivat, the solution is tedi¬ 
ous.* Therefore the base is put in the triangle any way at pleasure, 4 since 
it makes no difference in the result. Accordingly the triangle is here put 
thus: fs. ,>, Now, by the converse of the rule “ half the base multi- 

C5 /X 

c 13 

plied by the perpendicular, is in a triangle the exact area;” (LiL § 164.J the 
perpendicular is deduced from the area divided, by half the base: viz. c-^ 4 . 
Subtracting the square of the perpendicular from the square of the side, the 
square-root of the difference is the segment This, subtracted from the 

base, leaves the other segment c y T 4 . The square of this being added to the 
square of the perpendicular, the square-root of the sum is the side: viz. 4.* 
This [the triangle being turned] is the base sought. 

the numerator for a new denominator, they become -fa; which, being subtracted from ya 1 
rendered homogeneous, leave the several original numbers yaf, ya 4, ya Suit. 

1 Ya£ and ya-fe (making ya £§), subtracted from ya -f, leave ya-}^; ya £ and ya ^ (making 
ya subtracted from ya £, leave ya ya -J- and ya £ (making ya -fe), subtracted from ya 
leave ya-ffo: which, reduced to least terms, isya£. 

* This example and the following are introduced to show, that the method of performing arith¬ 
metical operations, as taught in a preceding section (Ch. 1. Sect. 4), are not useless trouble. Su'r. 

3 It requires the resolution of quadratic equations. Crisiin. 

4 Any one of the sides is made the base. 

* Half the base c 13 is c y The area ru 4 or c lG, divided by that, is c -J-J. Its square ru 

subtracted from the square ril 5 of the side c 5, or reduced to a common denomination ru leaves 
the square ru -fa; of which the square-root is c This, subtracted from c 13, leaves c y*. Its 
square ru y/, added to the square of the perpendicular makes ru or ru 1 6 . Its root is 

4. In like manner, putting the other side c5 for the base, the perpendicular is c y. Its square 
ru subtracted from the square ru 13 of the remaining side (c 13), leaves the segment c (the 
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118. Example: The difference between the surds ten and five is one 
side of the triangle; the surd six is the other; and the base is the surd 
eighteen less rational unity, tell the perpendicular. 

Here, if the segment be known, the perpendicular is discovered. Put the 
least segment ya 1. The base, less that, is the value of the other segment, 
ya 1 ru 1 cl8. Thus the statement is 

ru 1 c18 

Subtracting the square of the segment from the square of its contiguous 
side, two expressions of the square of the perpendicular arc found ya v 1 
ru 15 c 200 and ya t? i ya 2 yac7 2 ru 13, c72. They are equal: and, 
equal subtraction being made, the two sides of the equation become 
ru 28 c 512 Here the syllable ya [the symbol of the unknown], in the 
ya 2 ya c 72 

divisor, being useless, is excluded; 1 and the dividend and divisor are alike 
ru 28 c512 Then, by the rule for “ reversing the sign of a selected surd, 

ru 2 c 72 • 

and multiplying both dividend and divisor by the altered divisor,” (§ 34) 
putting the surd seventy-two affirmative, and multiplying by c4, c 72, the 
dividend becomes c 3136 c2048 c 56448 c 36864. Taking the difference 
between the first and last, and between the third and fourth, it is reduced to 
cl 8496 03699 k (or ra 136 c 36992). The divisor in like manner be¬ 
comes c 4624 (or ru 68). Thus the statement of dividend and divisor is 
ru 136 c 3699 2. The division being made in the manner directed, the 
ru 68 1 _ 

value of ydvat-tavat is found ru 2 c8.< This is the least segment. The 
base, less this, is the other segment; namely, ru 1 c 2. From the value of the 
unknown ydvat-tavat, “ raising” the expressions of the square of the perpen- 

root of ru £); whence the other segment is c >/. Its square ru ^ added to the square of the per¬ 
pendicular ru ^ is ru ^ or ru 16; the square-root of which is 4, (the other side, or base required,) 
as before. ' Ciushi/. 

1 This is the case in all instances, for the proportion to find the value of the unknown, is “ if 
this multiple of ya give this known number, what does ya give?” and thus, being alike in both the 
multiplier and divisor, it is excluded from both. The author, however, has not noticed its exclu¬ 
sion in other instances, where the algebraic solution was in this respect obvious: but, in the present 
case, where the sign of a selected surd is to be reversed, and the dividend and original divisor to be 
multiplied by the altered divisor, its presence in that multiplication would be highly disserviceablc. 
Ils exclusion is now therefore specially noticed. Crishn. 
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dienlar, or subtracting the square of the segment from the square of its conti¬ 
guous side, the square of the perpendicular is deduced ru 3 c 8. Its square- 
root is the value of the perpendicular ru 1 c 2. 1 


Up. Example: 2 Tell four unequal 3 numbers, thou of unrivalled under¬ 
standing! 4 the sum of which, or that of their cubes, is equal to the sum of 
their squares. 

Here the numbers are put ya 1, ya 2, ya 3, ya 4. Their sum is ya 10. It 
is equal to the sum of their squares ya v 30. Dividing the two sides by the 

common measure yavat-tavat , the statement is ya 30 ru O From the 

ya 0 ru 10 

value of yavat-tavat hence found as before, by equal subtraction [and divi¬ 
sion, § 101] viz. a-, the numbers are deduced by substitution of that value, 

_L Si jl ± * 

3 > 3 * 

1 The problem may be solved by the arithmetic of surds without algebra. (L/7. § 163.) The 
sum of the sides is c5 c 10 c 6. Their difference c5 c 10 c 6. Multiplied together, the 
product comprises nine terms, c 25 c 50 c 30 c 50 c 100 c 60 c 30 c 60 c 36; wherein 
c 30 c 60 c 30 c 60 balance each other; c 50 and c 50 added together make c 200; and 
c 25 c 100 and c 36, being rational, make ru 5 ru 10 ru 6, or summed ru 9- The product 
then is ru 9 c 200; to be divided by the base ru 1 c 18. Thus the statement is c 81 c 200. 

c i c 18 

Proceeding with this by the rule, § 34, and putting c 1 positive, the dividend becomes by multipli¬ 
cation c 81 c 200 c 1458 c3600, reducible by the difference of the roots of the rationals 81 

and 3600, and by finding the difference of the irrationals 200 and 1458, to ru 51, c 578. The di¬ 
visor by similar multiplication is cl clS cl8 c 324; wherein the middle terms balance each 
other, and the remaining two are rational, giving the difference ru 17 or in the surd form, c 2S9, 
Hence the quotient of ru 51 c 578 by ru 17 (or c 289) is ru 3 c 2; which added to, and sub¬ 
tracted from, the base ru 1 c 18, gives the sum and difference ru 2 c 8 and ru 4 c 32; the moie¬ 
ties whereof ru 1 c2 and ru 2 c 8, are the two segments: and from these the perpendicular is 
found as before, ru l c 2. Cuisiix. 

* These and several following examples are instances of the resolution of equations involving the 
square, cube, or other [power] of the unknown, by any practicable depression of both sides by 
some common divisor, without elimination of the middle term. Ciusiix. 

3 Unequal or dissimilar; unalike.— Sur. This is a necessary condition. Else unity repeated 
would serve for an answer to the question.—CftfsHX. 

4 Su'ryada'sa reads and interprets asama-prcyni/a, of unrivalled understanding! Crisun'a- 
bhatta notices that reading, as well as the other, samack'hed&n having like denominators: reject¬ 
ing, however, this; as it is not necessary, that it be made a condition of the problem, though it rise 
out of the solution. 


* Sum Sum of the squares *p. 


Sun. 
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In the second example, the numbers are also put ya 1, ya% ya 3, ya 4: 
the sum of their cubes is ya gh 100, equal to the sum of the squares ya y 30. 
Depressing the two sides by the common divisor, square of yavat-tavat; 
and proceeding as before, the numbers are deduced by substituting the value 
of yavat-tavat (-5%); namely, T V, -fr, if* 


120. Example: Tell the [sides of a] triangle, of which the area may be 
measured by the same number with the hypotenuse; and [of] that, of which 
the area is equal to the product of side, upright and hypotenuse multiplied 
together. 


In this case, the statement of an assumed figure is 

ya 3 


ya 5 


Here half 


ya 4 

the product of the side multiplied by the upright is the area, ya v 6. It is 
equal to the hypotenuse ya 5. Depressing both sides by the common mea¬ 
sure yavat-tavat, and proceeding as before, the side, upright and hypotenuse, 
deduced from the value found of y&vat-tdvat (viz. -§•) are 3 T °, 4 and \ 5 . In 
like manner, by virtue of [various] assumptions, other values also may be 
found.* 

In the second example, the same figure is assumed. Its area is ya v 6. 
This is equal to the product of side, upright and hypotenuse, ya gh 60. 
Depressing both sides by the common divisor, square of yavat-tavat, the 
side, upright and hypotenuse, found as before, from the equation, are f, 
and •§-. By virtue of assumptions, other values likewise may be obtained.* 


121. Example: If thou be expert in this computation, declare quickly 
two numbers, of which the sum and the difference shall severally be squares; 
and the product of their multiplication, a cube. 

Here the two numbers are put ya v 4 ya v 5; so assumed, that being ad¬ 
ded or subtracted, the sum or difference may be a square. 8 The product of 
their multiplication is ya v v 20. It is a cube. By making it equal to the 

* Sum of tbe cubes ^of lhe squares, $Sur. 

1 That is, both problems are indeterminate. So likewise were those proposed in the preceding 
stanza, § 119. 

3 Ya v 9; or ya v 1. 
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Cube of ten times the assumed yavat-tavat , and depressing the two sides of 
the equation by the common divisor, cube of yuvat-t&vat, and proceeding as 
before, the two numbers are found 10000 and 12500. 1 * 3 

122 . Example: If thou know two numbers, of which the sum of the 
cubes is a square, and the sum of their squares is a cube, I acknowledge thee 
an eminent algebraist. 

In this instance the two numbers are put yav 1, ya v 2. The sum of 
their cubes is ya v gh 9. This of itself is a square as required. Its root is 
ya gh 3. 

Is not that quantity the cube of a square, not the square of a cube? No 
doubt the root of the square of a cube is cube. But how is the root of the 
cube of a square, a cube? The answer is, the cube of the square is precisely 
the same with the square of the cube.* Hence if squares be raised twice, or 
four, or six, or eight times, their roots will be so once, twice, thrice, or four 
times, respectively. . It must be so understood in all cases. 

. Now the sum of the squares of those quantities is ya v v 5. It must be a 
cube. „ Making it equal to the cube of five times yavat-tavat, and depres¬ 
sing the two sides of the equation by the common divisor, cube of yavat- 
tavat, and proceeding as before, the two numbers are found 625 and 1250.* 

1 From the depressed equation ya 20 ru 0 the value of ya is found 50. Its square is 2500. 

ya 0 ru 1000 

of which the multiples yav 4 and ya v 5 are 10000 and 12500. In like manner, putting other 
quantities, as ya v 16 and yav 20; and making their product yaw 320 equal to cube of ya 20, 

(ya gh 8000;) the equation depressed by the common measure yagh y is ya 320 ru 0 Whence 

ya 0 ru 8000 

the value of ya is 25 ; the square of which is 625; and its multiples 10000 and 12500 are the two 
numbers. By varying the suppositions, a multiplicity of answers is obtained. Sue. 

4 The cube of the square is the sixth product of the quantity. It is the third product of the 
second product of equal quantities multiplied. As the cube of the second product, so is the second 
product of like multiplication of a third product. Therefore, it is also the square of the third pro¬ 
duet. ClUSIIN. 

3 The value of ya being 25. Or, putting the two numbers ya gh 5, and ya gh 10, the sum of 
their squares is a cub e ya gh v 125. Its cube root is ya v 5. The sum of the cubes of the same 
quantities is ya gh gh 1125. It is a square. Make it equal to the square of ya v v 75, viz. ya v 
v v 5625. Reduce the two sides of the equation by the common measure yaw v. The equation 

is ya 1125 ru 0 Whence the value of ya is found 5; and the two numbers 625 and 1250. 
ya 0 ru 5625 

In like manner a multiplicity of answers may be obtained. 
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Thus it is to be considered, how practicably the unknown quantity [or its 
power] may be made a common measure. 

123. Example: Tell me, friend, the perpendicular in a triangle, in 
which the base is fourteen, one side fifteen, and the other thirteen. 1 

If the segment be known, the perpendicular is so. Put therefore yavat- 
tavat for the least segment, ya 1: the other is the base less yavat-tavat, ya 1 
ru 14. Statement: 


14 

The squares of the sides, less the squares of the contiguous segments, are the 
square of the perpendicular. They are equal consequently. Statement of 
them for equal subtraction : ya v 1 ya 0 ru \6$. From these the equal 

ya v 1 ya 28 ru 29 

square vanishes; and then, proceeding as before, the value of yavat-tavat is 
found, 5. From which the two segments are deduced 5 and 9; and the 
square of the perpendicular being “ raised” [by substitution of that value] in 
both expressions, it is deduced alike both ways : viz. 12. 

Here the substitution for a square, is by a square; and for a cube, by a 
cube: as is to be understood by the intelligent calculator. 

124. Example: 1 If a bambu, measuring thirty-two cubits, and standing 
upon level ground, be broken in one place by the force of the wind; and 
the tip of it meet the ground at sixteen cubits; say, mathematician, at how 
many cubits from the root is it broken? 

In this case, the lower portion of the bambu is the upright. Its value is 
put yavat-tavat. Thirty-two, less that, is the upper portion, and is the hypo¬ 
tenuse. The interval between the root and tip is the side. See 
. ya i 

ru 16' 

* There was not much occasion for this example.—Cufsinf. For the finding of the perpendicu¬ 
lar had been already exemplified by § 118. That, however, was performed by the arithmetic of 
surds: and this is done by a plain algebraic calculation. 

1 The base, as well as the sum of the hypotenuse and upright, being given, to discriminate them. 
Sun. and Crishn. See LiL § 148 ; where this example has been already inserted. 
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The sum of the squares of the side and upright, yav 1 ru 2 56, is equal to 
the square of the hypotenuse, ya v 1 ya6 4 ru 1024. The equal squares 
vanishing, and [the usual process being pursued] as before, the value of 
y&vat-tavat is found 12. Whence the upright and hypotenuse are deduced 
by substitution of that value, 12, 20. In like manner, if the sum of the 
hypotenuse and side be given, as in the example “ A snake’s hole is at the 
foot of a pillar,’ 1 * * * 5 [they may be discriminated] also. 


125. Example:* In a certain lake swarming with ruddy geese and cranes, 
the tip of a bud of lotus was seen a span above the surface of the water. 
Forced by the wind, it gradually advanced, and was submerged at the dis¬ 
tance of two cubits. Compute quickly, mathematician, the depth of water. 

In this case, the length of the stalk of the lotus is the depth of water. 
Its value is putyfl 1. It is the upright. That, added to the bud of the lotus, 


is the hypotenuse, ya •£ 


ru -§-. 


The side is two cubits. See ru 2 


ya 1 



ru i 


Here also, the sum of the squares of the side and upright, ya v 1 ru 4, be¬ 
ing made equal to the square of the hypotenuse yav 1 ya 1 ru the depth 
of water, which is the value of the upright, is found V ; and the hypote¬ 
nuse y. 


126. Example:* From a tree a hundred cubits high, an ape descended 
and went to a pond two hundred cubits distant: while another ape, vaulting 
to some height off the tree, proceeded with velocity diagonally to the same 
spot. If the space travelled by them be equal, tell me quickly, learned man, 
the height of the leap, if thou have diligently studied calculation. 

The equal distance travelled is 300. The measure of the leap is put ya ].' 
The height of the tree added to this is the upright: the equal distance tra¬ 
velled, less yavat-tdvat , is the hypotenuse. The interval between the tree 

1 LiL § 150. See further a note on § 140 of this treatise. 

4 The difference between the hypotenuse and upright, as well as the side (base) being given, to 

find the hypotenuse and upright.—S ur. and CtusnN. See LiL § 153, where ihe same example is 

inserted. See likewise LiL § 152. 

5 This also is found in the LilMti , § 155. It is borrowed with some variation from Braiime- 
oupta or his commentator. Brahm. 12. §39. 



205 


SIMPLE EQUATION. 


to the square of 

! 

127. Example:* Tell the perpendicular drawn from the intersection of 
strings stretched mutually from the roots to the summits of two bambus 
fifteen and ten cubits high standing upon ground of unknown extent. 3 

Here, to effect the solution, the value of the ground intercepted between 
the bambus is arbitrarily assumed: say 20. Put the value of the perpendi¬ 
cular let fall from the intersection of the strings ya 1. See 

15 

20 

‘ If, to the upright fifteen, the side be twenty, then to one measured by 
yavat-tavat what will be the side?’ Thus the segment.contiguous to the 
less bambu is found ya •$■. ‘ If, to the upright ten, the side be twenty, then, 

to one measured by yavat-tavat, what will be the side?’ Thus the segment 
contiguous to the greater bambu is found ya 2. Making the sum of these, 
ya Lo equal to twenty, ru 20, the perpendicular comes out 6; the value of 
yavat-tavat. Whence, by substitution of this value, the segments are de¬ 
duced 8 and 12. 

Or the segments are relative [that is, proportionate] to the bambus; and 
their sum is the base. 4 As the sum of the bambus (25) is to the sum of the 
segments (20); so is each bambu (15 and 10) to the segments respectively 
(12 and 8). They are thus found; and, from them, by a proportion, 5 the per- 

* And hence the value of the hypotenuse, 250. 

1 Like the preceding, this too is repeated from the Lildvati, § lGO. 

3 The ground intercepted between the bambus is expressly said to be of unknown extent, to 
intimate that the distance is not necessary to the finding of the perpendicular. Crishn. 

* As the bambu becomes greater or less, so does the segment. It may be found therefore by the 

rule of three : ‘ as the sum of the bambus is to whole base, so is one bambu to the particular seg¬ 
ment.’ Crishn. 

5 As a side, equal to the base, is to an upright; which is the less bambu, so is a side, equal to the 
greater segment, to the perpendicular. The less bambu is the upright, the base is the side, and 
the string passing from the tip of the less bambu to the root of the other bambu is the hypotenuse ; 
by virtue of the figure: and [in the small triangle] the greater segment is side, and the perpendi- 



and the well is the side. See ya 1 \ ^ ru gQ0 

ru 100 \ < 

ru 200 

Making the sum of the squares of upright and side equal 
the hypotenuse, the measure of the leap is found 50. 1 
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pcndicular is deduced (6). What occasion then is there for [putting a sym¬ 
bol of the unknown] y&vat-t&vat ? 

Or the product of the two bambus multiplied together, being divided by 
their sum, will be the perpendicular, whatever be the distance between the 
bambus. 1 What use then is there in assuming a base? This will be clearly 
understood by the intelligent, after stretching strings upon the ground [to 
exhibit the figure]. 


eular is upright. In like manner, proportion is to be made with the less segment and greater 
bambu. Crisiix. 

1 As the sum of the bambus is to the base, so is the greater bambu to the segment contiguous to 
it? Then, * as the base is to the less bambu, so is the greater segment to the perpendicular/ 
Here the base, being both dividend and divisor, vanishes; and the product of the two bambus, 
divided by their sum, is the perpendicular. CRXsnsf. 


I 
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QUADRATIC, $c. EQUATIONS. 

Next equation involving the square or other [power] of the unknown is 
propounded. [Its re-solution consists in] the elimination of the middle 
term, 1 as teachers of the science 2 denominate it. Here removal of one term, 
the middle one, in the square quantity, takes place : wherefore it is called 
elimination of the middle term. On this subject the following rule is deli¬ 
vered. 

128—130. Rule: When a square and other [term] of the unknown is 
involved in the remainder; then, after multiplying both sides of the equa¬ 
tion by an assumed quantity, something is to be added to them, 3 so as the 
side 4 may give a square-root. Let the root of the absolute number again be 

1 Mad!hyamdhararia; from mad’hyama middlemost, and dhararia a taking away or (apanayana) 
removal,— Crishn. , or (ndsa) a destroying,—Sail, that is, elimination. The resolution of 
these equations is so named, because it is in general effected by making the middle term (twice 
the product of the roots, § 26 ) disappear from between two square terms.—Sun. and Crishn.; 
and note on “ equation,” Ch. 4. 

a Achdryas; ancient mathematicians (ddya-ganaca): as Arya-biiatta and the son of Jishnu 
[Brahmegupta] and Chaturveda [Prithu'daca-swa'mi]. Sur. 

3 This is not exclusive: in some cases the two sides are to be reduced by some common divisor; 
and in some instances an assumed quantity is to be subtracted from both sides. Crishn. 

A So as each side of the equation may yield a square-root. Both being rendered such, the 
root of the known is then to be made equal to the root of the unknown side.— Sur. However, if 
the absolute number be irrational, its root may be put in the form of a surd. See Crishn. cited 
in note 1 next page. 
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made equal to the root of the unknown : the value of the unknown is found 
from that equation. 1 If the solution be not thus accomplished, in the case 
of cubes or biquadrates, this [value] must be elicited by the [calculator’s] 
own ingenuity. 

. t 

130. If the root of the absolute side of the equation be less than the 
number, having the negative sign, comprised in the root of the side involving 
the unknown, then putting it negative or positive, a two-fold value* is to 
be found of the unknown quantity: this [holds] in some cases.* 

4 When on one side is the unknown quantity; and on the other the absolute number; then, 
since they are equal, the absolute number is the value of the unknown: as already shown. But, 
for the purpose of a division of the remaining absolute number, it is requisite that the unknown 
should stand separate. The equation, therefore, must be so treated ; as that such may be the 
case. If to equal sides then equal addition be made, or from them equal subtraction; or if equal 
multiplication or equal division of them take place; or extraction of their roots, or squaring of 
them, or raising to the cube or other [power] ; there is no loss of equality : as is clear. Now, if 
a square or other [power] of the unknown be on one side, and number only on the other, the un¬ 
known cannot stand separate without extraction of the root. The roots, therefore, of both sides 
are to be extracted consistently with their equality: and, that being done, the roots also will be 
equal. Therefore it is said, “ after multiplying both sides by an assumed quantity, something is 
to be added to them.” Crisiix. 

An equation comprising a single colour (or symbol of unknown quantity) being prepared as be¬ 
fore directed, when, after equal subtraction, division is next to be made (§ 101), if on the side of 
the unknown the square and other term of the unknown remain, then both sides are to be multi¬ 
plied by some quantity, and something is to be added ; so as both sides may furnish squares. The 
roots of both being then extracted, let equal subtraction be again made; and, that being done, 
the value of the unknown is obtained by division. The principle of the process is, that, if the re¬ 
sidue (or prepared equation) comprise the square and other term of the unknown, the solution can 
be then only effected, when the square is the only term of the unknown; and that can only be 
when the root of the square is extracted. Accordingly it is said u so as the side may give a square- 
root.” ‘Thus, the root of the side of the equation comprising the square of the unknown being 
extracted, the remainder (§ 26 ) of the compound square, that is, the middle term, which stands 
between the square of the unknown and square of number, is exterminated. Suit. 

% M6jw, miti , unm&na , or mmiti; measure, value; root of the equation. See § 17. 

3 Making the known number on the side of the equation involving the unknown term, positive, 
a value of the unknown is to be found: then, making the same negative^ another value of the 
unknown is to be deduced: and thus, both ways, the condition of the question is answered. 
Bearing this in mind, the author has said in another place, 4 There are two hypotenuses, &c.* 

• * Sun. 

Demonstration: When equal subtraction from equal sides takes place, if tbere be a 
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131. Srid’hara’s rule on this point: 4 Multiply both sides of the equa¬ 
tion b) 7 a number equal to four times the [coefficient] of the square, and 

number, negative, on the side of the unknown; then, by the rule for changing the sign of the 
subtrahend (} 5), the sum of the absolute numbers on the two sides will be the value : but, if the 
number be positive on the unknown side, then, by same rule, the difference of the quantities is the 
value. When it is thus discovered bow many times the sum or difference of the absolute quanti¬ 
ties is greater than the difference of the terms of the unknown, the value of the unknown is ob¬ 
tained, being that which the sum or difference so many times measures. Thus both answer the 
conditions of the question; because such multiple of the divisor balances the dividend. \LU. 

§ 17.] But, if the value of ydvat-tfcat be too little with reference to the given number specified 
in the example, it is unsuitable. With a view to this, the author has said at the close of the rule, 
It holds “ in some cases/' (§ 130). Sur. 

If the root of the known quantity exceed the absolute number comprised in the root on the side 
of the unknown, why should not there be a two-fold value in this instance also, by the same rea¬ 
soning as in the other case? Hear the reply. In the instance, where the number being negative, 
the unknown is positive, that number must be subtracted from the absolute side, that the remainder 
of the unknown may be positive# the number becomes therefore affirmative; and there is no incon¬ 
gruity. But in the second case, where, the number being positive, the unknown is negative, the 
unknown must be subtracted from the other side of the equation, to become affirmative; and the 
number on the absolute side, being subtracted from that comprised in the root extracted from the 
unknown side, becomes negative: and, if it be the greater of the two, the value is negative. The 
second value consequently is every way incongruous. Hence-the rule (§ 130). When the tenor 
of the condition is “ unknown less number,” if that is to be squared, the term of the simple un¬ 
known comes out negative, because the number [which multiplies it] is so. In such case when 
the square-root is extracted, number only is negative, not the unknown : for it is certain that the’ 
number is negative in the condition as proposed. If the unknown were put negative, the side of 
the equation wuuld be negative; for it cannot be affirmative while the greater quantity is sub¬ 
tractive. Or, admit that it is affirmative in some cases; still it would differ from the side of equa¬ 
tion that is consistent with the condition of the problem. Such being the case, how can it be equal 
to the second side which is one consistent with that condition ? Therefore a value, coming from 
such an equation, must be incongruous; because it is negative: for people do not approve 
a negative absolute number. Ilcnce, in such, an example, although the root of the known quan-' 
tity be less than the negative number in the root of the unknown side (§ 130), there cannot be a 
two-fold value: for a value, grounded on the assumption of the number being affirmative [contrary 
to the tenor of the condition] must be incongruous. In like manner, if the tenor be u the number 
less the unknown squared,” the unknown alone, not the number, will be the negative in the root: 
by parity of reasoning. Therefore, in this instance also, there cannot be a two-fold value : for a 
value, grounded on the assumption of the number being negative, will be incongruous. It is thus 
in many various ways. Sometimes, by subtraction of the addition or other means it is the reverse. 
Sometimes, by reason of the unknown being naturally negative, though the root might possibly be 
two-fold, the second is incongruous. Accordingly the author has said indefinitely, “ This holds 
in some cases.” See an example of the incongruity of the second value, § 140. See likewise an 
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add to them a number equal to the square of the original [coefficient], of 
the unknown quantity. 1 (Then extract the root. 5 ) 3 

* / 

instance in the chapter on the three problems (SirStuani, Ch.3, § 100), where the question is pro¬ 
posed as one requiring the resolution of a quadratic equation; and the answer ( ib . § 101) shows, 
that, in taking the roots of the two sides of the equation, the unknown has been taken negative and 
the absolute number positive: for, if the number were taken negative, the answer would come out 
differently. Thus by the reasoning here set forth, the congruity or incongruity of a two-fold value 
is to be every where understood : and the author’s remark, it holds in some cases (§ 130), is justified. 

Cnisny. 

1 That is, multiply both sides by the quadruple of tbe number belonging to the square of the 
unknown ; and add to both sides the square of the number which belonged to the unknown previous 
to that multiplication. This being done, the side involving the unknown must furnish a square- 
root : and the second side of the equation, being equal to it, should do so likewise. Else of 
course the instance is an imperfect one.—C risiin. If the known side, nevertheless, do not fur¬ 
nish a root, it must be taken in the form of a surd.— Ibid. Sri'd’iiaras rule, having reference 
both to the unknown and to its square, is applicable only in the case where the same side of equa¬ 
tion comprises the square of the unknown, and the unknown too. In any other case means of ob¬ 
taining a root must be devised by the intelligent calculator exercising his own ingenuity.*— Ibid . 

1 This insertion is according to the reading which occurs and is expounded in the commentary 
of Suryadasa, avyacta^carga-rupair yuctau paeshau tatbmidam: “ boih sides are to have added, 
numbers equal to the square [of the coefficient] of the unknown. Then the root [is to be extract¬ 
ed].” Crisjina-biiattVs reading and Ram A-CRfsiiNVs, with which their exposition too is con¬ 
formable, and which has been followed in the preceding part of the version of the text, differs 
widely: purv&’vyactasya criteh sama-nipani eshipet tayor tea. Collated copies of Biiascara’s text 
agree with this: but the variation is marked in the margin of one exemplar. 

3 Demonstration : After preparing the equation by equal subtraction, if the square of the un¬ 
known and the simple unknown be on one side, and absolute number only on the other; the first 
side of the equation cannot by any means furnish a root without some addition. For, if the un¬ 
known alone be squared, the square of the unknown will be the single result: but, if the unknown 
with number added to it, be squared, the Tesult will be [three terms] square of the unknown, un¬ 
known, and number: but, in the proposed case, two terms only being present, namely square of 
the unknown, and unknown, it is not the square of any quantity. Therefore, number must be 
added. By subtraction of the unknown, the square of the unknown remaining a single term, would 
furnish a root: but then the other side consisting of [two terms] unknown and number, would 
not afford one. If the t6rm, containing the square of the unknown, give a root, the addition only 
of a number is needed. But, if it do not afford a root, that term must be multiplied or divided 
by some quantity. Addition to it will not answer; for the other side, with equal addition, will 
yield no root. Nor should a term of the unknown be added to both sides: for that would be 
troublesome. Besides, if the coefficient of the unknown be two, what multiple of the square shall 

* The concluding remark must be taken as relating to equations of a higher degree: for tbe other case of quadratics 
ifc the simple one; SkiViiara’s rule sufficing for affected quadratic equations. t 
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132. Example : The square-root of half the number of a swarm of bees 
is gone to a shrub of jasmin ; and so are eight-ninths of the whole swarm: 
a female is buzzing to one remaining male, that is humming within a lotus, 

be added ? If 2, 7,14, 23, 34, 47, or 62, times the square of the unknown be added, the one side 
will furnish a root, and not the other. If 1, 4, or the like multiple be the addition, the first side 
will give no root. Nor will the subtraction of the square serve : for the square, being negative on 
the second side, will not there afford a root. Nor should once, or four times, the square be added, 
when the square had 3 or 5 [for coefficient]; but multiplication by 2, 6, &c. take place, when it 
has 2, 6 and so forth: for the solution will not be uniform, but very troublesome; since both sides 
will comprise [three terms] square of the unknown, unknown, and number. Therefore the square 
of the unknown is to be only multiplied by some quantity. When that square, however, affords a 
root, number only needs to be added. The question is, what this additive number should be. If the 
r oot of the square unknown term have 1 [for coefficient], the addition of the square of half [the 
coefficient of] the unknown term must make that side of equation yield a root. For the product 
of one and of half will be half the unknown; and twice that will be equal to the unknown ; and 
the extraction (§ 26 ) will be equal without remainder. So, if [the coefficient] of the root be two, 
the additive should, by the same analogy, be equal to the square of a quarter of the [coefficient 
of the] unknown term. If it be three, the additive should be the square of the sixth part. Con¬ 
sequently the number to be added must be equal to the square of the quotient of the (anca) co¬ 
efficient of the unknown term by twice the (anca) coefficient of the root which the square unknown 
term affords. But, if the coefficient of the square unknown term do not yield a square-root, it 
must do so when the term is multiplied by that same coefficient. Therefore both sides of the 
equation are to be multiplied by the coefficient of the square unknown term. Here, by the pre¬ 
ceding analogy, to find the additive number, the coefficient of the unknown term is to be divided 
by twice the coefficient of the root of the square unknown term. Now the coefficient of the root 
is the unmultiplied (or original) coefficient of the square unknown term. Therefore the coefficient 
of the unknown term is to be divided by twice the original coefficient of the square ; and is to be 
multiplied by the original coefficient of the square, as common multiplier of the two sides of equa¬ 
tion. Abridging the multiplier and divisor by the common measure, the original coefficient of the 
square unknown term, the result is two for the divisor of the original coefficient of the unknown 
term. In like manner, where the coefficient of the square unknown term yields a root without 
previous multiplication, there also both sides being multiplied by that coefficient, and a number 
equal to the square of half the previous coefficient of the simple unknown term being added, a 
root is had : for the reasoning holds indifferently. Both sides, then, by this process being made 
to afford roots, if they be further multiplied by four to avoid a fraction, there is no detriment to 
thejr square nature. The square unknown term then, being multiplied by four, the coefficient of 
its root is doubled. The coefficient of the simple unknown term is to be divided by that. The 
divisor then is four times the original coefficient of the square. Now the common multiplier of 
the equation is just so much. Multiplier and divisor then being equal, both vanish ; and the ad¬ 
ditive number is the square of the original coefficient of the simple unknown term. Cuisun. 
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in which lie is confined, having been allured to it by its fragrance at night. 
Say, lovely woman; the number of bees. 1 

Put the-number of the swarm of bees ya v 2. The square-root of half this 
is ya 1 . Eight-ninths of the whole swarm are yav ] 7 6 . The sum of the square- 
root and fraction, added to the pair of bees specified, is equal to the amount 
of the swarm, namely ya v 2. Reducing the two sides of the equation to a 
common denomination, and dropping the denominator, the equation is 
ya v 18 ya 0 ru 0 and, subtraction being made, the two sides are 
ya v 16 ya9 ru 18 

ya v 2 ya 9 ru 0 Multiplying both these by eight, and adding the 
ya»0 i/aO r«18 

number eighty-one, and extracting both roots, the statement of them for an 

equation is ya 4 ru 9 Whence the value yavat-tavat comes out 6. By 
ya 0 ru 15 

substituting the square of this, the number of the swarm of bees is found 72. 

133. Example: The son of Puit’ha, exasperated in combat, shot a 
quiver of arrows to slay Carna. With half his arrows lie parried those of 
his antagonist; with four times the square-root of the quiver-full, he killed 
his horse; with six arrows lie slew Salya; with three he demolished the 
umbrella, standard and bow; and with one he cut off the head of the foe. 
How many were the arrows, which Arjuna let fly? 2 

In this case put the number of the whole of the arrows yav 1. Its half 
is ya v Four times the square-root are ya 4. The specified arrows are ru 10. 
Making the sum of these (yav -§• yai ru 10) equal to this quantity yav 1; 
reducing both sides of the equation to a common denomination, dropping 
the denominator, making subtraction as usual, adding sixteen to both sides 

of the equation [ya v 1 yaS ru 16 extracting the square-roots, and making 
ya v 0 ya 0 ru 36] 

these again equal [ya 1 r«4 the value of yavat-t&vat is found 10. From 

ya 0 ru 6] 

which, by substitution, the number of arrows comes out 100. 

134- Example: Of the period [series] less one, the half is the first term; 

* This example is repeated from the Lildvati, § 68. 

* This also occurs in the LUdvati, 67. 
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a moiety of the first term is the increase [common difference] ; and the sum 
[of the progression] is the product of increase, first term and period multi¬ 
plied together, and augmented by the addition of its seventh part.. Tell the 
increase, first term, and period. 1 

Here the period is put ya 4 ml; the first term ya 2; the common differ¬ 
ence ya 1. The product of their multiplication augmented by its seventh 
part is i /0 gZr ® T 4 yav y. This amount of the progression is equal to its 
sum found by the rule (Lil . § 1 19 ) viz. ya gh 8 ya v 10 ya 2. Depressing 
both sides by their common divisor yavat-tdvat, reducing them to a common 
denomination, and dropping the denominator, and then making subtraction, 

the two sides of the equation become yav 8 ya 54 ra 0 From these mul- 

yavO ya 0 ru 14 

tiplied by eight, and having the square of twenty-seven added to them, the 
square-roots being extracted, are ya 8 ru 27 Equating these, the value of 

ya 0 ru 2 9 

ydvat-tavat is found from the. equation, 7; and the substitution of that value 
gives the first term, common difference, and number of terms, 14, 7 and 29. 

135. Example: What number being divided by cipher, and having the 
original quantity added to the quotient and nine subtracted from this sum, 2 3 
and the consequent remainder being squared and having its squa'rc-root added 
to that square, and the whole being then multiplied by cipher, will amount 
to ninety?’ 

Here the number is put ya 1. This divided by cipher, is ya (The ad¬ 
dition and subtraction being made, 4 it is still ya This squared is ya j? 

1 An example of the sum of an arithmetical progression. See Lil. Ch. 4. 

a The version is according to Suryadasa's reading of the text: but Crishn'a-bhatt'a ap¬ 
pears to have read, as does Ra'ma-crisjin'a, ‘having (coti) ten millions added or subtracted/ 
rtisih cotya yucto ’t'havonitahy instead of r6sir adya-yucto naxomtah . Collated copies differ: but Lhe 
variation is noLiced in the margin of one. 

3 This and t}ie following are examples of the arithmetic of cipher. See § 112—14, and Lil. 
S 44—46. 

4 CrTsiina-bhatta seems here also to have read, ‘with ten millions added or subtracted 
and the quantity, being a fraction with cipher/or its denominator, remains unaltered by the addi¬ 
tion of a finite quantity (§ l6). But Suryada'sa, though he cites § 1 6 and Lil. § 45, deduces 

from the conditions of the question the equation, ya v 4 ya 34 n/72 by adding to ya v 4 yaZQ 

yav 0 ya 0 ru 90 
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The root added to it makes ya v ya -J-. Multiplied by cipher, the multi¬ 
plier and divisor being alike vanish, leaving yav 1 ya 1!) Hence multiply¬ 
ing [the equation] by four and adding one, and proceeding as before, the 
number is found 9- 

13d. Example: Say what is the number, which having its half added * 
to it, and being multiplied by cipher, and the product squared, and added 
to twice the root of that square, and this sum being divided by cipher, be¬ 
comes fifteen? 

The number is put ya 1. This, having its half added to it, becomes ya 
Being multiplied by cipher, it is not to be made nought but to be considered 
as multiple of cipher, further operations impending. Wherefore ya -§-•(), 
being squared, and having twice the root added, becomes ya v -£•() ya i^-0. 
This is divided by cipher: and here, as before, the multiplier being 0, and 
the divisor 0, both multiplicator and divisor, as being equal, vanish; and 
the quantity is unaltered: 1 viz. yav% ya V- Equating with fifteen, re¬ 
ducing to a common denomination, and then dropping the denominator, the 
two sides of the equation by preparation become ya v 9 ya 12 ru 0 

ya v 0 ya 0 ru 60 

Adding four, 2 and extracting the square-roots, the value of yavat-tavat by 
equal subtraction comes out 2. v 

137. Example: a stanza and a half. What is the number, learned man, 
which being multiplied by twelve and added to the cube of the number, is 
equal to six times the square added to thirty-five r* 

The number is put ya 1. This multiplied by twelve, and added to the 
cube of the number, is ya gh 1 ya 12. It is equal to this other quantity 
yav 6 ru35. Subtraction being made, , the first side of the equation be- 

ru 81, its rootya 2 ru9 ; and thence [doubling the equation, and] proceeding by the rule § 131, 

he derives the equation of the roots ya 8 ru 34 From which, by the usual process, he finds 9 

ya 0 ru 38 

for the value of ya . One of the copies of the text, which have been collated for the present trans¬ 
lation, omits the whole of this intermediate work here enclosed within a parenthesis. 

1 Lil. § 44—45. m c * ■ • ♦ 

* The additive four sufficing to make them afford square-roots. Crishn. 

3 It has been said “ If the solution be not thus accomplished, [as] in the case of cubes or bi¬ 
quadrates, the value must be elicited by the [calculator’s] own ingenuity.” § 129* The present and 
the following are instances of the application of that aphorism. Suu. 
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comes yaghl yav 6 ya 12; and the other side, ru35. Adding the nega¬ 
tive number eight to both (or subtracting eight from both sides') and ex¬ 
tracting the cube-roots,® they are ya 1 ru 2 From the equation of these 

' ya 0 ru 3 .. . , 

again, the amount of the number is found 5., 

138. Example: If thou be conversant with operations of algebra, tell 
the number, of which the biquadrate, less double the sum of the square and 
of two hundred times the simple number, is a myriad less one. 

’ Let the number be put ya 1. , This, multiplied by 200, is ya 200. Added 
to the square of the number, it is ya v 1 ya 200; which, multiplied by two 
becomes ya v 2 ya 400. The biquadrate of the number, less that, is ya vv 1 
yav 2 ya 400. This is equal to a myriad less unity. The two sides of the* 
equation are yaw 1 yav 2 r ya400 ru 0 Here adding to the first 

• yaw 0 yav 0 ya 0 ru 9999 

side ydvat-tdvat four hundred, with unit absolute, it yields a root (ya v 1 
ru i): but the other side (ya 400 ru 10000) does not; and the solution 
therefore is not accomplished. Hence ingenuity is in this case called for. 
Adding then, to both sides of the equation, square of yavat-tdvat four, 
ydvat-tdvat four hundred, and a single unit absolute, roots of both may be 
extracted. Thus the first side, with the additive, becomes yawl yav 2 
ru 1. The other side, with it, exhibits ya v 4 ya 400 ru 10000. Their 
roots arc ya v 1 ru 1 and ya 2 ru 100. From these, equal subtraction 
being made, the two sides of the equation are deduced yav l yak ru 0 

ya vO ya 0 ru 99 

Again adding unit to each side, the roots are obtained ya 1 ru 1 From 

ya 0 i'u 10 

which equation the value of ydvat-tdvat comes out 11. In like instances' 
the value must be elicited by the sagacity of the intelligent analyst. 

1 39■ Example: The eighth part of a troop of monkeys, squared, was 
skipping in a grove and delighted with their sport. Twelve remaining 

* A variation of the text is here put in a parenthesis. The effect is the same; and one reading 
serves to interpret the other. 

1 By the analogy of the rule for the extraction of the square-root (§ 26 ) taking the roots of the 
cube of the unknown and of the absolute number, and subtracting from the remainder thrice the 
products [of the square and simple quantities] two and two. Su'r, 
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were seen on the hill, amused with chattering to each other. IIow many 
were they in all ? 1 

In this case the troop of monkeys is put ya 1. The square of its eighth 
part, added to twelve, being equal to the whole troop, the two sides of 

equation arc yav fa ya 0 ru 12 Reducing these to a common denomi- 
yav 0 ya 1 ru 0 

nation, dropping the denominator, and making equal subtraction, they be¬ 
come ya v 1 ya 64 ru 0 From these, with the square of thirty-two 
- yav 0 ya 0 ru 768 

added to them, the roots are extracted ya l ru 32 The number of the 

ya 0 ru 16 

root on the absolute side is here less than the known number, with the nega¬ 
tive sign, in the root on the side of the unknown. .Making it then negative 
and positive, a two-fold value of yavat-tavat is thence obtained, 48 and 16 . 

140.* Example: The fifth part of the troop less three, squared, had 
gone to a cave; and one monkey was in sight, having climbed on a branch. 
Say how many they were?* 

Here the troop is put ya 1. Its fifth part is ya±. Less three, it is ya J- 
«< y! This squared is yav fa ya ru With'the one seen {±±j, it is 
y a %r ru 2 iV 0 ' This is equal to the troop ya 1. Reducing these 

* This instance is relative to the rule (§ 130) which a rim its a two-fold value of the unknown, 
when ihc square-root on the absolute side is less than the known number, comprised in the square- 
root on the other side of the equation. Sun. and Cufsiix. 

1 Suryadasa here interposes an example, the same which is inserted in the LU/tvatt , § 150. 
It is not, however, found in collated copies of the Vtja-gariita , nor noticed in this place by Ciusuna- 
biiatta, nor by Rama-crisiina. The solution, as wrought by‘the first named commentator, 
follows : 4 Put ya 1 for the side of the triangle or distance between the snake's hole and the point 
of meeting. If this side be subtracted from the sum of the side and hypotenuse, namely 27 , the 
remainder is the hypotenuse: it is ya 1 ru 27. Its square, yav 1 ya 54 ru 729) is equal to the 
sum of the squares of the side put ya 1 and upright given 9 : namely yav 1 ru 8 1. Equal 
subtraction being made, the value of ya is found, 12. Thus the distance between* the hole and 
point of meeting comes out 12 cubits; and this, subtracted from the distance from the hole of the 
spot where the snake was seen, namely 27, leaves the equal progress of the two, 15.—Suit. The 
example, as is apparent, is here out of place, and should have been noticed by the scholiast, where 
the author has himself referred to it, in his gloss on § 124. 

2 Two instances are here given to show, that the twofold value is admissible in some cases only. 

C hi siin. 
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sides of equation to a common denomination, dropping the denominator, and 
making equal subtraction, the equation becomes ya v 1 ya 55 ru 0 Mul- 

yav 0 ya 0 ru 250 

tiplymg by four, and adding a number equal to the square of fifty-five (5025), 
the roots extracted are ya 2 ru 55 Here also a two-fold value is found 

ya 0 ru 45 

as before, 50 and 5. But the second is in this case not to be taken: for 
it is incongruous. People do not approve a negative absolute number.' 

141. Example: The shadow of a gnomon twelve fingers high being 
lessened by a third part of the hypotenuse, became fourteen fingers long. 
Tell quickly, mathematician, that shadow. 

In this case the shadow is put ya 1. This, less a third of the hypotenuse, 
becomes fourteen fingers. Hence, conversely, subtracting fourteen fingers 
from it, the remainder is a third of the hypoteuuse, ya 1 ru 14. This then, 
multiplied by three, is the hypotenuse; ya3 ru42. Its square is7/fl»9 
ya 252 ru 1764; which is equal to this other value of the square of the hy¬ 
potenuse, 2 yav 1 ru 144. Equal subtraction being made, the two sides of 

1 The second value being five, ils fifth part, one, cannot have three subtracted from it. There 
is incongruity; to indicate which the author adds expressly, ‘ the second is in this case not to be 
taken.’ Sur. 

. Pu t‘ya 5 for the troop of monkeys. Its fifth part is ya 1 . Less three, itisyal ru 3. This 
squared is ya v 1 ya 6 rug. With one added, it is ya v 1 yaG ru 10 ; and is equal to ya 5. 
Equal subtraction being made, the equation is yav 1 ya 11 ru o Multiplying by four, and 

yav 0 ya 0 ru 10 

superadding the square of 11 , it becomes yav 4 ya 4*4 ru 121 Here, since the known number 

yav 0 ya 0 ru 81 

was proposed as negative [i.e. subtractive] the root should be taken, under the reasoning before 
staled [gloss on §130]y«2 ru 11 ; not ya% ru 11 . The root of the second side of the equation 
is 9 .* By further equation of the roots, the value of ya comes out 10 . Whence the number 
of the troop is deduced 50. But, if the known number ( 11 ) be made positive, the value 
of ya will be 1 ; and the whole quantity 5 . Fromitsfifth part (one), three cannot be subtracted. If 
indeed the enunciation of the question were, “ The fifth part of the troop taken from three” [in¬ 
stead of “ less three”], the second value, and not the first, would be taken. For the fifth part of 
the first value cannot be deducted from three. Crisijn. 

1 For the shadow being the side of a rectangular triangle, and the gnomon twelve fingers in 
length being the upright: (Sir omani: Book l,Ch. 3.) the rule, that the square-root of the sum of 
their squares is the hypotenuse, is universally known. Sun. 

* Or else 9. But with this root the author would take ya2 ru 11 instead of ya 5 ru 11. 
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the equation become ya v 8 ya 252 ru 0 Multiplying by two, and 

ya v 0 ya 0 ru lb’20 

superadding the square of the number Sixty-three, the roots are yn 4 ru63 

ya 0 vu 27 

Making these again equal, and proceeding as before, the value of y/rcat-t/ivat < 
is obtained two-fold *-£ and g. The second value of the shadow is less than 
fourteen: therefore, by reason of its incongruity, it should not be taken. 
Hence it was said “ this holds in some cases.” (§ 130.) 

It is in derogation of the maxim delivered in Padmanabha’s algebra, 1 on 
this subject: 

142. “ When the root of the absolute side is less than the known number 

being negative on the other side, making it positive and negative, the value 
comes out two-fold.” 2 

143—144. Example: What are the four quantities, friend! which with 
two severally added to them, yield square-roots ; and of which the products, 
taking them two and two, contiguous, J become also square numbers when 
eighteen is added: and which are such, that the square-root of the sum of 
all the roots added to eleven, being extracted, is thirteen ? tell them to me, 
algebraist! 

In this case, the number, which, added to two quantities, renders them 
square numbers, is the additive of the [original] quantities. That additive, 
multiplied by the square of the difference of the roots, is the additive of the 
product. That is, the product of those two quantities, with the addition of 
this [additive] must yield a square-root. The products of the roots of the 
quantities, taken two and two contiguous, being lessened by a deduction of 
the additive of the quantities, arc the roots of the products of those quanti¬ 
ties. 4 This principle must be understood in all [similar] cases. In the pre¬ 
sent instance, the additive of the products is nine times the additive of the 
simple quantities. The square-root of nine is three. Therefore, the roots 

1 Padmanubka-V/ja. 

2 The quotation, as copied by the commentator Suryada'sa, contains the very reservation 
for which Biiascara contends “ the value will be two-fold sometimes:” dwid’hd mdnan cuachit 
bhavet, instead of dirividhotpadyatc mitih , the reading which occurs in collated copies. 

3 The first and second are to be multiplied together; and the third and fourth.—S u'r. First 

and second ;*second and third ; third and fourth. Crisun. 

* For the demonstration of both these positions, see note to § 145. 
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of the quantities are [aritluneticals] differing by the common difference 
three: ya \ ya l ru3 ya 1 ru 6 ya\ ru9 . The products of these, two 
and two, less the additive of the simple quantities, being computed, are 
the square-roots of the products of the quantities with eighteen added. 
Hence the roots of the products as above described are yaw 1 ya3 
ru 2; yav 1 ya9 ru 16; yav 1 ya 15 rw52. 1 The sum of all these 
and of the original roots is yav 3 ya 31 ru 8 4. Making this, with 
eleven added to it, equal to the square of thirteen; multiplying the sides of 
the equation (after equal subtraction) by twelve; and superadding the square 

of thirty-one, the roots are ya 6 ru 3 1 From the equation of these again, 

ya 0 ru 4 3 

the value of yaval-tavat is found 2* Whence the roots of the quantities are 
deduced, 2, 5, 8 and 11. Of course the original quantities (being the 
squares of those roots, less the additive of the simple quantities,) are 2, 23, 
62 and 119 - 

On this subject there is a maxim of an original author :* 

145. ‘ So many times as the additive of the products contains the additive 


K Suryadasa, employing only the first of the foregoing positions, as it is contained also in the 
maxim eiled from an earlier writer (§ 145), deduces the algebraic expressions for the roots of the 
products from those of the simple quantities: ‘ The additive of the products (18) is nine times the 
additive of the simple quantities (2), Its square-root is 3. The simple roots then are ya ] ru 0 

yu 1 ru 3 
ya 1 ru 6 
ya 1 ru gi 

And the quantitiesdeduced by squaring these and suhtracting'the additive two, are yav 1 ya 0 ru 2 

yav 1 ya 6 ru 7 
yav l ya\2 ru 34 
yav 1 ya 18 ru79 


The products of the contiguous two and two,f^ at ’ r | ® V av 5 ya 12 ru 4 

. \ ... 5 ’<yavv 1 yagh 18 yav 41 ya 2S4 ru 2 56 

with eighteen added, are (yawl yagh 30 yav 113 ya 1560 rw2704 

The square-roots of these three are ya v 1 ya 3 ru 2 Their sum (yav 3 ya 27 ru66) with 

ya v 1 ya 9 ru l6 
ya v 1 ya 15 ru 52 

the sum of the simple roots (ya4 ral8) or yav 3 ya 31 ru $4, with 11 added, is equal to the 

square of 13, or 169. The equation then is yav 3 ya 31 ru 9-5 and, after subtraction, be* 

yav 0 ya 0 ru \69 

comes yav 3 ya31 ru 0 Proceeding as usual (5 131), the value of y&vat-t&vat comes out 2/ 
yavO ya 0 ru7 4 Sun. 


1 Neither Bha'scara, nor his commentators, intimate the name of this ancient and (ddya) 
original author, whose words are here quoted. 
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of the simple quantities, by the square-root of that [submultiple] as a common 
difference, the unknown quantities arc to be put [in arithmetical progression] 
and to he squared, and then diminished by subtraction of the additive.’ 1 

This supposition of apposite quantities required much dexterity in com¬ 
putations. 

i , 

14f>. Example:. Say what is the hypotenuse in a plane figure, in which 
the side and upright are equal to fifteen and twenty t and show the demon¬ 
stration of the received mode of computation.® 

Here the hypotenuse is put ya 1. Turning the triangle, the hypotenuse 
is made the base; and its side and upright are the sides: and the side and 
upright in each of the triangles situated on either side of the perpendicular 


1 The demonslration of this, and of Biia'scara’s corresponding position with the further one 
subjoined by him, is given by the commentator CitfsiiJJA : ‘ If the square-root of a quantity in¬ 
creased by an additive be known, then by inversion the quantity is the square of that root, less the 
additive ; and is also known. From the first root the first quantity is found pv 1 at; and, in 
like manner, from the second root, the second quantity dv 1 «i. That, which, added to their 

product, makes it a square, is the additive of the product. Multiplied together their product is 
pv.dvbhl pv.abh i dv.abh \ av 1. In the second term, the square of the first root multiplied 
by the additive is negative; and, in the third term, the like multiple of the square of the second 
root is also negative. To abridge, put sum of the squares of the roots multiplied by the additive with 
the negative sign.' The first term is the product of squares of the roots ; or, which is the same, the 
square°of the product of the roots. The statement then is r prod, v 1 r v sum a 1 av 1. In the 
second of these three terms, the sum of the squares of the roots is resolvable into two parts ; the 
square of the difference of the roots and twice the product of the roots. (Lil . § 135.) The second 
term is thus resolved into two; namely the square of the difference and twice the product multi¬ 
plied by the additive : and the statement of all the terms in their order consequently is r prod, v 1 

r diff. r.n i rprod.aC av 1. Now the number, which, added to this product of the quantities, 

makes it afford a square-root, is the additive of the product. But here, if the square of the differ¬ 
ence of the roots multiplied by the additive ( r diff. v. a 1) be superadded, the remaining terms 
r p ro d. d t rprod. a 2 or!, will yield a square-root. It is therefore demonstrated, that the 
additive of the simple quantities, multiplied by the square of the difference of the roots, is additive 
of the product; and the product of the same roots, less the additive, will be the root of the pro¬ 
duct of the quantity. The same reasoning is applicable to the second and third; and to the third 
and fourth. Thus the root of one quantity being put yfaat-t&vat, the roots of all may be rightly 
deduced from it’ [by their common difference computed from the additives], Crisiin. 

* The question of the hypotenuse is here put, solely to inquire the principle of the solution of 

,. ' Crishn. 

this problem. 
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let fall in the proposed triangle, are analogous to the former.' Hence the 
proportion : ‘ if, when ydval-tavat is hypotenuse, this be the side (1.5), then, 
the hypotenuse being fifteen (equal to the original side), what is?’' Thus 
the side [of the smaller triangle] is found, and is the segment contiguous to 
the original side: ru 225 Again, if yavat-tavat being hypotenuse, this 
ya 1 

be the upright (20), then, the hypotenuse being twenty (equal to the ori¬ 
ginal upright), what is?’ Thus the upright [of the other little triangle] is 
found, and is the segment contiguous to the original upright : 1 2 ru 400 The 

ya 1 

sum of the segments is equal to hypotenuse: and from so framing the equa¬ 
tion, the value of hypotenuse is deduced, 3 the square-root of the sum of the 
squares of the side and upright, viz. 25. Hence, substituting the value, 
the segments are found 9 and 16; and thence the perpendicular 12. See 



25 

Or the solution is thus otherwise propounded. The hypotenuse is ya 1. 
Half the product of the side and upright is the area of the triangle: 150. 

1 Tliey are proportional (anurupa). Crishn. 

* The greater side being here named the upright, (while either side might have been so denomi¬ 
nated ; LjL § 133.) in the original triangle, the greater side of the one small triangle must be taken 
as the upright found by the proportion 4 as ytirat-t&vat is to the original upright, so is an hypote¬ 
nuse of that length to a quantity sought:’ it is the segment, which is the greater side of this tri¬ 
angle ; not the perpendicular, which is its less side. So the smaller side of the other little triangle 
must be taken as the side found by the proportion, ‘ as y6vat~tMt is to the original side, so is a hy¬ 
potenuse of that length to a quantity sought :* and it is the segment, this being the least side of the 
triangle ; not the perpendicular which is here the greater side. > . Crishn. 

3 Crishn a gives the solution by literal symbols alone. By the first proportion ya 1 ( bhu 1 | 
bku 1 | the segment contiguous to the side is bhu v i By the other proportion, ya 1 | co 1 | co 1 | 

ya 1 

the segment contiguous to the upright is cov 1 The sum of the segments bhu v 1 co v 1 is 

ya 1 ya 1 

equal to the base ya 1. Reducing to a common denomination and dropping the denominator, the 
two sides of the equation become ya v 1 Hence the square of the hypotenuse is equal to 

bhu v \ cov 1 

the sum of the squares of upright and side.— Crishn. Here bhu is initial of bhuja, the side (lit. 
arm); and co of coti , the upright. 
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With four such triangles, another figure having four sides, each equal to the 
hypotenuse,’ is constructed for the purpose of finding the hypotenuse. Sec 



25 


Thus another interior quadrilateral is framed; and the difference between 
the upright and side is the length of its side. Its area is 25. Twice the pro¬ 
duct of the upright and side is the area of the four triangles, 600. The sum 
of these is the area of the entire large figure; 625. Equating this with the 
square of ydvat-tavat, the measure of the hypotenuse is found, 25. 1 If the 
absolute number, however, be not an exact square, the hypotenuse comes 
out a surd root. 


147. Rule : Twice the product of the upright and side, 3 being added to 
the square of their difference, is equal to the sum of their squares, just as 
with two unknown quantities. 4 

Hence, for facility, it is rightly said ‘ The square-root of the sum of the 
squares of upright and side, is the hypotenuse?’ 5 


* The triangles are to be so placed, as that the hypotenuse may be without; and the upright of 

one be in contact with the side of another: else, by merely joining four rectangular triangles [with the 
equal sides contiguous,] a quadrilateral having, unequal diagonals [that is, a rhomb] is constituted; 
in which one diagonal is twice the upright; and the other double the side of the triangle; instead 
of a square comprising five.figures (four triangles and a small interior square). But, if the upright 
and side be equal, a square only is framed, which ever way the side is placed, since there is no 
difference of the upright and side: and in this case there is no interior square. Ciusiin. 

* In this instance also, Ciusiin'a exhibits the solution by literal symbols: ‘ Area of the triangle 
bhu.co\. Multiplied by four, it is the area of four such triangles, bhu.co 2. Dilterence 
bhu 1 co 1. Its square bhuv 1 bhu. co 2 cov ■ 1 . This, which is the area of the interior square, 

being added to the area of the four triangles, bhu. co 2 , makes bhu v I co v 1 ; the area of the 

, Ciusiin. 

entire square. _ _ / 

3 This is not confined to upright and side; but applicable to all quantities. (Lil. § 135.) 

Ciusiin'. 

* Let the two quantities be ya 1 ca\ l The square of their difference will be ya v 1 ya. ca bh 2 

cav 1 . To this twice the product ya. ca bh 2 being added, the result is the sum of the squares 

„ CRISllTf. 

ya v l ca v 1 . 

5 See the same rule expressed in oilier words ; IrfL § 134-. 
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148. Example: Tell me, friend, the side, upright and hypotenuse in a 
[triangular] plane figure, in which the square-root of three less than the side, 
being lessened by one, is the difference between the upright and hypotenuse. 

In this case the difference between the upright and hypotenuse is arbi¬ 
trarily assumed: say 2. Hence, by inversion, (taking the square of that 
added to one and adding three to the square;) the side is obtained, 12. Its 
square, or the difference of the squares of hypotenuse and upright, is- 144. 
The difference of the squares of two quantities is equal to the product of 
their sum and difference. 2 For a square 3 is the area of an equilateral qua¬ 
drangle [and equi-diagoijal 4 ]. This for example, is the square of seven, 49: 

7 


Subtracting from it the square of five, viz. 25, the remainder is-24. See 


7 


Here the difference is two; and the sum is twelve: and the product of 
the sum and difference consists of 24 equal compartments 

12 

mxrk 


J L 


Thus it is demonstrated, that the difference of the squares is equal to the 
product of the sum and difference. Hence, in the instance, the difference’ 
of the squares, 144, being divided by the assumed difference of the hypo- 

* Producing the line, the figure is divided into two squares: one the square of the upright; the 
other the square of ihe side : and their sum is the area of the first or large square ; and its square- 
root is the side of the quadrilateral. Ciushx. 

1 LU. § 135. 

3 Varga, or 2d power. 

4 Crisiina. 
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tenusc and upright, 2, is the sum, 72. 1 This sum, twice set down, and 
having the difference severally subtracted, and being halved according t? 
the rule of concurrence,* gives the upright and hypotenuse 35 and 37. In 
like manner, putting one, the side, upright and hypotenuse are 7, 24, and 
27. Or, supposing four, they are 28, 96, and 100. 3 So in every [similar] 
case. 

149. Rule: The difference between the sum of the squares of two 
quantities whatsoever, and the square of their sum, is equal to twice their 
product; as in the case of two unknown quantities. 4 

For instance, let the quantities be 3 and 5. Their squares are 9 and 25. 
The square of their sum, 64. From this taking away the sum of the squares, 
the remainder is 30. See 

3 5. - s 5 



Here square compartments, equal to twice the product are apparent; and, 
[the proposition] is proved. 

150. Rule: The difference between four times the product and the 
square of the sum, is equal to the square of the difference of the quantities; 
as in the instance of unknown ones. 5 

Let the quantities be 3 and 5. From the square of their sum, taking 
away four products 6 at the four corners, there remain in the middle, square 

■ Sec LU. § 57 . 

1 LU. § 55. 

3 The problem is an indeterminate one. 

4 Let ihc quantities be ya 1 ca 1 . The sum of their squares is yav 1 ca v 1 ; and the square of 

their sum ya v 1 ya. cabk2 ca v 1 . The difference between which is ya. ca bh 2; or twice the 
product of the two quantities. Cufsiix. 

5 Letlhe two quantities be ya 1 ca 1 . Four times the product is ya.cabh 4. The square of 

the sum is 3/0 r 1 ya.cabh^ cav l • From this square taking four times the product, the re¬ 
mainder is yav 1 ya.cabh 2 cav 1 . And this is the square of the difference of the two quan¬ 
tities. Crishn. 

* Rectangles. 
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compartments equal to the square of the difference of tire quantities; and 
[the proposition] is proved. See 


5 

3 2 

* 

O 

5 

3 







151. Example: Tell the side, upright and hypotenuse, of which the 
sum is forty, and the product of the upright and side is a hundred and 
twenty. 

Here twice the product of the side and upright is 240. It is the difference 
between the square of their sum and the sum of their squares.' The sum 
of the squares of the side and upright is the same with the square of the hy¬ 
potenuse. 2 Therefore it is the difference between the square of the sum of 
the side and upright, and the square of hypotenuse; and is equal to the pro¬ 
duct of sum and difference. Therefore this difference, 240, divided by the 
sum 40, gives the difference of hypotenuse and the sum of the side and 
upright, viz. 6.' The sum, having thfc difference severally subtracted and 
added, and being then halved, gives by the rule of concurrence, 3 the sum of 
the upright and side 23, and the hypotenuse 17. + From the square of the 
sum of the upright and side, namely 529, subtract four times the product 
(§ 150), viz. 480, the square root 7 of the remainder (49) is the difference of 
the side and upright. From the sum and difference, the side and upright 
are found by subtraction and addition and then taking the moieties: and 
they come out 8 and 15. 

152. Example: 5 Tell me severally the side, upright and hypotenuse, 
the sum of which is fifty-six; and their product seven times six hundred. 

In this instance put hypotenuse ya 1. Its square is yav 1. It is the sum 
of the squares of the side and upright. The sum of the three sides (hypo¬ 
tenuse, upright and base) less hypotenuse is the sum of the upright and side; 

* § > 49 . 

* § 146 . 

3 Lil. §55. ’ 

* For lhe sum of two sides must exceed the hypotenuse. (Ud. § l6l.) • Crisiin. 

5 This example, though overlooked by Suryadasa, is noticed both by Crisiina and Ra'ma- 
crishn'a; and is found in all the collated copies of the text. 

G 0 
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i/a 1 ru 56. So the product of the three, divided by hypotenuse, gives the 
product of upright and side ru 4200 By a preceding rule 149) the dif- 

ya 1 

fcrence between the sum of the squares [ya v 1) and the square of their sum 
(ya »1 ya 112 ru 3136), namely ya 112 ru 3136, is equal to twice the 
product or ru 8400 First reducing to least terms by the common divisor a 

ya 1 

hundred and twelve; then bringing both sides of the equation to a common 
denomination, dropping the denominator, making equal subtraction, 1 and 
superadding the square of fourteen to both sides of the equation,* the value 
of y&vat-tavat is found, 25. A second value in this case comes out by way 
of alternative, namely 3: but it is not to be taken because it is incongruous. 1 * 

In the instance, the product of the three sides, 4200, being divided by 
the hypotenuse 25, gives the product of the upright and side, 168 . Thus 
the sum of the upright and side being 31 (56 less 25), the difference of the 
upright and side is found by the preceding rule (§ 150) namely 17. And 
thence, by the rule of concurrence, 4 the side and upright are deduced 7 
and 24. 

So in all [like] cases. 

The intelligent, by a compendious method, do in some instances resolve 
a problem by reasoning alone. But the grand operation is by putting [a 
symbol] of the unknown. 


1 The text to which Ra'maciushn’a’s commentary is appended, here exhibits 

Equation ya v 112 ya 3136 ru 0 Abridged by 112, ya v 1 ya 28 ru 0 

ya v 0 ya 0, ru 8400 ya v 0 ya 0 ru 75 

* Some copies of the text substitute the equivalent operation of multiplying by four, and adding 
the square of twenty-eight. 

* See remark under § 141. 

4 Lit. § 55. 
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CHAPTER VI. 


EQUATION INVOLVING MORE THAN ONE UNKNOWN 

QUANTITY. 

Next, Analysis by a Multiliteral Equation is propounded. 

153—156. Rule: Subtract the first colour (or letter 1 * 3 ) from the other 
side of the equation; and the rest of the colours (or letters) as well as the 
known quantities, from the first side:* the other side being then divided by 
the [coefficient of the] first, a value of the first colour will be obtained.* If 
there be several values of one colour, making in such case equations of them 
and dropping the denominator, 4 the values of the rest of the colours are to 
be found from them. 5 At the last value, the multiplier and quotient, found 
by the method of the pulverizer, 6 are the values of both colours, dividend 

1 See the author's following comment; and the note upon it. 

a That is, the two sides of the equation are to be so treated, as that a single colour may remain 
on one side: which is effected by equal subtraction of all the rest of the terms on that side from 
both; and of the term similar to it on the other. It is not necessary to restrict the choice of the 
particular colour: but, as there is no motive for passing by the first, that is selected to be retained: 

ClUSIIN. 

3 This division is the equivalent of the proportion, in which one of the unknown is the third 
term, and a multiple of it is the first; to find the value. Sec note on § 157. 

4 After reduction to a common denomination. 

5 This suffices for problems admitting but one solution. What follows, relates to indeterminate 
problems. 

6 An answer to an indeterminate problem being required in whole numbers. Else arbitrary, 

values may be put for all the remaining unknown terms in the last and single value of an unknown. 
In such case the answer is easy : but is probably fractional. Crisiin. 

G G 2 








228 


Vl'JA-GANTTA. 


Chaptek VL 


and divisor: 1 if there be other colours in the dividend, put for them any 
arbitrarily assumed values; and so find those two. By substituting with 
these inversely, the values of the rest of the colours are then obtained. 
But, if a value be fractional, the investigation of the pulverizer is to be re¬ 
peated; and, with that substituting for the last colour, deduce the values 
conversely from the first. 2 

This is analysis by equation comprising several colours. 5 

In this, the unknown quantities are numerous, two, three or more. Tor 
which yavat-tavat and the several colours are to be put to represent the 
values. They have been settled by the ancient teachers of the science: 4 
viz. tM so much as ” (yavat-tavat), black (cdlaca), blue (n/ldca), yellow (p'ltaca), 
red (Johitacd), green Qiaritaca), • white (swetaca), variegated (chitraca), tawny 
(capilaca ), tan-coloured ( pingala ), grey ( dhumraca ), pink ( piitalaca ), white 
(savalaca), black (sy/wialaca), another black ( mcchaca ), and so forth. Or 


1 The colour or letter, appertaining to the divisor, is the quantity of which the algebraic expres¬ 
sion was the value; its coefficient being the divisor or denominator.—See note to § 157. The 
colour belonging to the dividend or numerator, is one comprised in that algebraic expression of the 
value of the former. See note on the author's comment below. One unknown is a function of 
the other. 

* a The commentator Ckishna notices two variations, or altogelher three readings of this passage. 
He prefers one as most consistent with the author's own explanation of his text; and interprets it 
thus: If, in course of substitution, the value of another colour be had fractional, investigation of a 
pulverizer is to be again performed; and, with that multiplier, substituting for the last colour, de¬ 
duce the values inversely from the first. That is, with the particular multiplier termed pulverizer 
(Ch. 2 ), substituting for the colour contained in the two or more last values, again deduce the 
values inversely from the preceding: meaning from the value which contained a fractional one. 
Beginning thence, let inverse substitution take place. 

The second reading is,* lhe other colour (or letter) is to be found by repeating the investigation 
of ihe pulverizer; and with that substituting for the original [or, according to another construc¬ 
tion, for the last, colour]; deduce the values conversely from the first/ or, as the third reading 
varies it, * deduce conversely the last and the first.’ It is defective in either construction : for the 
pronoun “ that" refers to the “ other colour (or letter);” the value of which is found by investiga¬ 
tion of the pulverizer: but *“ the other” so referred to is the divisor in that investigation: and the 
“ last” colour, for which substitution is to be made, is the dividend: and the sentence, therefore, 
according to these readings, directs a substitution of value for the wrong colour. Cnfsnx. 

3 Aneca-varria-samkararia vtja. See Ch. 4. note on gloss following § 100—102. 

4 Turv6ch6ry{rih y by former teachers. What particular authors are intended is unexplained. 
Bkahmegupta employs names of colours to designate the unknown, without any remark; whence 
it appears that the use was already familiar. See Braiim. IS. § 52 d seq . 
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letters 1 are to he employed; that is the literal characters c, &c. as names of 
the unknown, to prevent the confounding of them. 

Here also, the calculator, performing as before directed (Ch. 4) every 
operation implied by the conditions of the example, brings out two equal 
sides, or more sides, of equation. Then comes the application of the rule: 

‘ From one of the two sides of the equation, subtract 2 the first (letter or) 
colour of the other. Then subtract from that other side the rest of the (let¬ 
ters or) colours, as well as the known quantities. Hence the one side being 
divided 5 by the residue of the first (letter or) colour, a value of the (letter or) 
colour which furnishes the divisor is obtained. If there be many such sides, 
by so treating those that constitute equations, by pairs, other values are found. 
Then, among these, if the values of one (letter or) colour be manifold, make 
them equal by pairs, drop the denominator/ and proceeding by the rule 
[§ 153], find values of the other (letters or) colours: and so on, as practicable. 

Thereafter, 5 the number (coefficient) of the dividend (letter or) colour in 
the last value is to be taken as the dividend quantity; and that of the divi- 

1 Varna , colour or letter: for the word bears both imports. Former writers used it in the one' 
sense, and directed all the unknown quantities after the first to be represented by colours. But 
the author takes it also in the second acceptation ; and directs letters to be employed, instancing 
the consonants in their alphabetical order. He appears tu intend initial syllables. (See his solu¬ 
tion of the problem in § 11 L) Ilis predecessors, however, likewise made use of initial syllables for 
algebraic symbols; for instance the marks of square, cube and other powers; and the sign of a 
surd root: as well as the initials of colours as tokens of unknown quantities. 

* See § 101. 

3 Ibid. 

t 

4 After reduction to a common denominator. 

5 In the last and single value of the unknown denoted by a colour, if one or more unknown 

terms denoted by colours be comprised, values might be arbitrarily put for all these terms in the 
dividend; and these values being summed, and divided by the denominator, would give the value 
of the first colour. It might be either a fraction or integer, and the values of the rest would be 
those arbitrarily assumed. Such a solution is facile. But, if the answer be required in whole 
numbers, then reserving one colour put arbitrary values for the rest; and thus a single colour with 
certain absolute numbers will remain in the dividend. Now such a value of that colour is to be 
assumed, as that the coefficient of the colour, being multiplied by the assumed quantity, and added 
to the absolute number, and divided by the denominator, may yield no residue: for so the value ot 
the first colour will be an integer. This is the very problem solved in the investigation of a pulve¬ 
rizer (Ch. 2 ). If then a value of the colour in the dividend be put equal to the multiplier so found, 
the colour appertaining to the divisor will be the quotient, and an integer. Hence the text, “ At 
the last value, &c.” (§ 154-—155.) Crusnx. 
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sor (letter or) colour, as the divisor quantity; and the absolute number, as 
the additive quantity: with which, proceeding by the rule of investigation 
of a pulverizer (Ch. 2), the multiplier, which is so found, is the value of the 
dividend (letter or) colour; and the quotient, which is obtained, is that of 
the divisor (letter or) colour. The reduced 1 * 3 divisor and dividend [used as 
abraders in the investigation] of these two values, being multiplied by some 
assumed* (letter or) colour, are to be put as additives [of the multiplier and 
quotient,'’ or values so found,] and thence, substituting their values with 
these additives, for those colours (or letters) in the value of the former colour 
(or letter), and dividing by the denominator, the quotient, which is obtained, 
is the value of the former colour (or letter). In like manner, inversely sub¬ 
stituting [the values thus successively found], the values of the other colours 
(or letters) are thence deduced. But, if there be two or more colours (or 
letters) in the last value, then putting arbitrarily assumed values for them, 
and substituting by those values and adding the results to the absolute num-. 
her, the investigation of a pulverizer is to be performed. 

In the course of inverse substitution, if the values of a colour (or letter), 
in a value of a preceding one, be fractional, then the multiplier, which is 
found by a further investigation of the pulverizer, with the addition [of the 
divisor 4 ] is the value of the dividend colour (or letter). 5 Then substituting 
with it for that colour (or letter) in the last values of colours (or letters), 
and proceeding by inverse substitution, in the preceding ones, the values of 
the other colours (or letters) are found. 

In this [analysis], when the value of a (letter or) colour is found, (whether 
that value be a known quantity, or an unknown one, or known and un- 

1 See § 54. 

a The assumed colour represents the arbitrary factor, introduced (§64) to make arbitrary mul¬ 
tiples of the (abrading) divisors additives of the multiplier and quotient; that is, of the values here 
found. By substituting cipher for this assumed colour, as is frequently done in the following exam- 
pies (§ 160, l6l, 163, &c.), the simple values are used without the additives. It does not represent 
an unknown quantity which is sought; but a factor of the divisors, which is to receive an arbitrary 
value: and it serves to show the relation of the quantities in the manifold answers of an indetermi¬ 
nate problem, the solution of which is required in whole numbers. See CrIsiix. 

3 See § 64. 

4 Ibid. 

3 Recourse is had to this method, to clear the fraction: for the same reason holds indifferently. 

Cnisnx. 
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known together;) and is multiplied by the coefficient of the unknown, the 
removal or extermination of that (literal character or) colour is called 
(Utthapana) “ raising” or “substitution.” 1 

Example: “ The quantity of rubies without flaw, sapphires and pearls,” 
&c. (§ 105.) 

In this case, putting ydvat-tdvat, Sic. for the rates of the rubies and the 
rest, and making the number of each sort of gem'with its rate a multiple, 
and superadding the absolute number, the statement for equal subtraction is 

ya5 ca 8 ni 7 ru9 0 Proceeding as directed, to “subtract the first co- 

ya 7 ca 9 ni 6 ru 62 

lour, &e,” (§ 153) this single value of ydvat-tdvat is obtained ca 1 ni 1 r«28* * 

ya2 

Being single, this same value is “last” (§ 154). Therefore the investigation 
of the pulverizer must take place. In this dividend there is a couple of co¬ 
lours : wherefore (§ 155) the value of ni is arbitrarily put unity; with which 
substituting for ni, and superadding it to the absolute number, there results 
ca 1 ru 29 Hence, by the rule of investigation of the pulverizer, the 

ya 2 

multiplier and quotient, together with the additives [deduced from their di¬ 
visors] are found pi 2 ru 1 Then, substituting for pi by putting cipher 
pi 1 ru 14 

for it, the rates of the rubies and the rest come out 14, 1, 1. Putting one 
for pi, they are 13, 3, 1; assuming two, 12, 15, 1; or, supposing three, 
11, 7, 1. Thus, by virtue of suppositions, an infinity of answers is ob¬ 
tained. 

Example: “ One says * give me a hundred, and I shall be twice as rich 

as you,’ &c. (§ 106). 


* The value of any colour, that is found, whether expressed by absolute number, or symbol of 
unknown quantity, or both, and occurring in another, is deduced by the rule of three: for in¬ 
stance, in example § 157, the value of ca is found ni%0 pi 16; and pi is lo 4 rwO; and ni is 

ca 9 

/o31 ru 0. Then the proportion, ni 1 | to 31 ru 0 | ni 20 | , gives fo620 ru 0; and this, pi 1 J 
lo 4 ruO | pi It) J , gives lo 64 ruO . Their sum, lo 684 m 0, divided by 9, gives the value of 
ta; viz. /o76 ru 0. This is termed utt’htipana , Taising or substitution. Crisiin. 

* For the reason of retaining the symbol of the unknown ya, in the fraction expressing its value, 
see note on § 157. 
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Let the respective capitals be ya 1 cal. Taking a hundred from the 
capital of the last, and adding it to that of the first, they become ya 1 ru 100 
arnica 1 ru 100. The wealth of the first is double that of the second: 
therefore equating it with twice the second’s capital, a value of ydvat-tdvat 
is obtained ca 2 ru 300 Again, ten being taken from the first and added 
ya 1 

to the capital of the second, there results ya 1 ru 10 and ca 1 ru 10. But 
the second is become six times as rich as the first: wherefore making the 
second equal to the sextuple of the first, a value of yavat-tdvat is obtained 
ca 1 ru 70. With these reduced to a common denomination and dropping 
ya6 

the denominator, an equation is formed; from which, as being one contain¬ 
ing a single colour (or character of unknown quantity), the value of ca 
comes out by the foregoing analysis (Ch. 4); viz. 170. 1 With which sub¬ 
stituting for ca, in the two values of ydvat-tdvat, and adding it to the ab¬ 
solute number, and dividing by the appertinent denominator, the value of 
ydvat-tdvat is found, 40. 

157- Example : The horses belonging to these four persons respectively 
are five; three, six and eight; the camels appertaining to them are two, 
seven, four and one ; their mules are eight, two, one and three; and the 
oxen owned by them are seven, one, two and one. All are equally rich. 
Tell me severally, friend, the rates of the prices of horses and the rest. 

Here put ydvat-tdvat, &c. for the prices of the horses and the rest. The 
number of horses and cattle, being multiplied by those rates, the capitals of 

the four persons become ya 5 ca 2 in 8 pi 7 These arc equal. From 

ya 3 cal ni 2 pi 1 

ya 6 ca 4 ni 1 pi 2 

ya 8 ca 1 ni 3 pi 1 

the equation of the first and second, the value of ydvat-tdvat is obtained 
ca 5 " ni 6 pi 6 From that of the second and third, it is ca 3 ni Y pi i 

ya 2 ya 3 

In like manner, from that of the third and fourth, it is ca 3 ni 2 pi 1.* * 

ya 2 

\ MlI * t 1 v • * . 

1 The commentator, CrisHNA, quotes.from his preceptor, Vishnu Chandra, a rule for ex¬ 
amples of this nature; abridged, as he observes, from the algebraic solution. 

* in these fractional values of ya deduced from the preceding equations, by equal subtraction 
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Reducing these 1 to a common denomination, 2 and dropping the denomi¬ 
nator, the value of calaca is found from the equation of the first and second, 
ni 20 pi 16; and from that of the second and third, ni 8 pi 5. From an 
ca 9 ' ca 3 

equation of these two reduced to a common denomination, the value of 
nilaca is had pi 3 1. This being “last” value (§ 154) the investigation of 

ni 4 

the pulverizer gives, (as there is no additive ; 3 ) multiplier 0, or, with the 
addition [of its divisor 4 ] lo 4 ru 0.' It is .the value of pitaca. Also, (for 
the same reason) the quotient 0, s with the addition [of its divisor 4 ] 
lo 31 ra 0. It is the value of nilaca. Substituting for ni and pi by 
their respective values in that of ca, adding them together, and di¬ 
viding by the appertinent denominator, the value of calaca is obtained 
lo 76 ru 0. Substituting for ca and the rest by their own values in that 
of yavat-tdvat, adding them together, and dividing by the appropriate de¬ 
nominator, the value of yavat-tamt comes out lo 85 ru 0. Then, lolntaca 
being replaced by unity arbitrarily assumed, the values of ydvat-tavat 
and the rest are found, 85, 76, 31, 4. Or putting two for it, they are 
170, 152, 62, 8. Or, supposing three, they are-255, 228, 93, 12. Thus, 
by virtue of suppositions, an infinity of answers may be obtained. 

158—159. Example by ancient authors : s Five doves are to be had for 
three drammas; seven cranes, 6 for five; nine geese, for seven; and three 

m 

and then by proportion, ya 2 | ca 5 ni 6 pi 6 [ ya 1 and ya3 \ ca3 nil pi 1 \ ya \ also ya 2 | 
ca3 ni2 pi 1 | ya 1, the syllable ya is inserted in the denominator to indicate that the value is 
ofya; not to include it as a factor of the denominator; for the first and third terms containing it 
were reduced by it as a common divisor; and, if that were not done, the numerator would be a 
multiple of it. Crisiin. 

1 Other values of ya, might be found by combining the first nnd third ; first and fourth; and 
second and fourth. Bui that is not done, as there is no occasion, Crishn. 

a The foregoing operations to find the value of the first colour were in fulfilment of the rule 
^ 153. The work now proceeds to the finding of the values of the rest by § 154. 

3 See § 62 . 

* See § 64. 

5 Adya , original or early writers. The commentators do not here specify them; nor hint 
whence the quotation comes. Suryadasa only says “ certain writers;" and observes, that it is a 
well known instance. The rest arc silent. 

6 Sarasa , ihc Siberian crane: Ardca Siberica. 
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peacocks, for nine: bring a hundred of these birds for a hundred drammas, 
for the prince’s gratification. 

In this case, putting ydvat-tdvat, See. for the prices of the doves, Sec. find 
the number of birds of each kind by proportion; and make the equation 
with a hundred. Or else multiply the rates three, five, See. and the number 
of birds five, seven, See. by y/rcat-tdvat, and severally make an equation with 
a hundred. 1 Thus, ya3, ca5, ni7, pi 9, being the prices, make their 
sum equal to a hundred; and the value of ydcvat-tdvat is found 
ca5 nl,7 pi 9 ru 100. Again, making the birds ya 5, ca 7, niQ, pi 3, equal 
ya3 

to a hundred, the value of yavat-tarat is obtained ca 7 ni 9 pi 3 ru 100. 

ya5 

From the equation of these, reduced to a common denomination, and drop¬ 
ping the denominator, the value of chlaca is had ni 2 pi 9 ru 50. The 

ca 1 

dividend here contains two colours; therefore the value of pitaca is arbitra¬ 
rily assumed four. With this substituting for pitaca, there results ni 2 ru 14. 

ca 1 

Hence by investigation of the pulverizer, the quotient and multiplier, with 

their additives [multiples of their divisors], are lo 2 ru 14 value of ca 

lo 1 ru 0 — of ni 
loO ru 4 — of pi 

Substituting for cdlaca and the rest, by these their values, in the value of 

9 

1 In the argument of proportion the sum of the rates as well as of the birds is twenty-four: and 
the requisition is a hundred. From some multiple of the argument or money, the number of birds 
is to be found. If the birds be found from the argument multiplied by an equal factor, the sum 
of both will not be a hundred : for the sum of the drammas, which are the arguments, multiplied by 
four, is ninety-six ; and so is that of the birds multiplied by the same ; and the sum, multiplied by 
five, is a hundred and twenty. If indeed they be multiplied by a proportional factor, namely 
twenty-five sixths, the sum will no doubt be a hundred ; but the birds will not be entire. There¬ 
fore unequal factors must be used: a different one for the price of the doves; and another for that 
of the cranes; one for the rate of the geese; and another for that of the peacocks. Those factors 
are unknown; and therefore y&vat-t&vat, &c. are put for them. The rates multiplied are the 
prices paid. Then, as three drammas are to five doves, so is the price ya 3 to the number of doves 
bought, ya 5. In like manner the numbers.of the other birds are found by proportion. 

Or put ydvat-tteat, &c. for the prices paid, which are unknown: and thence compute the 
number of the birds of each kind by proportion: viz. ya§ caf pi$. The solution will be 
the same, with this difference, however, that the sum of the birds must be taken by reduction of 
the fractions to a common denomination. * Ciusiin. 






MULTILITERAL EQUATIONS. 235 

yavat-tavat, and dividing by its denominator, the value of ydmt-t&vat is 
brought out lo 1 ru 2. Substituting for lohitaca with three arbitrarily 
assumed for it, the values of yavat-tavat and the rest come out 1, 8, 
3, 4. With these “raising” the birds and their'prices, the answer is 

Prices 3 40 21 36 Or, by putting four, the values are 2, 6, 4, 4; and 

Birds 5 56,27 12 

the answer is Prices 6 30 28 36 Or, by supposition of five, the values 
Birds 10 42 36 12 

are 3, 4, 5, 4; and the answer Prices 9 20 35 36 

Birds 15 28 45 12 

Thus, by means of suppositions, a multitude of answers may be obtained. 


160. Example: 1 What number is it, which, being divided by six, has 
five for a remainder ; or divided by five, has a residue of four ; or divided 
by four, has a remainder of three; or divided by three, leaves two? 

Let the number be^a 1. This, divided by six, has five for a remainder: 
division by six being therefore made, the quotient is ca. The divisor, mul¬ 
tiplied by ca, with its remainder five added to it, is equal to ya. From this 
equation the value of ya is obtained ca 6 ru 5. In like manner, ni, 8c c. are 

~yaT 


quotients answering to the divisors five and so forth; and values of ya are 
thence obtained : n'i5 ru4i pi 4 ru 3 lo 3 ruQ. From the equation of 
ya 1 ya 1 ya 1 

the first and second of these values, a value of ca is deduced, ni 5 ru 1 ; 

ca 6 

from the equation of the second and third, a value of ni, viz. pi 4 ru 1; 

niS 

and from that of the third and fourth, a value of pi, namely lo 3 ru 1. 

pi 4 

Hence,* by investigation of the pulverizer, values of lo and pi are 
brought out; which, with the additives [derived from the divisors*], are 

ta3 rw 2 ^ ° of ^pi ? u ^stituting for pi by that value, in the value o 


* To illustrate the rule for exterminating a fraction. § 155. Crisiin. 

* It is “ last” value: wherefore investigation of the multiplier takes place, § 154. CrIson. 
3 See § 54. 
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ni, this becomes ha 12 ru 7 :* and here dividing it by its denominator, the 
nf5 

value of ni comes out a fraction.* Removing then the fraction by investiga¬ 
tion of the pulverizer, the multiplier, with its additive [borrowed from the 
divisor,] as found by that method, is me 5 ru 4. It is the value of ha. 
Substituting with this for ha in the values of lo and p't , 3 they become 

szve 15 ru 14 value of pi Now.substitutiug for pi, with this value, in the 
stve 20 ru 19 — of lo 

value of ni,* and dividing by its denominator, the value of ni is brought out, 
without a fraction, szve 12 ru 11. Substituting for ni with this value, in 
the value of ca, and dividing by the denominator, the value of ca is obtained 
swe 10 ru 9 • Substituting for ca and the rest, by these values in the several 
values of ya, it comes out szve 60 ru59. s 

Or [putting^ 1 for the quantity] divided by six and having five for a re¬ 
mainder (§ 1(50), the quantity is ca 6 ru 5, as before. This, divided by five, 
has a residue of four (§ 160): put ni for the quotient; and, by the equation 
with the divisor multiplied by that quotient and added to the residue 
(iii 5 ru 4), there results ni 5 ru l the value of ca in a fractional expres- 

ca 6 

sion. By investigation of the pulverizer, that value, in an expression not 
fractional, becomes pi 5 ru 4. Substituting for ca with this, in the original 
value, ca6 ru5, it is pi 30 ru 29* This again, divided by four, has a re¬ 
mainder of three (§ 160) : an equation then being made as before, there re¬ 
sults lo 4 ru£6. Here also, by investigation of the pulverizer, the value 
Ji 30 • , 

of pi is converted into ha 2 ru 1. Whence, substituting with it, in the 
expression pi 3 0 ru 29, the quantity is found ha 60 ru59. This again, 

**By the rule of three terms: pi 1 | ha 3 m2 | pi 4, | ha 12 ru 8. This value of pi 4, with 
ru 1 , makes ha 12 ruj. Cufsux, 

a Division by the denominator does not succeed exactly. Sun. 

3 Being the two “ last” values. Cri’sun. 

4 This is inverse substitution, commencing from the u first” or preceding (§ 156), which is here 

nu Crishn. 

5 It comes out the same in all the expressions of the value oiya: and putting nought for swe 
(and thus exterminating the unknown term) the conditions of the question are all answered with 
the remaining number.—S ur. And the quotients or values of ca, &c. are 9, 11, 14, 39. By the 
supposition of one s for the number is 119; and the quotients are 39, 23, 29, and 39* Crisiik. 





MULTILITERAL EQUATIONS. 


237 


divided by three, leaves two (§ ICO): and the quantity here comes out the 
same. By substituting nought, one, two, &c: a multiplicity of answers 
may be obtained. , < 


l6l. Example: What numbers, being multiplied respectively by five, 
seven, and nine, and divided by twenty, have remainders increasing in pro¬ 
gression by the common difference one, and quotients equal to the re¬ 
mainders. 

In this case put the residues ya 1, ya 1 ru 1, ya 1 ru 2. They are the 
quotients also. Let the first number be ca 1. From this multiplied by five* 
subtracting the divisor taken into the quotient, the remainder is ca 5 ya 20. 
Making this equal to ya 1, a value of yavat-tavat is obtained ca 5. Let 

ya 21 j 

the second number be put ni 1. From this multiplied by seven, subtracting 
the divisor taken into ya added to one, the result is ni 7 ya 20 ru 20; and 
making this equal to ya 1 ru 1, a value of yavat-tavat is had ni 7. ru 21. 

ya<2\ 

Let the third number be pi 1'. ' From this multiplied by nine, subtracting the 
divisor, taken jut o ya added to two, the residue is pi 9 ya 20 ru 40; and 
making this equal to ya 1 ru 2, a value of yavat-tavat is found pi 9 ru 42. 

v . ' , 1 

From the equation of the first and second of these, the value of calaca is 
ni 7 ru 21; .and from that of the second and third, the value of nilaca is 


ca 5 ! / • ( ’ W ‘ ’j 

pi 9 ru 21., This being “ last” value, the investigation of the pulverizer 
ni 7 • \ 

takes place : and quotient and multiplier, with additives [derived from their 
divisors], are by that method found, lo9 ru6 value of ni Here the additive 

lo7 ru7 — of pi 

is designated lohitaca; 1 and the expressions in their order, are values of 
nilaca and pitaca. Substituting for ni by this value, in that of ca, and di¬ 
viding hy its denominator, the value of ca comes out fractional lo 63 ru 21. 

. .* ' , ca5 

To make it integer by investigation of the pulverizer, reduce the divi- 


1 The commentator Suryadasa pursues the operation, without introduction of this symbol 
of an unknown : remarking, that it would serve to embarrass and mislead the student. 
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deud and additive to tlicir least terms by the common measure twenty-one 

[§58], and the values calaca and lohitaca are found ha 63 ru 42 value of ca 

ha 5 ru 3 — of lo 

Substituting for Uliitaca by its value, in the values of nilaca and pitaca, 

these arc brought out ha 45 ru 33 value of ni Again, with these values, 

ha 35 ru 28 — of pi 

ha 63 ru 42 for ca substituting for calaca and the rest in the values of ytoot- 
ha 45 ru 33 for ni 
ha 35 ru 28 for pi 

t&vat, and dividing by the appertinent denominators, the value of ya is ob¬ 
tained ha 15 ru 10. Here, as the quotient is equal to the residue, and the 
residue cannot exceed the divisor, substitute nought only 1 for haritaca, and 
the quotients are found 10, 11, 12. Deducing cdlaca and the rest from 
their values, the quantities are brought out in distinct numbers, 42, 33, 28. 

9 > 

162. Example: What number, being divided by two, has one for re¬ 
mainder ; and, divided by three, has two ; and, divided by five, has three: 
and the quotients also, like itself? 

Let the number be put ya 1. This, divided by two, leaves one; and the 
quotient also, divided by two, has a remainder of one. Let the quotient be 
ca 2 ru 1. The divisor multiplied by this, with addition of the residue, 
being equal to ya 1, the value of yavat-tavat is obtained, ca4 ru3. It 
answers one of the conditions. Again, the number, being divided by three, 
has a residue of two: and so has the quotient. Put ni 3 ru 2. This, mul¬ 
tiplied by the divisor, and added to the residue, is ni 9 ru8; which is equal 
to ca 4 ru 3 ; whence the value of ca is fractional. Cleared of-the fraction 
by means of the pulverizer, it becomes pi 9 ru 8; with which, substituting 
for ca, the number is found pi 36 ru 35. This answers two of the condi¬ 
tions. Again, the same number, divided by five, has a remainder of three ; 
and so has the quotient. Put lo.5 ru 3. This, multiplied by the divisor, 
and added to the residue, is/o25 ru 18. Making it equal to pi 36 ru35, 
the value of pi is fractional. Clearing it of the fraction by the pulverizer, 
the result is ha 35 ru 3. Substituting with this for pi, the number is found 
ha 900 ru 143. Substituting for ha with nought, the number comes out 

* Supposing unity, the quotients would come out 25, 26 and 27. —Ram. And would exceed' 
the divisor 20. 
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143. 1 * 3 Division being made conformably with the conditions of the problem, 
the quotients are 71, 47 and 28; and by these the conditions are fulfilled. 

163. Example: Say what are the numbers, except six and eight,* 
which, being divided by five and six respectively, have one and two for re¬ 
mainder; and the difference of which, divided by three, has a residue of two; 
and their sum, divided by nine, leaves a remainder of five; and their pro¬ 
duct, % divided by seven, leaves six ? if thou can overcome conceited proficients 
in the investigation of the pulverizer, as a lion fastens on the frontal globes 
of an elephant. 

In this case, the two numbers, which being divided by five and six, leave 
one and two respectively, are put ya 5 ru 1 and ya 6 ru 2. The difference 
of these, divided by three, gives a residue of two. Put ca for the quotient ; 
and let the divisor multiplied by that added to the residue (ca 3 ru 1) be 
equated with the difference ya 1 ru 1 . The value of ya is obtained ca 3 
ru 1 . The two numbers deduced from substitution of this value are' ca 15 
ru 6 and ca 18 ru 8. Again, the sum of these, divided by nine, leaves five. 
Put ni for the quotient; and let the divisor, multiplied by that and added 
to the remainder (7119 ru 9) be equated with the sum ca 33 ru 14. The 
value of ca is had nig ru 9', and is a fraction. Rendering it integer by 

ca33 

the pulverizer, it becomes pi 3 ru 0. From which the two quantities, de¬ 
duced by substitution, are pi 45 ru 6 and pi 54 ru 8. Again, proceeding, 
to the product of these, as it rises to a quadratic, the operation is a grand 
one.’ Wherefore, substituting with unity for pi, the first quantity is made 
an absolute number, 51. Again, the product of these, abraded 4 by seven, 
yields pi 3 ru 2. Put lo for the quotient of this dividend by seven to leave 
six. The divisor multiplied by that quotient and added to the residue 
[lo 7 ru 6] is,equal to the abraded product [pi 3 ru 2). Thence, by inves- 

1 This sentence, which is wanting in two of the collated copies, is found in the margin of one, 
and in the text of that which is accompanied by the gloss of Rama-Ciushna ; where alone the 
subsequent sentence occurs. Both are repeated in his commentary. 

a These, furnishing too obvious an answer to the question, (for they fulfil all its conditions,) are 
excepted. Ckisiin. 

3 It is vain ; for the equation rises to cubic and biquadratic. Suit. 

4 See § 56. 
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tigation of a pulverizer as before, the value of pi is found ha 7 ru 6. 1 The 
number deduced by substitution of this comes out ha 37 8 ru 332. The 
additive of the former number (pi 45 ) multiplied by this {ha 7 ) is its present 
additive (ha 315): and thus the first number or quantity with its additive is 
brought out ha 315 ru 51. 

Or else putting an absolute number for the first,, the second is to be 
sought.* - 

164. Example: What number is it which multiplied severally by nine 
and seven, and divided by thirty, yields remainders, the sum of which, added 
to the sum of the quotients, is twenty-six ? 

As the divisor is the same, and the sum of the remainders and quotients 
is given, the sum of the multiplieators is for shortness made the .multiplier; 
and the number is put pa 1 . This, multiplied by the sum of the multipli- 
cators, \sya\6. Put ca for the sum of the quotients of the division by 
thirty. Subtracting the divisor taken into that ( 1 ca 30) from the number 
multiplied by the [sum of the] multiplieators {ya 16 ); and equating the dif¬ 
ference added to the quotient, with twenty-six , 1 the value of ya found by 
the pulverizer is ni 29 ru 27- As the sum of the remainders and quotients 
is restricted, the additive is not to be applied. Substituting therefore with 
nought for ni, the value of ya is 27: and this is the number sought. 

1 65. Example: What number being severally multiplied by three, seven, 
and nine, and divided by thirty, the sum of the remainders too being divided 
by thirty, the residue is eleven? 

In this ease also, the sum of the multiplieators is made the multiplier, as 
before (§ 164): viz. 19 . The number is put ya 1 . The quotient ca 1 . 
Subtracting the divisor multiplied by this from the number taken into the 


' Equation pi 3 loO rui Whence, by subtraction, lo7 «*4 : and, clearing the fraction by 
pi 3 lo7 ru6 ~pi3 

means of the pulverizer, the quotient and multiplier are 6 and 2. Whence the values 
ia7 ru6 of pi 
ha 5 ruQ of lo 


* Putting 6, it is ha 125 ru 8. Or puiting 35, it is ha 126 ru 104. 

z ya 16 ca 29 ru 0 
ya 0 ca 0 ru 2 6 


Si/it. and Ram. 

Ra'm. 

Su'r. and Ra'm. 


/ 
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multiplicator, the remainder is ya 19 ca 30. The sum of the remainders, 
abraded by thirty, leaves a residue of eleven. The second condition there¬ 
fore being comprehended in the first, this is equal to eleven; and from such 
equation, proceeding as before, 1 the number comes out ni 30 ru 29> 

i 

106. Example: What number being multiplied by twenty-three, arid 
severally divided by sixty and eighty, the sum of the remainders is a hun¬ 
dred? Say quickly, algebraist. 

107. Maxim: If more than one colour represent, in a dividend, quo¬ 
tients of a numerator, an arbitrary value is not to be assumed, lest the solution 
fail.* 

Therefore it must be treated otherwise. In this instance the solution is to 
be managed by distributing the sum of the residues, so as these may be less 
than their divisors and nothing be imperfect. Accordingly the remainders 
are assumed 40 and 60. The number is put ya 1. This, multiplied by 
twenty-three and divided by sixty, gives a quotient: for which put ca. The 
divisor taken into that and added to the remainder being equated with this 
term ya 23, a value of ya is obtained, ca 60 ru 40. In like manner, ano- 

ya 23 

tlier value is had ni 80 ru 60. From the equation of these, the values of ca 
ya 23 

and ni arc found by the pulverizer, pi 4 ru 3 value of ca Substituting 

pi 3 ru 2 - of ni 

’ Equation ya ip ca 30 ru 0 Whence value of ya, ca 30 ru 11 By the pulverizer, the 
ya 0 ca 0 ru 11 

multiplier and quotient are 18 and 13. Making these the values, and changing the letter, the 
number is found ni 30 ru 2£). Suit. 

* Putting ya 1 for the number, and ca 1 and ni 1 for the quotients, the value of ya is 
caG0 ni 80 ru 100, or reduced to least terms ca 30 ni 40 ru 50 This is to be cleared of 
ya 46' ya 23 

the fraction: and, by the rule (§ 155), as there is more than one colour, either ca or ni may be put 
arbitrarily any number. But they are quotients of the same dividend or numerator by the divisors 
Go and 80. If an absolute number be put for ca the quotient of 60 , then ni, the quotient of 80, is 
absolute too; being a quarter less. So likewise, if any number be put for ni, the quotient of 80, 
then ca, the quotient of 60 , is absolute also, being a third more. Such being the case, the solution 
would not conform to the sum of the remainders given at a hundred. Nor would the answer agree 
■with the question; if the assumption be arbitrarily made. Ciushn. and Ram. 
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with these, the value of ca is brought out, a fraction, pi 240 ru 220. Clear- 

yn 23 

ing it of the fraction by the pulverizer, it becomes lo 240 ru 20. 1 Or let 
the remainders he put 30 and 70. From these the number is deduced lo 240 
ru 90 .* In like manner, a multiplicity of answers may be found. 

168. Example: Say quickly what is the number, which, added to the 
quotient by thirteen of its multiple by five, becomes thirty? 

Put ya 1 for the number. This, multiplied by five and divided by thir¬ 
teen, gives a quotient: for which put ca. The quotient and original num¬ 
ber, added together, ya 1 ca 1, are equal to thirty. But this equation does, 
not answer. For there is no ground of operation, since neither multiplier, 
nor divisor, is apprehended. Accordingly, it is said 

1 69 . In a case in which operation is without ground or in which it is 
restricted, do not apply the operation : for how should it take effect? 3 

The solution therefore is to be managed otherwise in this case. If then 
the number be put equal to the divisor in the instance, viz. 13, the propor¬ 
tion “ as this sum of number and quotient, 18, is to the quotient 5, so is 30 
to what?” brings out the quotient y; and subtracting this from thirty, the 
remainder is the number sought, which thus is found 

170. Example instanced by ancient authors: a stanza and a half. Three 
traders, having six, eight, and a hundred, for their capitals respectively, 
bought leaves of betle 4 at an uniform rate; and resold [a part] so ; and dis¬ 
posed of the remainder at one for five panas; and thus became equally rich. 
What was [the rate of] their purchase? and what was [that of] their sale? 

* Substituting nought for lo, the conditions are answered. Si/r. 

* Put ya 1 for the number; and ca 4 and ca 3 for the quotients. Subtract the quotient taken 
into its divisor, from the dividend, the remainders are found ya 23 ca 240 They are alike; and, 

ya 23 ca 2*40 

as their sum is a hundred, each is equal to fifty. From this equation, the values of ya and ca arc 

brought out, by means of the pulverizer, ni 240 ru 190 value, of ya, 

ni 22 ru 18 value of ca. Crispin. 

3 Very obscure: but not rendered more intelligible by the commentators. 

4 Ramaciushna reads and interprets data leaves of ( Ndgavalli) piper belle. Another reading 
is phalaj fruit. 
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Put ya 1 for the [rate of] purchase; and let the [rate of] sale be assumed a 
hundred and ten. The purchase, multiplied by six and divided by the sale, 
gives a quotient; for which put ca 1.* Subtracting the divisor multiplied by 
this, from the quantity multiplied by six, the remainder is ya 6 ca 110. 
This, multiplied by five, and added to the quotient, gives the number of 
pa/ias belonging to the first trader. In like manner the money of the second 
and of the third is to be found. Here the quotient is deduced by the pro¬ 
portion ‘ as six is to ca, so is eight (or a hundred) to what?’ The quotient of 
eight comes out ca 4; and that of a hundred, ca 5 T °. Subtracting the divi¬ 
sor taken into the quotient, from the dividend, the remainder, multiplied by 
five and added to the quotient, gives the patias appertaining to the second, 
ya ^ ca In like manner the third's money is found, ya ca 2l±L°. 

These are all equal. Reducing them to a common denomination, and drop¬ 
ping the denominator, and taking the equation of the first and second, and 
that of the second and third, the value of ya comes out, alike [both ways], 
ca 549: And, by the pulverizer, it is found ni 549 ru 0. Substituting 
ya 30 

with unity for ni, the rate of purchase is brought out, 549. 1 * 3 

This, which is instanced by ancient writers as an example of a solution 
resting on uuconfined ground, has been by some means reduced to equation; 

1 Equation of the 1 st and 2 d ya 30 ca 549, reduced to a common denomination ya 90 ca 1547 

va iso ca gloo ya 120 ca2195 

3 3 3 

Whence value of ya ca 549. 

ya30 

Equation of 2 d and 3d, ya 120 ca 2195 Whence value of ya ca 23254 and, abridging by 
ya 1500 ca 27450 ya 1380 

45, ca 549. 
ya 30 

Equalion of 1 st and 3d, ya 90 ca 1547 Whence value of ya ca 25803 and, abridging by 
ya 1500 ca27450 ya1410 ' 

47, ca 549 Proceeding by the pulverizer, the quotient and multiplier, briefly found under the 
ya 30 

rule (§ 53), are ni 549 And the value of ya the colour of the divisor, comes out ni 549 ru 0 ; 

ni 0 ru 0 

and that of ca, the colour of the dividend, ni 30 ru 0 . At 549 betle leaves for a pana , six bring 
3294; eight, 4392; and a hundred, 54900: which sold at the rale of 110 , fetch 29, 39 and 499; 
leaving remainders 104, 102 and 10; and these at the rate of one for five, bring 520, 510 and 50. 
Added together, in their order, they make the amount of the sale 549. * Ram. 

I I 2 
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and such a supposition introduced, as has brought out a result in an unre¬ 
stricted case as in a restricted one. In the like suppositions, when the opera¬ 
tion, owing to restriction, disappoints ; the answer must by the intelligent 
be elicited by the exercise of ingenuity. Accordingly it is said, 

* The conditions, a clear intellect, assumption of unknown quantities, 
equation, and the rule of three, are means of operation in all analysis.’ 





CHAPTER VII. 


VARIETIES OF QUADRATICS . 1 

Next, varieties of the solution involving extermination of the middle 
term are propounded.. 

171—174. Rule beginning with the latter half of the concluding stanza 
[in the preceding rule, § 156]: three and a half stanzas. Equal subtraction* 
having been made, when the square and other terms of the unknown re¬ 
main, let the square-root of the one side be extracted in the manner before 
directed; 3 and the root of the other, by the method of the affected square, 4 
and then, by the equation of the two roots, the solution is to be completed.. 

173. If the case be not adapted to the rule of the affected square, make 
the second side of equation equal to the square of another colour, and find 
the value of the colour, and so the value of the first, through the affected 
square. By ingenious algebraists many different ways are to be.devised: so 
as to render the case fit for the application of that method.. 

174. For their own elemental sagacity (assisted by various literal sym¬ 
bols) which has been set forth by ingenious ancient authors, 5 for the in- 

B MacThyamtiharana-bheda: varieties of quadratic* &c. equations. See Ch. 5. 

* Sama-s6<Fhana , tulya-sudd’hi, equal subtraction ; or transposition, with other preparations of * 
the equation. See § 101 . Ch. 4. 

3 SeeCh. 5. § 128 and 131. 

4 *C,h. 3, * 

5 BRAHMEGurTA and Ciiati/rveda, and the rest,— Sun, . meaning Chaturvj&da PiuYiiu'daca/ 
*wa'mi the scholiast of Brahmegupta. 
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straction of men of duller intellect, irradiating the darkness of mathematics, 
has obtained the name of elemental arithmetic. 1 

After equal subtraction has been made, if a square of the unknown with 
other terms remain, then the square-root of the one side of the equation is to 
be extracted in the manner before taught (§ 128). If the square of an un¬ 
known with unity stand on the other side, two roots are to be found for this 
side of the equation by the method of the affected square (Ch. 3).. Here the 
number, which stands with the square of the colour, is (pracrlti) the coeffi¬ 
cient affecting it. 1 And the absolute number is to be made the additive. 
In this manner, the “ least” root is the value of the colour standing with the 
coefficient, and the “greatest” is that of the root of the whole square. 
Making, therefore, an equation to the root of the first side, the value of the 
preceding colour is to be thence brought out. 

But, if there be on one side of the equation, the square of the unknown 
with the [simple] unknown, or only the [simple] unknown with absolute 
number, or without it; such is not a case adapted for the method of the af¬ 
fected square: and how then is the root to be found ? The text proceeds 
to answer ‘ If the case be not adapted, &c.’ (§ 173). Making it equal to the 
square of another colour, the root of one side of the equation is to be ex¬ 
tracted as before; and two roots, by the rule of the affected square, to be 
investigated, of the other side: and here also, the “least” is the value of the 
colour belonging to the coefficient, and the “ greatest” is square-root of the 
side of the equation. Then duly making an equation of the roots, the values 
of the colours are to be thence found. 

If nevertheless, though the second side be so treated, the case be still not 
adapted to the rule, the intelligent, devising by their own sagacity, means 
of bringing it to the form to which the rule is applicable, must discover 
values of the unknown. 

If they are to be discovered by the mere exercise of sagacity, what occa¬ 
sion is there for algebra? To this doubt, the text replies (§ 174). Because 
sagacity alone is the paramount elemental analysis: but colours (or symbols) 

1 Vya-mati , causal sagacity : for nothing can be discovered, unless by ingenuity and penetration. 

Vija-ganita, causal calculus: from vija, primary cause, and gariita, computation. Sun. 

* The number (anca) or coefficient is th e pracrlti, or subject affecting the colour or symbol 
that is squared. See Ch. 3. under § 75. 
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are its associates ; and therefore ancient teachers, enlightening mathemati¬ 
cians as the sun irradiates the lotus, have largely displayed their own saga¬ 
city, associating with it various symbols: and that has now obtained the 
name of (Vlja-ganita) elemental arithmetic. This indeed has been suc¬ 
cinctly expresssed by a fundamental aphorism in the Siddhaiita ; l but has 
been here set forth at somewhat greater length for the instruction of youth. 

175—17b. Rule : When the square-root of one side of the equation has 
been extracted, if the second side of it contain the square of an unknown 
quantity together with unity (or absolute number); in such case “ greatest” 
and “ least” roots are then to be investigated by the method of the affected 
square. Making the “greatest” of these two equal to the square-root of the 
first side of the equation, the value of the first colour is thence to be found, 
in the manner which has been taught. The “ least” will be the value of the 
colour that stands with the coefficient. Thus is the rule of affected square 
to be here applied by the intelligent. 

The meaning has been already explained. 

177. Example: What number, being doubled and added to six times its 
square, becomes capable of yielding a square-root? tell it quickly, alge¬ 
braist ! 

Put ya for the number. Doubled, and added to six times its square, it 
becomes yav6 yaQ. It is a square. Put it equal to the square of ca ; and 

the statement of equation is ya v 6 ya9> cavO Equal subtraction being 

ya *o 0 ya 0 cav 1 

made and the two sides being multiplied by six, and superadding unity, the 
square-root of the first side found as before is ya6 ru 1. The roots of the 
second side, investigated by the rule of the affected square, are L 2 G 5 
or L 20 G 49. 2 Here the “ greatest” of two roots is the square-root of the 
second side of the equation. From the equation of that value (5 or 49) 
with the root of the first side ya6 ru 1, the value of ya is found -§• or 8* 

1 Sec quotation from Chapter on Spherics under § 110 . 

1 Assume the least root 2 . Its square 4, multiplied by the coefficient 6, is 24. Added to 1 , it 
affords the root 5. Statement: C6 L 2 G5 A 1 Whence, by composition (§ 77), 1 20 g 49.' 

L2 G5 A1 Sur. and Ram. 
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The “ least” of the pair of roots (either 2 or 20) is the value of ca, the sym¬ 
bol standing with the coefficient. The number sought then is the integer 8, 
or the fraction -f; and, in like manner, by the variety of “least” and 
“ greatest” roots, a multiplicity of answers may be obtained. 


178. Example from ancient authors: The square of the sum of two 
numbers, added to the cube of their sum, is equal to twice the sum of their 
cubes. Tell the numbers, mathematician! 

The quantities are to be so put by the intelligent algebraist, as that the 
solution may not run into length. They are accordingly put ya 1 ca 1 
andyal cal. 1 Their sum is yaQ. Its square ya v 4. Its cube ya gh 8. 
The square of the sum added to the cube is ya gh 8 yav 4. The cubes of 
the two quantities respectively are ya gh 1 ya v. ca bh 3 ca v. ya bh 3 
ca gh 1 cube of the first; and yagh l yav. cabh 3 cav.yabh 3 cagh 1 
cube of the second; and the sum of these is ya gh 2 cav. ya bh6; 
and doubled, yagh4i cav.yabh 12. Statement for equal subtraction: 

yagh 8 yav 4 cav.yabh 0 After equal subtraction made, depressing 
ya gh4 yav 0 ca v. ya bh 12 

both sides by the common divisor ya, and superadding unity, the root of the 
first side of equation is ya 2 ru 1. Roots of the other side ( cav 12 ru 1) 
are investigated by the rule of the affected square, 2 and are L2 G 7 or 
Z28 G97. “ Least” root is a value of ca. Making an equation of a 

“ greatest” root with ya 2 ru 1, the value of ya is obtained : viz. 3 or 48. 
Substitution being made with the respective values, the two quantities come 
out 1 and 5, or 20 and 7 6, and so forth. 

e 

179—180. Rule: a stanza and a half. Depressing the second side of 
the equation by the square, if practicable, let both roots be investigated : 
and then multiply “greatest” by “least.” Or, if it were depressed by the 
biquadrate, multiply “greatest” by the square of “least.” The rest of the 
process is as before. 

1 They are so put, as that one condition of the problem be fulfilled. Suit, and Ram. 

* Put 2 for “ least*’ root. Its square 4, multiplied by the coefficient 12, is 48 : which, added 

to 1, yields a square-root 7« Statement: C12 12 G7 A1 Whence, by composition 

L 2 G 7 A 1 


(§ 77), 128 g 97. 


Sur. and Ram. 


/ 
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The rule is clear in its import. * > • * .t 

181. Example: Tell me quickly, mathematician, the number, of which 

the square’s square, multiplied by five and lessened by a hundred times the 
square, is capable of yielding a square-root. . ■> 

Here the number is put ya 1. Its biquadrate, multiplied by five, and 
lessened by a hundred times the square of the number, is ya vv 5 yav 100. 
It is a square.. Put it equal to the square of ca, and the root of the square 
of ca is ca I. Depressing the second side of the equation, namely ya v v 5’ 
yav 100, by the common divisor, square of ya, the roots, investigated by 
the rule of the affected square, 1 come out L 10 G 20 or L 170 G 380. 
Depression by the square having taken place, multiply “ greatest” root by 
“least” (§ 179); and thus “ greatest” is brought out 200 or 64600. This is 
the value of ca. “ Least” root is the value of the colour joined with the co¬ 
efficient: and that is the number sought: viz. 10 or 170. 

182. Example: Most learned algebraist! tell various pairs of integer 

numbers, the difference of which is a square, and the sum of their squares 
a cube. - ' • - ' ? »•<>-. ./ 1 >. t 

Put the two numbers ya 1 and ca l.- Their difference is ya 1 cal: 
Making it equal to the square of. ni, the value of ya is had, cal niv l: 
Substituting with this for ya, the two quantities become ca 1 ni v 1 and ca 1. 
The .sum of their squares is cav 2 niv. ca bh 2 nivvl. It is a cube. 
Make it then equal to the cube of the square of n'i f . and, subtraction 
taking place, there results, in the first side of equation, niv gh 1 ni vv 1; 
and, in the second, cav 2 niv. ca bh 2. Multiplying both sides by two 
and superadding the biquadrate of ni, the square-root of the second side of 

* ' < J ; I f 0 

* Assume the “least” root 10. Its square 100, multiplied by the coefficient 5, is 500. This, 

added lo the number 100 with the negative sign, makes 400. Its root'20 is “ greatest” root. 
Statement C 5 L 10 G (20, or, depression by the square having previously taken place,) 
200 A 100 . Sur. and Ram. 

So from the above (C 5 LlO G 20 A 100), by §77, there results c5 ll g2 a 1: 
whence, by composition of like (§ 77), L 4 G 9 A 1 ; and, by composition of unalike (ib.) 

C 5 L 10 G 20 A 100 roots are deduced 1170 g3S0 a 100. 

L 4 G 9 A 1 

: This is a limitation more than is contained in the problem. 
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the equation is ca 2 niv \ . Depressing the first side by the biquadrate of 
m as common divisor, to niv 2 ru 1, the roots investigated by the rule of 
affected square, 1 are L 5 G 7; or L 29 G 41. Then multiplying “ greatest” 
by square of “ least,” conformably to the rule (§ 180), it comes out G 175, 
or 34481. “Least” root is the value of ni. Substituting with that, the 
former root becomes call ru 25 ; or ca. 2 ru 841. Making an equation of 
this with “ greatest” root, the value of ca is obtained 100 or 17661. Sub¬ 
stituting these values respectively, the pair of numbers is brought out 75 
and 100; or 16821 and 17661; and so forth. 

183. Rule : comprised in a stanza and a half. If there be the square of 
a colour together with the simple unknown quantity and absolute number,* 
making it equal to the square of another colour, find the root; and, on the 
other side, investigate two roots, by the method of affected square, as has 
been taught. Consider the “ least”- as equal to the first root; and “ greatest” 
as equal to the second. 

i The root of the first side of the equation having been taken, if there be 
on the other side the square of the unknown with the simple unknown, and 
with or without absolute number, make an equation of that remaining side 
with the square of another colour and take the root. Then let the roots of 
this other be investigated by the rule of affected square. Of the two roots 
s6 investigated, rhaking “ least” equal to the root of the first side of equa¬ 
tion, and. “ greatest” equal to the root of the second, let the values of the 
colours be sought. 

; i • • ‘' 

* Put 5 for “ least” root. Its square 25, multiplied by the coefficient 2, makes 50. Subtract- 
ing one (for the negative additive) the remainder 49 yields a square-root 7; and the two roots ar* 
5 and 7* — Sun. Ram, By §88 — 89 , Lhe roots are 1 and 1 . By composition with the above 
C2 Ll G 1 Al They are 112 gl7 al; and by further composition C2 L I G 1 AX 
L5 G7 A i ' 112 g!7 al 

they are l 29 g41 a 1. 

a A varialion in the reading of this passage is noticed by Suryadasa : viz. aryacta-rOpah in¬ 
stead of sdvyacta'r&pak. The meaning, as this is interpreted by him and by Ramaciushna, is, if 
there b’eljolli a term of Lhe unknown and absolute number besides the square of the unknown. 
The oLher reading may be explained as confined to one term (the unknown) besides the square. 
See Sur. and Ram. The auLhor himself in his comment dispenses with the third term, or abso¬ 
lute number, which is indeed not necessary to bring the form wiLhin Lhe operation of the rule. 
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184. Example : Say in what period (or number of terms) is the sum of 
a progression continued to a certain period tripled ; its first term being three 
and the common difference two ? 

In this case the statement of the two progressions is 13 DsPyal* The 

l3D2Pcal 

sums of these progressions are yavl ya1.\ Making three times the first 

cav 1 ca 2 

equal to the second, the two sides of equation are yav 3 ya6 Tripling 

cav \ ca2 

both, and superadding nine, the root of the first is found ya 3 ru 3. Making 
the second side, namely cav 3 cao ru9, equal to the square of rii, the 
two sides of equation become cav 3 ca6 Tripling these and superadding 

ni v 1 ru 9 

nine, the root of the first of them is found ca 3 ru3.- Roots of the second 
(niv 3 ru 18) investigated by the rule of affected square, 3 are L9 G 15 or 
L 33 G 57- + Making equations of “ least” with the first root, namely 
ya 2 ru 3; and of “ greatest” with the second, ca 3 ru 3 ; the values of ya 
and ca are brought out 2 and 4; or 10 and 18. So in every [like] instance. 

185—186. Rules: two stanzas. But, if there be two squares of colours, 
with (or without 5 ) absolute number, assume one of them at choice as (pra - 
cr'iti) the affected square, 6 and let the residue be additive: and then pro¬ 
ceed to investigate the root in the manner taught, provided there be mpre 
than one equation. 


186. Or, if there be two squares of colours together with a factum 




* The author employs the initials &, u and ga of the words adya, uttara and gachcha, signifying. 
Initial term, Difference and Period (or number of terms) of a progression. See IAL Ch. 4. 

+ By the rule in the Lildvati, for the sum of a progression. LiL § 11 9 . 

3 One copy here inserts, *L3 G5 A 2 and, making the additive ninefold, LQ Gl5 A 18/ 

This indication of the manner of finding the roots is, however, wanting in other collated copies of 
the text. 1 

4 Assume 9 for “ least” root: its square 81, multiplied by the coefficient 3, is 243 : from which 
subtract 18 for the negative additive; and the remainder 225 gives the square-root 15. Sur. 

5 Collated copies exhibit “with:” but the commentator reads and interprets “without;” 
(ar&pace instead of sarupace). The author’s own comment may countenance either reading. 

• See note at the heginning of Ch. 3. 
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(bhAvita) ; taking the square-root [of so much of it as constitutes a square] 
let the root he made equal to half the difference between the residue, divided 
by an assumed quantity, and the quantity assumed. 

The root of the first side.of equation having been taken, if there be on 
the second side two several squares of colours with or without unity (or any 
absolute number), make one square of a colour the subject (pracriti)' and let 
the rest be the additive. Then, proceeding by the rule (§ 75) let a multiple 
(by one, or some other factor,) of the same colour which occurs in the addi¬ 
tive, or such colour with a number (one, or another,) added to it, be put 
for the “least” root, selected by the calculator’s own sagacity; and thence 
find the “greatest” root (§ 75). If the coefficient be an exact square, the 
roots are to be sought by the rule (§ 95) ‘The additive divided by an assumed 
quantity, &c.’ 

If there be a (bhAvita) product of colours, then by the above rule (§ 18b) 
the root of so much of the expression as affords a root is to be taken ;* and 
that root is to be made equal to the half of the difference between the quo¬ 
tient of the residue divided by an assumed quantity and that assumed quan¬ 
tity. 5 

But, if there be three or more squares or other terms of colours, then re¬ 
serving two colours selected at pleasure, and putting arbitrary values for the 
rest, let the root [of the reserved] be investigated. 

This is to be practised when there is more than one equation. But, if 
there be only one; then reserving a single colour, and putting arbitrary 
values for the rest, let the root be sought as before. 

187. Example: Tell two numbers, the sum of whose squares multi¬ 
plied by seven and eight respectively yields a square-root, and the difference 
does so being added to one. 

Let the numbers be put ya 1, ca 1. The sum of these squares multiplied 
respectively by seven and eight, \syav7 ca ®8. It is a square. Making 

* Sec note at the beginning of Ch. 3. 

* The term consisting of the product of two factors may be thus exterminated, taking with it 
squares of both colours with proper coefficients to complete the square.—See Su'r. 

3 This is grounded on the rule of § 95. The compound square has unity for coefficient; and 
the residue is the additive; the “least” root, which is the root of that square, is deduced from the 
additive by the rule cited; and needs no division, the square-root of the coefficient being unity. 
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it equal to square of ni, and subtracting; the two sides of equation are 
yav 7 Adding eight times the square of ca, the root of the second 

cav 8 niv 1 

side of equation is ni 1; and roots of the first side, viz. yavl cav 8, are to 
be investigated by the. method of the affected square. Here the number 
(anca), which is joined with the square of ya, is (praefiti) the subject af¬ 
fecting it: the residue is additive: Cl, A cav 8* Roots found by the 
rule (§ 75), assuming ca2, are L, ca 2; and G, ca6. “ Greatest” root is a 
value of ni; “least” is so of ya. Substituting with it for ya, the two num¬ 
bers become ca 2, ca 1. Again the difference of the squares of these multi¬ 
plied respectively by seven and eight, together with one added to it, is 
cav20 ru 1. It is a square. 2 Proceeding then as before, ‘‘least” root 
comes out 2 or 36. This is a value of ca. Substituting with it, the two 
numbers are obtained: viz. 4 and 2; or 72 and 36. 

188. Example : Bring out quickly two numbers such, that the sum of 
the cube [of the one] and square [of the other] may be a square; and the 
sum of the numbers themselves be likewise a square. 

Put the numbers ya 1 ca 1. The sum of the square and cube of these is 
yavl cagh\. It is a square. Making it equal to the square of ni and 
adding cube of ca, the root of one side is ni 1; and, of the other (viz. ya v 1 
cagh 1) roots are to be sought by the method of the affected square. The 
number, which is joined with the square of ya; is the coefficient; the rest 
is the additive: C, yavl A, cagh 1. Then, by the rule (§95), taking ca 
for the assumed quantity under that rule, the two roots come out cav- |- cal¬ 
ami cav ± ca i. “ Least” root is value of ya. Substituting with it for ya, 
the two numbers are cav\ ca \ and ca 1. The sum of these is ca v$ ca\- 
It is a square. Making it then equal to pi; and multiplying both sides by 

* Jf the “least” root be put ca2; the “greatest,” as inferred from it, (§75) is ca6 .— Sur. 
Square of 2 multiplied by pracriti 7, is 28 ; and, with the additive, 36; the square-root of which 
> s 6 . Ram. 

1 Put it equal to square of pi; and proceed to investigate the root of ca v 20 ru 1. Assume for 
“ least” root 2. Its square 4, multiplied by 20 and added to J, is 81 : the square-root of which is 
9- Then by composition of like (§ 77) C 20 L2 G9 A X other roots are deduced 1 36 [g l6l], 

L2 G9 A I Sun. and Ka'm. 
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four, 1 * 3 * and adding unity, the root of the first side is ca 2 ru 1; and roots of 
the second (viz. pivS ru 1) investigated by the method of the affected 
square are 6 and 17,* or 35 and 99* Making “greatest” root equal to the 
root of the foregoing side of equation (ca 2 ru 1) the value of ca comes out 
8 or 49. Substituting therewith, the two numbers are found 28 and 8, or 
1176 and 49- 

Or let two numbers be put yav 2 yav 7. The sum of these is of itself 
obviously a square, yav 9 . The sum of the cube and square of these is 
yav gh 8 yaw 49- It is a square. Make it equal to square of ca. De¬ 
pressing the side of the equation by the biquadrate of ya, and proceeding as 
before taught, 5 the value of ya is obtained 2, or 7, or 3. Substituting there¬ 
with, the two numbers are found 8 and 28 ; or 98 and 343; or 18 and 63.* 

189. Example: Tell directly two numbers such, that the sum of their 
squares, added to their product, may yield a square-root: and their sum, 
multiplied by that root and added to unity, may also be a square. 

Let the numbers be put ya 1 , ca 1 . The sum of their squares, added to 
their product, is yav 1 ya.cabh 1 cav .1. This has not a square-root. 
Therefore putting it equal to square of ni, and adding square of ca, s and 
multiplying by thirty-six, the root of the side involving ni is obtained, viz. 
ni 6; and the other side is yav 36 ya. cabh 36 cav36\ in which the root 
of so much of it as affords a square-root is to be taken by the preceding rule 
(§ 186) viz. ya 6 ca 3, and the residue, namely ca v 27, being divided by ca 
as an assumed quantity [§ 95], and from the quotient the same assumed 

1 After reducing to a common denomination and dropping the denominator.— Ram. Multiply¬ 
ing both sides by eight. Sun. 

1 The commentators (Sur. and Ram.) direct 6 to be put; and proceeding by §75, deduce 
G 17* But, if 1 were put tentatively, it would answer; G being in that case 3; and the further 

pair of roots is derived from composition of these sets by § 77, viz* C. 8 L 1 G 3 A 1 whence 

L6 G 17 A 1 

by cross multiplication, &c. 1 35 g 99 al, The lower numbers seem to have been omitted by 
the author and commentators, because the numbers sought (ca being 1) would come out 0 and 1, 
which they consider to be unsatisfactory for an answer. 

3 See § 180. 

♦ Put 2, 3 or 7 for “least" root: the “greatest” is 9, 11 or 21; which multiplied by th* 
square of “ least” (§ 180) give 36, 99> or 1029* 

* That is, bringing it back, after subtraction, to the same side on which it first stood. 
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quantity being subtracted, and the remainder halved [ibid.], gives ca 13,* 
which, made equal to that root, brings out the value of ya ; viz. ca -f-. Sub¬ 
stituting with this, the two numbers are found ca 4 and ca 1. The sum of 
their squares cav added to their product cav -§-> is cav y the square- 
root of which is ca -§-. The sum of the numbers, cfl-f, multiplied by this, 
with unity added, is cav 5 -g ru%. Making this equal to the square of pi, 
“ least” root 1 found by investigation, is 6 or 180. It is the value of ca. 
Substituting with it, the two numbers come out 10 and 6 ; or 300 and 180. 
In like manner a multiplicity of answers may be obtained. 

190. Example of a certain ancient author.* Tell me quickly, algebraist, 
two numbers such, that the cube-root of half the sum of their product and 
least number, and the square-root Of the sum of their squares, and those ex¬ 
tracted from the sum and difference increased by two, and that extracted 
from the difference of their squares added to eight, being all five added to¬ 
gether, may yield a square-root: excepting, however, six and eight. 

The conditions of the problem being numerous, the solution, unless at 
once, does not succeed. The intelligent algebraist must therefore so put 
the quantities, as that all the conditions may be answered by one symbol.* 
Accordingly the two quantities are put yav 1 ru 1 and ya 2. The cube- 
root of half the sum of their product and the least number is ya 1. The 
square-root of the sum of their squares is yav l ru 1. The square-root of 
their sum [increased by two] is ya 1 ru 1. The square-root of their differ¬ 
ence [increased by two] is ya 1 ru 1. The square-root of the difference of 
their squares [with eight added] is yav 1 ru 3. 

The sum of these [five] is yav 2 ya 3 m2. It is a square. Make it 
equal to square of ca. Multiplying both sides of equation by eight, and 
adding the absolute number nine, 4 the root of the first side is ya4t ru3; 

1 By rule § 75, put 6; and proceeding as there indicated, its sqnare 36, multiplied by the co¬ 
efficient Sjf, is £- °l - 6 j and, w j(ij the additive (§), — g 2& : of which the root is ; or, abridged, 15. 
Therefore L6 Gl5, and by composition (§ 77) L 180 G 44-9. Sur. Ram. 

* Introduced to exhibit facility of solution. Ra'm. 

* The two quantities must be put such, that the five roots, which are prcscribcd, may be pos¬ 
sible. • Sur. 

* See § 131.- 
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and roots of the other (namely of ca v 8 ru 25) investigated by the method 
of the affected square arc 5 and 15; or 30 and 85; or 175 and 495. 
Making an equation of “greatest” root with the former (ya 4 ru 3) the 
value oi tya is obtained 3, or V, or 123. By substituting with the value so 
found, the two numbers come out 8 and 6: or and 41; or 15128 and 
246 ; and in like manner, many other ways. 

Or else one quantity may be put square of ya added to twice ya ; and the 
other twice ya less two absolute: viz. yav\ ya2 and ya 2 ru 2. 

Or one quantity may be put square of ya, less twice ya; and the other 
twice ya less absolute two : viz. yav 1 ya 2 and ya 2 ru 2. 

Or one quantity may be square of ya with four times ya and three abso¬ 
lute; and the other twice ya with four absolute : viz. ya v 1 ya 4 ru 3 and 
ya 2 ru 4. 

“ As supposition, which thus is a thousand-fold, is to the dull abstruse, 
the mode of putting suppositions is therefore unfolded in compassion to 
them.” 

191 _ 192 . Rule: two stanzas. Let the root of the difference be first 

put, an unknown number, with or without absolute number: that root of 
the difference, added to the square-root of the quotient of the additive ot 
the difference of squares divided by the additive of the difference of the 
numbers, will be the root of the sum. T.he squares of these with their ad¬ 
ditives subtracted, are the difference and sum: from which the numbers arc 
found by the rule of concurrence. 1 

193 . Example: Tell me, gentle and ingenuous mathematician, two 
numbers, besides six and seven, such that their sum and their difference, 
with three added to each, may be squares; that the sum of their squares less 
four, and the difference of their squares with twelve added, may also be 
squares; and half the product less the smaller number may be a cube; and 
the sum of all their roots, with two added, may likewise be a square. 

Put the symbol of the unknown less unity for the root of the differ¬ 
ence: viz. ya 1 ru 1. Then by that analogy (and according to the last 
rule) the two numbers-are put yav \ ruQ, and ya2 .* The roots aie 


1 LU. §55. . 

* Put for the root of the difference with three added to render it square; ya l ru l. Add the 
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ya 1 ru 1; ya 1 ru i; ya v 1 ; yav 1 ru 4; ya 1. The sum of these, with 
two added to it, is yavQ ya3 ru 2. It is a square. Let it be equal to- 
square of ca. The two sides of equation become yav 2 ya3 Multiplying 

ca v 1 ru 2 

by eight and adding nine, the root of the first side is ya4 ru 3; and the 
roots of the second (ca v 8 ru 25) by the method of the affected square are 
L5 G 15 or L 175 G 495.* “Greatest” root being equal to the former 
root (ya 4 ru 3), the value of ya is obtained 3 or 12S; and, substituting 
with these values, the two numbers come out 7 and 6 or 15127 and 246-t 

194 . Example by an ancient authorCalculate and tell, if you know, 
two numbers, the sum and difference of whose squares, with one added to 
each, are squares: or which are so, with the same subtracted. 

In the first example, let.the squares of the numbers be put yav 4 and 
ya v5 ru 1. The sum and difference of these with, unity added, afford 
each a square-root. The square-root of the first assumed quantity is one of 
the numbers, viz.' ya 2. Roots of the second, namely yav 5 ru 1 , investi¬ 
gated by the method of the affected square, 4 arc 1 and 2, or 37 and 38. Of 
these, “greatest” root is the second number, and “least” is a value of ya; 
from which the first number is deducible. Substituting then with that value, 
the two numbers are 2 and 2, or 34 and 38. 

square-root of the quotient of the additive of difference of squares by the additive of difference of 
numbers, viz. ru 2, the sum is ya 1 ru 1; the root of the sum with three added to render it 
square. Their squares are yav I ya 2 ru 1 and yav 1 ya 2 ru 1 ; and, subtracting the addi¬ 
tives of the sum and difference, there remain the sum and difference of the numbers, yav 1 ya 2 
ru 2 and yav 1 ya 2 ru 2. Half the sum and difference of these are the numbers themselves. 

* By § 75, the first roots are had by position: the next by combination, under § 77. 

f The same is found by the process of the foregoing rule. Let the root of the difference be put 
122. Divide the additive of the difference of the squares, by the additive of the numbers, 12 by 3; 
the quotient is 4. Its square-root is 2. Add this to the root of the difference, the result is the 
root of the sum: (2 added to 122; making 124.) The squares of these, less the additives, give the 
sum and difference : 14881 and 15373. Whence, by the rule of concurrence (Lil . §55) the two 
numbers are deduced, 15127 and 246. Sun. and Ram. 

3 It comprises two distinct examples. Sun. 

4 Put tentatively 1 for “ least” root; and the u greatest” by §75 is found 2. Then combining 
like roots (§77), there result L 4 G 9 . Combining these dissimilar roots (ibid.) others result 
adapted to the second example 1 17 g38; or, combining like, 17% g 

L L 
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In the second example, similarly, the first number is ya 2; and, for the 
second, roots are to be investigated from this yav5 ru 1, by the method of 
the affected square. They are 4 and 9; or 72 and 161. With “least” the 
first root (or number,) is raised; and “greatest” is the second. Thus the 
two numbers come out 8 and 9 ; or 144 and 161. 

Here such number, as, with the least, whether added or subtracted, yields 
a square-root, must be the second coefficient. 1 2 The way to find it is as follows. 

Let the least square quantity [that is, the coefficient] be put 4. The se¬ 
cond, with this added or subtracted, must afford a square-root. Being dou¬ 
bled, it is 8. This is the difference of the squares of certain two numbers ; 
and it is consequently equal to the product of the sum and difference. The 
difference of the numbers, therefore, is assumed 2: and by the rule (Lil. § 57) 
for finding two numbers from the difference of squares, and difference of the 
numbers, the roots of the difference of squares and of the sum of the squares 
are found 1 and 3. Adding the least square quantity to the square of the 
first, or subtracting it from the square of the second, there results the second 
[viz. 5]. Here the least square quantity must be so devised, as that the se¬ 
cond may be an integer. 

Or, in like manner, another is assumed 36. Doubled, it is 72. This is 
the difference of two squares: and six being put for the difference of the 
numbers, the second is brought out 45. Or, with four put, it comes out 85; 
or, with two, 325.* 

Or else another ground of assumption may be shown, as follows. The 
sum of the squares with twice the product of the two quantities' added or 
subtracted, must afford a root. That twice the products of two quantities 
may be an exact square, one should be put a square, and the other half a 
square; for the product of squares is square. Thus they are assumed, one a 
square, the other half a square: 1 and 2. Twice their product is 4. This is 
least square number [or coefficient]. The sum of their squares is 5. This is 
second quantity. 

Or let the one square, and the other half square, be 9 and 2. Twice their 
product is 36. This is the least square number. The sum of the squares is 
85. This is second quantity. 


1 T&tad-tyacta, the known number annexed to tdvat (or ydvat-tdtat) the unknown quantity. 
See the author's remark towards the close of his comment, 

2 And similarly a multiplicity may be found. Sun. 
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These known numbers are multiplied by square of yiivat-tavat: and, in 
the first example, the second quantity has unity subtracted from it; in the 
second example, it must have the same added to it. • So doing, those two 
square quantities are so contrived as to fulfil both conditions of the problem. 
But having extracted the square root of the first, the root of the second is to 
be found by the method of the affected square, as before observed. 

Thus [the problem is solved] many ways. 

• .) 

195—196. Rule: two stanzas. In such instances, if there remain the 
[simple] unknown with absolute number, find its value by making it equal 
to the square or [other power] of another symbol with unity: 1 and substi¬ 
tuting with this value in [the expression of] the quantity, proceed to the 
further operation, 1 making the root of the former equal to the other symbol 
and unity. 

After the root of the first side of the equation has been taken, if there be, 
on the other side, the simple unknown with absolute number, or without it; 
in such case, making an equation with the square of another colour with 
unity, and thence bringing out the value of that unknown, and substituting 
with this value in the expression of the quantity, proceed again to the fur¬ 
ther operation; and, in so doing, make an equation of the root of the first 
side with the other symbol and unity. But, if there be no further operation, 
then the equation is to be made with a known square and so forth. 

197 . Example: If thou be expert in the extirpation of the middle term 
in analysis, tell the number, which being severally multiplied by three and 
five, and having one added to the product, is a square. 

In this case put the number ya 1. This, tripled, with one added, is ya 3 
ru 1. It is a square. Making it equal to square of ca, and adding unity on 
both sides, [to replace it on its original side,] the root of the side of equation 
containing ca is ca 1. Making the other side, namely ya 3 ru 1, equal to 

’ Since the root cannot in such case be sought by the rule of Chapter 3, as there is not an af¬ 
fected square: for the simple unknown only remains: but (pracrili) an affected square consists in 
a square of the unknown. Its root therefore can only be possible by equating it with the square 
of some quantity whatsoever. Sun. 

* Not, if no further operation depend: for the value would be an unknown. But make it equal 
to a known square, &c. and thus the value is absolute. Ram. 
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the square of thrice ni joined with unity, viz. ni v 9 ni 6 ru 1 , the value 
of ya is obtained; substituting with which the number comes out ni v 3 
ni 2 . Again, this multiplied by five, with one added to the product, is 
ni v 15 ni 10 ru 1 . It is a square. Making it equal to square of pi, the 

equation after like subtraction is ni v 15 ni 10 Multiplying both sides by 

pi »1 ru 1 

fifteen and adding twenty-five, the root of the first side is ni 15 ru5. Roots 
of the second, viz. pi v 15 ru 10 , investigated by the method of the affected 
square , 1 are 9 and 35, or 71 and 275. “ Least” is the value of pi. “ Greatest” 

being equal to the root of the first side of the equation ni 15 ru 5, the value 
of ni comes out 2 or 18. Substituting with its value for it, the number is 
found, 16 or 1008. 

Or let the number be ya 1 ; and, as this tripled, with one added, is a square, 
make it equal to square of ca; and, after equal subtraction, find the value of 
ya; which, substituted accordingly, gives for the number ca v ?*«-§•. Or 
let its value be so put at the first, that one of the conditions may be of itself 
fulfilled, cav± ru±. This multiplied by five, with one added to the pro¬ 
duct, cav 4 fM-f, yields a square root. Making it equal to square of ni, 
the root of the side involving ni being extracted is ni 1 ; and the roots of the 
other side cav 4 ru being investigated by the method of the affected 
square, are 7 and 9 . “ Least” is value of ca, and substituting with it (in 

ca v ^ ru 4) the number is found 16 ; the same as before. 

198 . Example by an ancient author: What number, multiplied by three, 
and having one added to the product, becomes a cube; and the cube-root, 
squared and multiplied by three, and having one added, becomes a square? 

Let the number be put ya 1 . This tripled, with one added, is ya 3 ru 1 . 
It is a cube. Making it equal to cube of ca, the value of ya is found 


‘ Put 1 for “ least” root: the “ greatest” by rule § 75 is 5. Then by composition 
C 15 Ll G5 A 10 other roots are found, L 10 G40 A 100; whence, by § 79> ll g4 al; 
Ll G5 A 10 

and by composition C 15 Ll G 5 A 10 like roots ar e 19 g 35 a 10; and by further combina- 

1 1 g 4 a 1 

tion C 15 19 g3 5 a 10 they come out *71 y275 * 10. That is, 1 and 5; or 9 and 35; or 
1 1 g 4 a 1 

71 and 275. The first pair is not noticed, apparently because the number thence deduced would 
be cipher. 
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ca gk 1 ru 1 The cube-root of three times that, with unity, added to the 
3 ” 

product, being squared and tripled, and having one added to it, is cav3 ru 1. 
It is a square. Put it equal to square of rii 3 ru 1: and the equation is 

ca v 3 Adding unity to both sides, the root of the second side is 

ni v 9 ni6 

ni 3 ru 1; and those of the other, investigated by the method of the af¬ 
fected square, 1 are L4 G 7- Substituting as before with the value of ca, s 
the number comes out 21 (or' 

199- Example: Say quickly what are two numbers, of which, as of six 
and five, the difference of the squares being severally multiplied by two and 
by three, and having three added to the products, shall in both instances be 
square? 


200. Maxim: Intelligent calculators commence the work sometimes from 
the beginning [of the conditions], sometimes from the middle, sometimes 
from the end ; so as the solution may be best effected. 3 

In this instance, let the difference of squares be put ya 1 . This doubled, 
with three added, ( ya 2 ru 3) is a square. Make it equal to square of ca; 
and with the value of ya thence deduced, substitute for the quantity, which 
thus becomes ca v 1 m3. This again tripled, with three added, is a square. 
2 

Make it equal to square of ni; and, like subtraction taking place, the sides 

of equation are ca v 3 ru 0 Multiplying them by three, the root of the 
ni v 2 ru 3 

first is ca 3; and the roots of the second ( ni v6 ru 9) investigated by the 


* Put t for “ least” root, the greatest is 2 by § 75. Then by composition of like, another pair 
of roots is thence found (§ 77) L4 G 7; and by combination of unalike, another pair 1 15 g 26’.— 
Sur. The first pair is unnoticed as it would here also bring out the number required, a cipher. 

1 Irt the expression cagh \ ru\. Cube of 4 is 64; less one, is 63; divided by 3, is 21.—Sun. 

O 

O 

So cube of 15 is 3375; less one, is 3374; divided by 3. is lili. 

3 Sometimes assumption is commenced by intelligent persons from the beginning of the condi¬ 
tions as enunciated; sometimes from the middle; sometimes from the end, by inversion : so as the 
work of solution be accomplished. That is, in the instance, the difference only is put as unknown; 
without putting the numbers themselves so, §u'n. Ram, 
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method of the affected square, 1 are 6 and 15, or 60 and 147. “ Greatest” 

being equalled to the [root of the] first side, the value of ca is obtained 5, or 
49 . And substituting with this value, the difference of squares comes out 
11, or 1199 .* Then by the rule (LH. § 57) for finding two numbers from 
difference of squares and difference of the simple quantities, putting unity 
for their difference, the two numbers arc found, 5 and 6, or 599 and 600: 
or, putting eleven for their difference, the two numbers arc 49 and 60. 

201. Rule: a stanza and a half.’ If the simple unknown be multiplied 
by the quantity which was divisor of the square, &c. [on the other side]; then, 
that its value may in such case be an integer, a square or like [term] of ano¬ 
ther symbol must be put equal to it: and the rest [of the operations] will be 
as before taught. 

In the ease of a square, &c. and in that of a pulverizer or the like, after the 
root of one side of the equation has been taken, if there be on the other side 
an unknown multiplied by the quantity which was divisor of the square, &c. 
the square and other term of another symbol together with absolute number 
added or subtracted, must be put equal to it; that so its value may come 
out integer. The rest [of the steps] are as taught in the preceding rules. 

202. Example: What square, being lessened by four and divided by 
seven, yields no remainder? or what other square, lessened by thirty? If 
thou know, tell promptly. 

Put the number ya 1. Its square, less four, and divided by seven, is ex¬ 
hausted. Let the quotient be ca. Making an equation of the divisor mul¬ 
tiplied by that, with this yav 1 ru 4, the root of the first side is ya 1. 
Since the other side, ca 7 ru4>, yields no root, put it equal to square of 
seven ni and two absolute. The value of ca is had without a fraction ni v 7 
ni 4: and the quantity put is the root of the second side of equation, or 
ni 7 ru 2. This being equal to the root of the first side, or ya 1, the value 


* The lowest number, which answers for “ least” rool, found by position (§ 75) is 6; and the 
corresponding “greatest” is 15. From which by §79 are deduced L 2 G 5 A 1; and by combi¬ 
nation of unalike (§ 77) C 6 L6 G 15 A 9, another pair of roots is derived 1 60 g 147 a 9. 

L 2 G 5 A 1 

* Square of 49 is 2401; which, less 3, is 2393; and halved, 1199* 

3 The unfinished stanza is completed at § 208. 
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of ya\sni7 m2, with the additive. It conies out 9 ;* and the square of 
this will be the number sought, 81. 

For the instruction of the dull, the way, which is to be be followed in the 
selection of another symbol, is set forth by ancient authors. 

203—205. Rule: three stanzas. Choosing a number such that its square, 
divided by the divisor, may yield no residue, as also the same number, mul¬ 
tiplied by twice the root of the absolute number; let another colour be put 
multiplied by that [as coefficient], and with the root of the absolute number 
added to it, 

204. But, if the absolute number do not yield a square-root, then, after 
abrading the number by the divisor, add [to the residue] so many times the 
divisor as will make a square.* If still it do not answer, [the problem is] im¬ 
perfect. 

205. If by multiplication 5 or addition the first [side of equation] was 
made to afford a square root; in that case also, the divisor [is to be retained], 
as enunciated by the conditions; but the absolute number, as adjusted by 
subtraction and so forth, is right. 4 

Such a number, as that its square divided by the divisor shall be exhausted; 
that is, yield no residue;'and the same number multiplied by two and by 
the square-root of the absolute number, being divided by the divisor, shall be 
in like manner exhausted, yielding no remainder; by such coefficient, let 
another colour be multiplied and so be put with the root of the absolute 
number. But, if there be not a root of the absolute number, then, the ab¬ 
solute number having been abraded by the divisor, superadd [to the residue] 
so many times the divisor as will make a square. Let its square-root be 
[used fo